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ON c.s.s. COMPLEXES.* 


By Danie. M. Kay. 


1, Introduction. It was indicated in [3] how the usual notions of 
homotopy theory may be defined for cubical complexes which satisfy a certain 
extension condition. In the same manner (see [9]) these notions may be 
defined for complete semi-simplicial (c.s.s.) complexes which satisfy the 
following c.s.s. version of the extension condition. The notation used will 
be that of [2] except that the face and degeneracy operators will be denoted 
by ef and »/ (instead of e,* and m,/). 


Definition (1.1). <A c.s.s. complex K is said to satisfy the extension 
condition if for every pair of integers (k,n) with Ok n and for every 
n (n—1)-simplices * K-15 *50n€ K such that for 
i<j and iAkS-Aj, there exists an n-simplex o€ K such that oe! =o; for 


be its full subcategory generated by the c.s.s. complexes which satisfy the 
extension condition. 

Many interesting c. complexes do not satisfy the extension con- 
dition; for example the finite c.s.s. complexes (finite with only a finite 
number of non-degenerate simplices). The definitions of some homotopy 
notions, such as the homology groups, apply to all c.s.s. complexes, but the 
definition of the homotopy groups of [9], for instance, cannot be carried 
over to c.s.s. complexes which are not in dz. 

In order to extend the definitions of all homotopy notions defined on 
the category dx to the whole category 3 one needs what will be called an 


H-pair, i.e., a pair (Q,q) consisting of 


(i) a functor Q: d> dz, 
(ii) a natural transformation g: (where denotes 
the identity functor), satisfying the following conditions: 


(a) The functor Q maps homotopic maps into homotopic maps. 


(b) Let K€ dz, then the map gK: K—QK is a homotopy equivalence. 


* Received September 20, 1956. 
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Let 3 be the category of c.s.s. complexes and ¢.s.s. maps and let dz 
| 
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DANIEL M. KAN. 


(c) Let K€ dB and let f: QK > QK be a map such that commutativity 
holds in the diagram 


Then f is a homotopy equivalence. 

In view of condition (a) every homotopy notion on the category Jd, 
yields by composition with the functor Q a homotopy notion on the whole 
category 3. Condition (b) implies that on the category dz the homotopy 
notions induced by the functor Q coincide with the original ones. Condition 
(c) essentially ensures the uniqueness of the homotopy notions induced by 
Q; if (R,r) is another H-pair, then Q and FR induce the same homotopy 
notions. In particular QK and RK have the same homotopy type, even if 
K does not satisfy the extension condition. 

An example of an H-pair is the following. Let S| |: d— Sz be the 
functor which assigns to a c.s.s. complex K the simplicial singular complex 
S|K| of the geometrical realization |K| of K and let j: H-| | be the 
natural transformation which assigns to a c.s.s. complex K the natural 
embedding jK: K->S|K|. Then it is readily seen that the pair (S| |,/) 
is an H-pair. 

Although the existeuce of an H-pair is sufficient in order to do homotopy 
theory on the whole category 3, it is sometimes convenient to have an 
H-pair which (unlike the pair (S| |,7)) may be defined in terms of c.s.s. 
complexes and c.s.s. maps only. Such an H-pair (Ex®,e*”) will be defined 
in this paper. A useful property of the functor Ex*: 3d — dz is that it 
preserves fibre maps. 

The main tool used in the definition of the functor Ex® is what we 
call the extension Ex K of a c.s.s. complex K, which is in a certain sense 
dual to the subdwision Sd K of K. More precisely: let K and L be c.s.s. 
complexes, then there exists (in a natural way) a one-to-one correspondence 
between the c.s.s. maps Sd K— and the c.s.s. maps In the 
terminology of [6] this means that the functor Ex is a right adjoint of the 
functor Sd. 

The simplicial approximation theorem may be generalized to c.s.s. com- 
plexes roughly as follows: let K,L¢€ 3, K finite, then every continuous 
map f: |K|—|Z | is homotopic with the geometrical realization of a c.s.s. 
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map g: Sd"K-—L for some nm. Using the adjointness of the functors Sd 
and Ex a dual theorem may be obtained which involves a ¢.s.s. map 
h: K— Ex" L instead of g: Sd"K-—>L. This dual theorem may be streng- 
thened as follows: let K€ 3d and LE dz, then every continuous map f: 
|K|—|L| is homotopic with the geometrical realization of a c.s.s. map 
h: KL. It is essentially because of this property that, as far as homotopy 
theory is concerned, the c.s.s. complexes which satisfy the extension condition 
“behave like topological spaces.” 

The paper is divided into two chapters. In Chapter I the definitions 
and results are stated; most of the proofs are given in Chapter IT. 


The results of this paper were announced in [5]. 


Chapter I. Definitions and results. 


2. The standard simplices and their subdivision. For each integer 
n=0 let [n] denote the ordered set (0,---,n). By a map a:[m]—>[n] 
we mean a monotone function, i.e., a function such that a(t) Sa(j) for 

For each integer n= 0 the standard n-simplex A[n] is the c.s.s. com- 
plex defined as follows. A g-simplex of A[n] is a map o:[qg]—[n]. For 
each map B:[p]—l[q] the p-simplex of is defined as the composite map 


B 


For each map a:[m]|]—[n] let Aw: A[m]—A[n] be the c.s.s. map 
which assigns to a g-simplex +€ A[m] the composite map 


>[m|] >[n]. 


The subdivision of A [n] is the c.s.s. complex A’[n] defined as follows. 


A q-simplex of A’[n] is a sequence (0, where the oj are non- 
degenerate simplices of A[n] (i.e., the map o;:[dimo;]—>[n] is a mono- 
morphism) and o; lies on oi, (i.€.. for some a) for all For 
each map B:[p]—[q] we have -,o0¢)B = * *, 

The subdivision of Aa is the c.s.s. map A’a: A’[m]—A’[n] given by 
= Where o; is the unique non-degenerate sim- 
plex of A[n] for which (see [2]) there exist an epimorphism yj: [dim 7] 
— [dimo;] such that commutativity holds in the diagram 
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Ti 
dim 7;] —————> [m] 


(2. 1) yi & 
[dim —————> [n] 
For each integer n= 0 let 8[{n]: A’[n]— A[n] be the e.s.s. map which 
assigns to a g-simplex (00, -,o,) € A’[n] the q-simplex o€ A[n], i-e., the 
map o:[q|—[n], given by o(i) =o;(dimo;), OS iS 


LemMMA (2.2). For each map a:[m]—>[n] commutativity holds in the 


diagram 
Aa 
A[n] 
(2. 2a) | s[n] 
A’a 


A’[m |] —————> A’ [n] 


Proof. It follows from the definitions that for every gq-simplex 
(to,° € A’[m] and each integer with OSiSq, 


+, 7¢)(1) = a7;(dim 7), 
(8[n] A’a)(70,° +, = 8[n](o0,° +, 09)(1) =o;(dim aj), 


where o; is the unique non-degenerate simplex of A[n] for which there exists 
an epimorphism y; such that commutativity holds in diagram (2.1). Because 
yi is onto, 


a7;(dim 7;) = o;yi(dim 7;) o;(dima;). 


Hence commutativity holds in diagram (2. 2a). 


3. The extension of a c.s.s. complex. The extension of a c.s.s. com- 
plex K is the c.s.s. complex Ex K defined as follows. An n-simplex of Ex K 
is a c.s.s. map o: A’[n] > K. For each map a:[m]—[n] the m-simplex 
oa is the composite map 

A’a 
A’[m —— A’[n] —— K. 
Similarly the extension of a c.s.s. map f: KL is the c.s.s. map Ex/: 
Ex K > Ex L which assigns to every n-simplex o€ Ex K the composite map 


| 
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Clearly the function Ex so defined is a covariant functor Ex: 333. 
By Ex” we shall mean the functor Ex applied n times. 

For e.s.s. complex K define a monomorphism eK: K — Ex K as follows. 
For every n-simplex o€ K, (eK)o is the composite map 

3[n] 
A’[n] ——> A[n] —— K,, 

where do: A[n] > K is the unique map such that ¢do%—oz for all «€ A[n]. 
It follows from Lemma (2.2) that the function e is a natural transformation 
e: E— Ex (where FE: 3-3 denotes the identity functor), i.e., for every 
e.s.s. map f: K—L commutativity holds in the diagram 


f 


kK L 


| |x 
Ex f 


Ex K Ex L 


We shall denote by e"K: K— Ex"K the composite monomorphism 


eK e(Ex K) e(Ex""! K) 
—— Ex K Ex' K. 


LemMaA (3.1). The functor Ex: 3-3 maps homotopic maps into 


homotopic maps. 


The proof will be given in Section 9. 

An important property of the functor Ex is that if it is twice applied 
to a c.s.s. complex K, then the resulting complex Ex? K partially satisfies 
the extension condition; if prs.’ *>pn€ Ex? K are n (n—1)- 
simplices which “match” and which are in the image of Ex K under the 
map e(Ex K): Ex K > Ex? K, then there exists an n-simplex p€ Ex? K (not 
necessarily in the image of Ex K) such that pet =p; for iAk. An exact 
formulation is given in the following lemma. 


LemMa (3.2). Let K€ 3. Then for every pair of integers (k,n) with 
and for n (n—1)-simplices +, Ex K such 
that = fori<j and iAkAj, there exists an n-simpler p€ Ex? K 
such that pei = (e(Ex K))x for 1=0,- - 


The proof will be given in Section 10. 


Another useful property of the functor Ex is that it preserves fibre 
maps. This is stated in Lemma (3.4). 
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Definition (3.3). A c.s.s. map f: KL is called a fibre map if for 
each pair of integers (k,n) with OS kn, for every n (n—1)-simplices 
and for every n-simplex p€ Z such that pet=fr; for i=0,-- -,h,- + -,n, 
there exists an n-simplex K such that fr—p and re‘ 7; for i=0,: - -, 
k,---+,n. Let ¢€L be a O-simplex. Then the counter image of ¢ and 
its degeneracies is called the fibre of f over d. It is denoted by F(f,¢). 


Lemma (3.4). Let f: KL be a fibre map and let ¢€L be a 
O-simplexr. Then Exf: ExK—ExL is a fibre map and Ex(F(f,¢)) 
= (Exf, (eL)¢). 

The proof will be given in Section 11. 

Let f: K—A[0] be a fibre map, then it follows readily from the fact 
that A[0] has only one simplex in every dimension that K€ dy. Conversely 
K€ dp implies that the (unique) map f: K—A[0] is a fibre map. As 
1x A[0] = A[0] Lemma (3.4) thus implies 

(3.5). If dx, then EXKE dz. 


The following lemmas relate the homology groups of K and ExK and, 
if K€ dz, their homotopy types. 

Lemma (3.6). Let KES. Then the map eK: K>ExK induces 
isomorphisms of the homology groups, t.e., (eK),: H,(K) = H,,(ExK). 


The proof will be given in Section 12. 


Lema (3.7). Let K€ dx. Then the map eK: K>ExK is a homo- 
topy equivalence. 


The proof will be given in Section 13. 


4. The functor Ex*. Let K be ac.s.s. complex. Consider the sequence 


ek e(Ex K) e( Ex? K) 
K —— Ex K Ex’? K —— Ex’ : 
and let Ex* K be the direct limit of this sequence. The n-simplices of 
Ex® K then are the pairs (o,g) where o€ Ex?K is an n-simplex; two 
n-simplices (o,qg) and (7,p-+q) are considered equal if and only if 
(e?(Ex?K))o—r. For each map «:[m]—> [n], (c, ¢)¢=(02,q). Similarly 
for ac.s.s. map f: let Ex® f: Ex® L be the induced map 
given by f(o,¢) = (fo,q). Clearly the function Ex® so defined is a covariant 


functor. 
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For a c.s.s. complex K denote by e*® K: K— Ex® K the limit mono- 


morphism 
ek e(Ex K) 
K > Ex K >> -—> K 


(€* K)o—=((eK)o,1) for every simplex o€ K. Naturality of the 
function e* follows immediately from the naturality of e. 

THEOREM (4.1). The functor Ex® maps homotopic maps into homo- 
topic maps. 

The proof is similar to that of Lemma (3.1) (see Section 9), using 
Ex® and e® instead of Ex and e. 


An important property of the functor Ex® is: 


THEOREM (4.2). Ex* K€ for all objects K€ i.e. Ex” ts a 


functor : Sp. 


This follows immediately from Lemma (3.2) and the definition of Ex®. 

Another useful property of the functor Ex® is that it preserves fibre 
maps. 

THEOREM (4.3). Let f: KL be a fibre map and let d€L be a 
0-simpler. Then Ex® f: Ex* K> Ex® L is a fibre map and Ex” (F(f,¢) ) 
= F(Ex® f, (e* L)¢). 

This follows immediately from Lemma (3.4). 

We shall now relate the homology groups of K and Ex® K and, if K € Sz, 
their homotopy types. 

THeEorEM (4.4). Let K€ 3. Then the map e* K: K > Ex® K induces 
isomorphisms of the homology groups, t.e., (e® K),: H,(K) = H,,(Ex® K). 


This follows immediately from Lemma (3.6). 

Similarly, Lemma (3.7) implies. 

THeEorEM (4.5). Let K€ dp. Then the map eK: K>Ex* K is a 
homotopy equivalence. 


De 


Then the homotopy type of Ex® K cannot be related to the homotopy type 
of K because the latter has (not yet) been defined. However the homotopy 
type of Ex* K may be related to K as follows: 


Let K be a c-s-s complex which does not satisfy the extension condition. 
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TuHroreM (4.6). Let KE and let f: K>Ex® K be a-c.s.s, 


map such that commutativity holds in the diagram 


Ex”? K 
K f 
Ex? K 


Then f is a homotopy equivalence. 


The proof will be given in Section 14. 


5. Homotopy notions induced on 3. 


Definition (5.1). <A pair (Q,q) where Q: d—>dy is a covariant 
functor and g: HQ a natural transformation (H denotes the identity 
functor HL: d—> 3d), is called an H-pair if the following conditions are 
satisfied. 

(a) The functor Q: 3d — dz maps homotopic maps into homotopic maps 

(b) Let K€ dz. Then the map gk: K—>QK is a homotopy equivalence 

(c) Let KES and let f: OK —>QK be a c.s.s. map such that com- 


mutativity holds in the diagram 


QK 


K f 
QK 


Then f is a homotopy equivalence. 


Example (5.2). The pair (Ex*,e*) is an H-pair; this follows directly 
from Theorems (4.1), (4.5) and (4.6). 

A more exact formulation of the statements about H-pairs made in 
the introduction will be given in Theorems (5.4), (5.5) and (5.8). 


Definition (5.3). By a homotopy notion on the category 3 (resp. dx) 
with values in a category 9 we mean a functor V: 3 > (resp. N: dz >) 
such that for two maps f,g€ 3 (resp. dz) f=g implies Nf = Ng. 


(i 


1 
t 
e 
b 
t] 
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TurorEM (5.4). Let N: dz—>Y be a homotopy notion on dx and 
let (Q,q) be an H-pair. Then the composite functor 
3 —> 3 


is a homotopy notion on 3. 


This is an immediate consequence of condition (5. 1a). 
Let J: dx— 3 be the inclusion functor and let V: br be a homo- 
topy notion on Sn. We then want to compare the composite functor 


J Q N 


8 —> 


i.e., the restriction to dy, of the homotopy notion on 3 induced by the 
functor Q, with the original homotopy notion N on dz. The following 
theorem then asserts that these functors differ only by a natural equivalence. 


TuEoreM (5.5). Let N: du —>Y be a homotopy notion on dx and 
let (Q,q) be an H-pair. Then the function Nq: N>NQJ is a natural 
equivalence. 

This follows immediately from condition (5. 1b). 

In order to prove the uniqueness of the homotopy notions on 3 induced 
by an H-pair (Q,q) we need the following lemma 


Lemma (5.6). Let (Q,q) and (R,r) be H-pairs and let KE 3. Then 
the maps QrK : QK > QRK and RqK: RK > RQK are homotopy equivalences. 


The proof will be given in Section 15; use will be made of condition 
(5.1¢e). 
Let (Q,q) and (R,7) be H-pairs and consider the following commu- 


tative diagram 


qQK 
QK ————» 
| rQK | QOrQK QqKk 
gROK 4 
(5.7) RQK ————> ORQK QK 
ORE 
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It follows from Lemma (5.6) and condition (5.1b) that all maps involved 
in diagram (5.7) are homotopy equivalences; application of a homotopy 
notion V: dz to this diagram thus yields a diagram in $ consisting 
only of equivalences. If we put Q=—F and g=r then it follows from the 


commutativity of diagram (5.7) that 
(NQqK)* NqQK = (NqQK)* NQqK (NQqK)* NqQK = tivo. 
Consequently 
(NRqK)1° NrQK =(NqRK)*° NQrK (NQqK)* oNqQkK 
Hence the following uniqueness theorem holds. 


THEOREM (5.8). Let N: dp— 3 be a homotopy notion on dy and 
let (Q,q) and (R,r) be H-pairs. Then the function hh: NQ—>NR given by 


hK =(NRqK)*°NrQK = (NqRK)* NQrk 
is a natural equivalence. 


6. The simplicial singular complex of the geometrical realization. We 
shall now use the results of Section 5 in order to compare the simplicial 
singular complex of the geometrical realization of a c.s.s. complex AK with 
Ex® K. 

Let @ be the category of topological spaces and continuous maps and 
let ||: 3 be the geometrical realization functor which assigns to a 
c.s.s. complex K its geometrical realization | K | in the sense of J. Milnor 
(see [8]); | K]| is a CW-complex of which the n-cells are in one-to-one 
correspondence with the non-degenerate n-simplices of K. 

Let S: 2 dx be the simplicial singular functor which assigns to a 
topological space X its simplicial singular complex SX (see [2]); an n- 
simplex of SX is any continuous map o:|A[n]|—X and for every map 


a:[m]—[n] the n-simplex oa is the composite map 


Ag | 
| A[m]]| ———> | A[n]| 


The functor S maps homotopic maps into homotopic maps. 


For every c.s.s. complex K let jK: K->S|K| be the natural mono- 
morphism which assigns to an n-simplex o€ K the simplex | ¢o|:| A[n]| 


ai 
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—|K| of S|K|, where ¢o: A[n] >K is the unique c.s.s. map such that 
=o for all a€ A[n]. 
The following results are due to J. Milnor ([8]). 


THEOREM (6.1). The functor | |: d—-€@ maps homotopic maps into 
homotopic maps. 


Corottary (6.2). The functor S| |: d+ maps homotopic maps 
into homotopic maps. 


THEOREM (6.3). Let K€ dp. Then the map jK: K>8|K| is a 
homotopy equivalence. 


It is also readily verified that 


THeEorEM (6.4). Let K€ 3 and let beac.s.s. map 
such that commutativity holds in the diagram 


S|K] 


kK f 
S|K| 


Then f is a homotopy equivalence. 


It follows from Corollary (6.2) and Theorems (6.3) and (6.4) that 
the pair (S| |,7) is an H-pair. Application of Lemma (5.6) and Theorem 
(5.8) now yields 


Lemma (6.5). Let KE 3. Then the maps 

Sle" K|: Ex? K|, 

Ex® jK: Ex* K> Ex? 8| K|, Ex® e*K: Ex® K> Ex® Ex* K 
are homotopy equivalences. 


THEOREM (6.6). Let N: dz 9 be a homotopy notion on Br. Then 
the function h: N Ex*® NS| | given by 


hK = (NS | e* K|)-?o Nj Ex® K = (Ne® S| K |) oN Ex® jK 
ts a natural equivalence. 


Theorem (6.6) asserts that the homotopy notions on 3 induced by the 
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functor Ex® are equivalent with these induced by the functor S| |. In 


particular we have 


(6.7). Let KES. Then Ex® K and have the 
same homotopy type. 


7. Extension and subdivision. The subdivision of a c.s.s. complex K 
is a c.s.s. complex Sd XK defined as follows. Let K denote the c.s.s. com- 
plex of which the g-simplices are pairs (o,€) such that o€ K, é€ A’[dimo] 
and dimé=gq, while for a map y:[p] [gq] the p-simplex (0,€)y is given 
by (c,é)y=(c,é). Define a relation on K by calling two simplices 
(o,é), (7,p) € K equivalent if there exists a map «:[dimr]— [dime] such 
that roa and =—A’a(p) and let ~ denote the resulting equivalence 
relation. Then Sd XK is the collapsed complex Sd K = K/(~). 

A c.s.s. map f: KL clearly induces a c.s.s. map f: KL (given 
by f(o,€) = (fo,é)) which is compatible with the relation ~. The sub- 
division of f then is defined as the collapsed map Sdf: Sd K—Sd JL. Clearly 
the function Sd: d— 3 so defined is a covariant functor. By Sd": d> 3 
we shall mean the functor Sd applied n times. 

The functors Ex and Sd are closely related. With a c.s.s. map f: 
SdkK— JL we may associate a c.s.s. map Bf: as follows. Let 
o€ K be an n-simplex and let c: K-SdK be the collapsing map. Then 
(Bf)o is the n-simplex of Ex J, i.e., the c.s.s. map (Bf)c: A’[n] > L, given 
by ((Bf)o)E= (foc) (c,é). The function B is natural, i.e., for every two 
maps a: K’—> K and b: L>L’ 


B(bofoSda) = 
An important property of the function £ is 


Lemma (7.1). Let K,L€ 3. Then the function B establishes a one- 


K-> Ex ZL. 


Lemma (7.1) is an immediate consequence of the results of [7]. It 
ean also be verified by a straightforward computation 

For every ¢.s.s. complex K define an epimorphism dK: K-~K as 
follows. Let dK: K-—K be the map given by 


aK (0, €) = ($0 °8[dim o| )é, 


where A[dimo]—K is the (unique) map such that for all 


to-one correspondence between the c.s.s. maps Sd K— L and the c.s.s. maps 
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a€A[dima]. Then dK maps equivalent simplices of K into the same 
simplex of K and dK: Sd K > K is defined as the map obtained by collapsing 
ak. By d"K: Sd"K-—K we shall mean the composite epimorphism 


d(Sd""! K) dK 
Sd" Kk Sd"1 - Sd K K 


It is readily verified that the function d is a natural transformation d:Sd— HL. 
The natural transformations e: H— Ex and d: Sd— E are also closely 
related. In fact a simple computation yields 


Lemma (7.2). Let K€ 3. Then B(dK) =eK. 


Remark (7.3). Lemma (7.1) states that, in the terminology of [6], 
the functor Sd is a left adjoint of the functor Ex. 


Remark (7.4). The ordered sets [n] and the maps a: [m]—[n] 
form a category which will be denoted by Y. The subdivided standard 
simplices A’[n] and the maps A’: A’[m]—A’[n] now may be considered 
as the images of the objects [n] and maps a:[m]—[n] of the category V 
under a covariant functor A’: Y>d. It then may be verified that the 
functors Sd and Ex may be obtained by the general method of [7], Section 3 
by putting and 


Let K€ A q-simplex of Ex* K is a pair (o,n) where o€ Ex" K is a 
q-simplex. As Ex” K = Ex"1(ExX) it follows that the pair (o,n—1) isa 
q-simplex of Ex®(ExK). It is readily verified that this correspondence 
yields an isomorphism 1: Ex® K— Ex*(ExK) such that commutativity 


holds in the diagram 


en k 
Kk Ex”? K 
(7.3) |: 
e@(Ex Kk) 
Kx K Ex® (Ex K) 


In view of Lemma (6.5) the maps S|e* K| and S|e*(ExK)| are homo- 
topy equivalences. Consequently the maps |e* K| and |e*(ExK)| are 
homotopy equivalences and it follows from the commutativity in diagram 
(7.3) that 


Lema (7.4). Let KES. Then the continuous map | eK |: | K | 
—>|Ex K| is a homotopy equivalence. 


The following can be shown using standard methods. 
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Lemma (7.5). Let K€ 3d. Then the continuous map | dK |: | SdK| 
—|K| is a homotopy equivalence. 


8. C.s.s. approximation theorems. We shall now give an exact for- 
mulation of the c.s.s. approximation theorems mentioned in the introduction. 


THEOREM (8.1). Let KES and let ME dz. Then for every con- 
tinuous map f: |K|—|M| there exists a c.s.s. map h: KM such that 


Let L€ dS and let W—Ex* Ll. Then Theorem (8.1) implies 


(8.2). Let Then for every continuous map 
there exists a c.s.s. map h: Ex” L such that the 


diagram 


is commutative up to homotopy, i.e., |h| =| | of. 


Proof of Theorem (8.1). Let 9M: 8 
of the map jM: M—>S|M|. Consider the diagram 


|\s 
ju 


M|— WM be a homotopy inverse 


where h: K — M is the composite map 


jK Sf jM 
kK ———> | K | ———> S | M | 
Clearly commutativity holds in the rectangle at the left and the definition 
of h implies that the rectangle at the right is commutative up to homotopy. 
It follows from Lemma (6.6) that the maps S|jK| and S| jM | and there- 
fore the maps | jK| and |jM| are homotopy equivalences. Hence |h| =f. 
A c.s.s. complex K is called finite if it has only a finite number of 


non-degenerate simplices. 
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THEOREM (8.3). Let K,L€ 3S and let K be finite. Then for every 
continuous map f:|K|—>|L| there exists an integer n>0 and a c.s.s. 
map h: K— Ex"L such that the diagram 


| Ex" Z| 


is commutative up to homotopy, t.e., |h| =| e"L | of. 


Proof. Application of Corollary (8.2) yields a ec.s.s. map hh’: K 
> Ex* LZ such that |h’|~|e*Llof. As K is finite only a finite number 
of non-degenerate simplices of Ex® L are in the image of K under h’. Hence 
there exists an integer n such that the map h’: K > Ex® L may be factorized 


h b 
K— Ex" L— Ex’ L 


where 6 is the embedding map which assigns to a simplex o€ Ex"Z the 
simplex (o,n) € Ex® L. By an argument similar to that used in the proof 
of Lemma (7.4) it follows that |b| is a homotopy equivalence. The 
theorem now follows from the fact that the map e* L: L— Ex* LZ may be 
factorized 

e"L b 


L— Ex? L—> Ex? L. 


In order to obtain the dual theorem, involving the functor Sd instead 
of Ex, we need the following lemma 


Lemma (8.4). Let K,L€S3. Then for every c.s.s. map h: K>ExL 
the diagram 


| 


|K| ExL| 
| 
ts commutative up to homotopy, t.e., |el|o| Bth|~|h|o|dK |. 


The proof will be given in Section 16. 


Applying Lemma (8.4) n times to Theorem (8.3) we get 
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TueoreM (8.5). Let K,L€ 3 and let K be finite. Then for every 


g: Sd"*K—L such that the diagram 


| Sd K | 


is commutative up to homotopy, i.e., |g|=fo|d"K |. 


Chapter II. Proofs. 


9. Proof of Lemma (3.1). Let fo,f1: K-L€ 3d be maps such that 
fo=f:. Using the terminology of [4] this means that there exists a ¢.s.s. 
map f,: TL such that f,ocK =f, (e=0,1). It is readily verified 
that the functor Ex commutes with the cartesian product, i.e., that for every 
two c.s.s. complexes A and B 


Ex(A X B) = (Ex A)X(ExB). 


Straightforward computation shows that commutativity holds in the diagram 


«(Ex K) 
Exk 1>X(ExK) 
| [erie 


K) —————> (Ex!) X (Ex K) 
where 7 is the identity. Hence 
(Ex f7) ° (el X tex x) K) = (Ex f7) 0 (Ex(eK)) = Ex(f7 °K) = Ex fe, 
i.e., (Exfs) ° (el X& tex x): Ex fo = Ex fy. 


10. Proof of Lemma (3.2). We shall first investigate the structure 
of Ex K. 

A map «:[m]—[n] was defined as a monotone function. By a 
function £:[m]—>[n] we shall mean merely a function which thus need 
not be monotone. A permutation x:[m]—[m] is a function which is one- 
to-one onto. 


ab 
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Let +: |m]|—>[m] be a permutation. Then w induces an automorphism 
x’: A’[m]— A’[m] as follows. For each map a: [q]— [m] let o7: [gq] > [m] 
be a map and let ¢:[q]—>[q] be a permutation such that commutativity 
holds in the diagram 


Clearly such a map o7 and permutation ¢ exist. It is easily seen that 

(a) o7 is unique; 

(b) if o is a monomorphism, then so is o7; 

(c) if o lies on +, then o7 lies on r+”. 
We now define the automorphism 7’: A’[m]— A’[m] by 

*, Gq) = (o0",* * 09"). 

Let £:[m]—[n] be a function. Then ¢ induces a c.s.s. map ¢’: 

A’[m]— A’[n] as follows. There clearly exists a permutation x: [m]— [m] 


and a unique map @:[m]—[n] such that commutativity holds in the 
diagram 


[m] 
4 


mM 


he e.s.s. map ¢’: A’[m|—A’[n] is now defined as the composite map 
A’a 
A’[m] ———— A’[m] ———> A’ 
It is readily verified that 
(a) the c.s.s. map ¢ is independent of the choice of the permutation 7; 


(b) if ¢ is a permutation, then this definition of ¢’ coincides with the 
above one; 


(c) if £ is a map, then ¢’—A’f; 
(d) if #:[1]—[m] is a function, then (#)’ is the composite map; 

A’[l] A’[m] — A’[n]. 


[ 


KAN. 
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Ex K is ac.s.s. complex. This means that for every n-simplex o € Ex K 
and every map a:[m]—>[n] there is given an m-simplex oa € Ex K such that 


(i) ono where e,:[n]—>[n] is the identity ; 
(ii) if B:[l1]—~[m] is a map, then (o%)B=—o(aB). 
Now let «€ ExK be an n-simplex and let £:[m]—[n] be a function. 


Then the composite map 


A’[m] — A’[n] K 
is an m-simplex of Ex K which will be denoted by of. If &:[1]—[m] is 
also a function, then clearly (of)#—o(f€). Thus ExK has more structure 
than a c.s.s. complex. It is this additional structure which will be used 
in the proof of Lemma (3.2). 

Proof of Lemma (3.2). Let AC A[n] be the subcomplex generated 
by the non-degenerate (n—1)-simplices - and let 
A: A> ExK be the c.s.s. map such that Aeé—7;. Then we must define a 
c.s.s. map p: A’[n]— ExK such that for each 14k commutativity holds 
in the diagram 


— 1] A[n] 
p 
(10. 1) s[n—1] ExK 
A 
Vv Act 
A[n— 1] ——-—> A 
For each simplex -,a,) € A’[n] define a function 
[n] by 
£(o0,° (1) =o;(dima;), & 
‘ 0q) (t) == Or €n. 


Then there exists a permutation ¢:[q]— [q] and a unique mapo: [q] > [n] 
such that commutativity holds in the diagram 


> 


L 


If 
de 
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It is easily seen that o€ A. We now define = (Ao). It may 
be verified by direct computation that this definition is independent of the 
choice of the permutation ¢. 

We now show that the function p: A’[n] > ExK so defined is a c.s.s. 
map. Let 8:[p]—[q] be a map. Then there exists a permutation y: 
> [p] and a unique map y:[p]—>[q] such that commutativity holds 
in the diagram 


> [9] > [n] 
The function £((o0,: is the composite function 
£(00," 
>[q] >[n] 


and consequently p((oo,- *,0¢)B) = (A(cy))y. As commutativity also 
holds in the diagram 


A’B 
A’[p] ———> 4'[g] 
y/’ ¢’ 
A’y Ao 


A’[p] ————. A, [¢q] K 


it follows that 
A(oy) oy’ = OA’B = ((Ao) 7) 
i.e, the function p: A’[n] > ExK is a c.s.s. map. 


It thus remains to show that commutativity holds in diagram (10.1). 
Let > Tq) € A’[n—1]. Then 


If iA~k, then clearly e'7;Ae& and e'r;«, for all j and it follows from the 
definitions of the maps p and 8[n] that 


(poA’et) +579) = (A0S8[n] OA’e*) 79). 
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Application of Lemma (2.2) now yields 


(po +, 7q) = Act 08[m—1]) (70,° +, 79). 


This completes the proof. 


11. Proof of Lemma (3.4). Let & be an integer with OSk Sn, let 


To,’ This’ Tn Ex K be n (n—1)-simplices such that 
for i<j and iAk Sj and let p€ ExL be an n-simplex such that (Ex f)7; 
= pe! for i=0,---,k,---+,n. Then in order to prove the first part of 


Lemma (3.4) we must show that there exists a c.s.s. map 7: A’[n] ~K 
such that for each integer 14k commutativity holds in the diagram 


— 1) 


(11.1) 


p 


For each simplex € A’[n] for which there exists an integer 
and a simplex - € A’[n—1] such that - -,04') 


This definition is independent of the choice of 1 If j is another such 
integer and i<j then there exists a simplex (o9!/,- -,agi/) € A’[n—2] 
== 


Hence 


It is readily verified that the function + so defined on all simplices of A’[n] 
which are in the image of A’[n—1] under a map A’e‘ with 1¥ |}, (i.e., those 
simplices € A’[n] for which or commutes with all 
operators B:[p]— [gq] and is such that commutativity holds in the upper 
left triangle of diagram (11.1). 

It thus remains to show that 7 can be extended over all of A’[n] (i.e. 


over the simplices - -,o,) € A’[n]| for which og =e, or &) to a 


lA m= 


; 
t 

a 
a 

f 
a 
d 
al 
L, 
(1 
he 
B 
It 
Op 
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ex 
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map in such a manner that commutativity also holds in the lower right 


triangle of diagram (11.1). For each non-degenerate simplex 
with og—=en let T'(o0,: denote the triple (/,m,q) where / is the 


smallest integer such that o,(1) = for some 1 and m=dimo;. Order these 
triples lexicographically. It is readily verified that 


(i) if T(oo,: -,0q) =(l,m,q) and << m—1 or 1—0,m>0, 
then there exists a simplex € A’[ nm] such that +, €! 
=(00,° and = (l, m—1,q¢+1) <(l,m,q). 


(ii) if + and dimo-,—m—1,l<q_ or 
then (a) T((o0,° +, < (l,m,q) for 141, (b) 
and hence r((o0,° *,oq)e%) has already been defined, (c) T'((o0,- - 
> (l,m, q) and (d) if T(o0,- S (l,m, q), then - +, is not 
a face of (a, ). 


(iii) if T(oo,- and dimo-,—n—1, then (a) 
T((o0,* < (q,n, q) for tq, (b) and (c) if - 04’) 
<= (q,n,q), then *,oq-1) is not a face of aq’). 


We now extend 7 as follows. Let (1,m,q) be a triple and suppose that 


has already been extended over all non-degenerate simplices *, €n) 
and their faces for which < (l,m,q) and over some non- 
degenerate simplices *,@g-1,€n) and their faces for which T(o,- - -, 


Oq-1)€n) == (1, m,q) in such a manner that + commutes with all face operators 
and that commutativity holds in the lower right triangle of diagram (11.1). 
Let be a non-degenerate simplex such that €n) 
= (l,m,q) and on which 7 has not yet been defined. It then follows from 
(i) that dim = m—1 or 1m =O and from (ii) or (iii) that already 
has been defined on all faces of -,@q-1,€n) except €nJe?. 
Because f is a fibre map there exists a g-simplex y€ K such that 


Now define 
7 (00, ° * =y, (0, ° 1) €n)e") = 


It is readily verified that the function + so extended commutes with all face 
operators and is such that commutativity holds in the lower right triangle 
of diagram (11.1). Thus using induction on the triples (1,m,q) + may be 
extended over all non-degenerate simplices (a0,° * *,q-1,€n) € A’[n] and their 
faces. As every non-degenerate simplex € A’[n] is a face 


70 DANIEL M. KAN. 


of a non-degenerate simplex (o0,° - -,o¢-2,€,en) it follows that + may be 
extended over all non-degenerate simplices of A’[n] in such a manner that + 
commutes with all face operators and that commutativity holds in diagram 
(11.1). Extensions of + over the degenerate simplices of A’[n] (which is 
always possible in a unique way) now yields the desired c.s.s. map 7: 
A’[n] > K. 

The second part of Lemma (3.4) is obvious. 


12. Proof of Lemma (3.6). We shall use the theory of acyclic models 
of Kilenberg-MacLane (see [1]). The models will be the complexes A[n] 
and A’[n]. Let Ca: d—> 0% be the augmented chain functor. As the map 
eK: K—» ExK induces a one-to-one correspondence between the 0-simplices 
of K and those of ExK it is sufficient to prove that 


(a) the functor C,: 3-0 is representable in dimension > 0, 
Ex Ca 
(b) the composite functor 3 >0% is representable in 
dimension > 0, and 


(c) for every integer n= 0, 


H,(A[n]) =H, (ExA[n])=0,  H,(A’[n]) =H,(ExA’[n]) =0. 


Let K€ 3, for every n-simplex o¢€ K let ¢o: A[n] > K be the unique 
c.s.s. map such that do%—o« for all «€ A[n] and let e,’ be the generator 
of C,A[n] corresponding to the identity map e,:[n]— [mn], i.e., the only 
non-degenerate n-simplex of A[n]. Then it is easily seen that the function 
o— (o,€,') yields a representation of the functor Cy. 

Let Ke let +: A’[n] K be an n-simplex of ExK and let «,’ be 
the generator of C,ExA’[n] corresponding with the identity map «,:A’[n] 
— A’[n|. Then it is easily seen that the function r—> (r,u,’) yields a repre- 
sentation of the functor C,Ex. 

For every integer n=0 the (unique) map A[n]—A[0] is a homotopy 
equivalence in 3. Combining this with Lemma (3.1) and the fact that 
A[0] Ex A[0] and H,,(A[0]) =0 we get H, (A[n]) =H,,(Ex A[n]) =0. 
If for each integer n=O the map 8[n]: A’[n]—A[n] is a homotopy 
equivalence, then H,,.(A’[n]) = H,,(A[n]) =0, and Lemma (3.1) implies 
H,, (Ex A’[n]) = H,,(Ex A[n]) =0. It thus remains to show that 8[n] is 
a homotopy equivalence. 

For each integer « with OSi=n let B;:[t] [mn] be the map given 
by Bi(j) =j, OSjSt. Define a function &[n]: A[n] A’[n] by d[nJo 
= *;Boiq)), dimo=—q. As for every map 2:[p]—> [4], 
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(8 [n]o)% = * = Ln] (ce), 


it follows that 8’[n] is a c.s.s. map. The composite map 


A[n] —— A’[n] —— A[n] 
is the identity because for € and 0Sidimo 
(8[n]8’[n]o) (t) = Bow (o(t)) =o(t). 
It thus remains to prove that the composite map 


A’[n] ——> A[n] —— A’ [n] 


is homotopic with the identity ..: A’[n]—~ A’[n]. 
For each simplex o€ A[n], let © oiaimo). Define a function h: 
A[1] X A’[n]—> A’[n] by 


h (€°° nt, (oo, Tq) ) (Go, 


A straightforward computation shows that the function h so defined is a 
c.s.s. map. It is now easily verified that h is the required homotopy. 


18. Proof of Lemma (3.7). Use will be made of the following c.s.s. 
analogues of two theorems of J. H. C. Whitehead ([10]). 


TuHeorEM (13.1). Let K,L€ dn be connected and let €K be a 
0-simplexr. Then a c.s.s. map f: KL is a homotopy equivalence tf and 
only if f induces isomorphisms of all homotopy groups, 1.€., fx: m(K3;¢) 
~ m™(L5;f¢), n=l. 


THEOREM (13.2). Let K,L€ dp be simply connected. Then a c.s.s. 
map f: KL is a homotopy equivalence if and only if f induces tsomor- 
phisms of all homology groups, t.¢., fy: H,(K) ~ H,(L). 


We also need the following lemma 


LemMaA (13.3). Let K€ dn and let K be a 0-simpler. Then 
(eK),: 36) (ExK; (eK)¢). 


Proof of Lemma (8.7%). In this proof we shall freely use the results 
of [9] Clearly K may be supposed to be minimal. Let r—7,(K). Then 
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there exists a fibre map p: K—K(z,1) with simply connected fibre /’. 
Let g: F—> K be the inclusion map, then it follows from the naturality of e 
that commutativity holds in the diagram 


qY P 


—— _—~—iK — K(x,1) 


Ex q Ex p 


Ex F Ex K — Ex K (x, 1) 


By Lemma (3.4) Exp is a fibre map with Ex / as a fibre. Hence in order 
to prove that eK is a homotopy equivalence it is, in view of the exactness 
of the homotopy sequence of a fibre map, the “five lemma” and Theorem 
(13.1), sufficient to prove that eF and e(K(z,1)) are homotopy equivalences. 

As F is simply connected, so is Ex# (Lemma (13.3)). Hence it 
follows from Lemma (3.6) and Theorem (13.2) that eF is a homotopy 
equivalence. 

There exists a fibre map ¢: K (2,1) with K(z,0) as fibre 
and, as above, in order to prove that e(A(z,1)) is a homotopy equivalence 
it suffices to prove that e(W(K(2,0))) and are so. As W(K (x, 0)) 
is contractible and a fortiori simply connected the argument applied to F' 


yields that e(W(K(z,0))) is a homotopy equivalence. It is also readily 
verified that e(K(2,0)) is an isomorphism. Hence e(K(z,1)) is a homotopy 


equivalence. 


This completes the proof of Lemma (3.7). 


Proof of Lemma (13.3). For a definition of the fundamental group 
see [9]. 

Let «€ A[n] be a non-degenerate g-simplex, i.e., the map o:[q]— [n] 
is a monomorphism. Then o is completely determined by the set (o(0).: - -, 
«(q)), the image of [qg] under co. We shall often write (o(0),- -,0(q)) 
instead of o. 

We first prove that (eX ),: 36) 7,(ExK; is a mono- 
morphism. Let a€ 7,(K;¢) be such that (eK ),a—=1 and let r€ a. Then 
there exists a 2-simplex p€ ExK such that pe?—(eK)r and pe°=pe' 
= (eK)¢7°. Iterated application of the extension condition yields 4 3- 


simplices 7:,73,72,74€ K such that 
= p((1), (0, 1), (0, 2)) ; ne = p((1), (1, 2), (0, 1, 2)) > ne = 


726° = T2€° p((2), 2), (0, 1, 2)) on? 
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736 = T2€! 3 = p((2), (0, 2), (0, 1, 2)) 
74€° p((0), (0, 1), (0, i, 2)) p((0), (0, 2), (0, 1, 2)). 


Then 


= = p((0), (0,1)) =o 
= = p((0), (0, 2)) = 


Consequently a—1. 

We now show that (ek),: 7(K3¢)—7,(ExK;(eK)¢) is an epi- 
morphism. Let y€ b€ m,(ExK;(eK)¢). Define ac.s.s. map p:A’[2] ~>K 
by p((0), (0, 1)) — y((0), (0, 1)), p((1), (0, 1)) ra y((1), (0, 1)), 

p((1), (1, 2), (0, 1,2)) a p((2), (0, 2), (0, 1, 2)) nas p((2), (1, 2), (0, 1, 2)) = $77, 
and extend p over ((0), (0,1), (0, 1,2)), ((0), (0,2), (0,1,2)) and ((1), (0, 1), 
(0,1,2))} by iterated application of the extension condition. Then 

pe? = (eK) (eK )p((0), (0, 2)), pe =r 


Consequently there exists an element a€ 7,(K,q) such that p((0), (0,2))€ a 
and (eK),a—=b. 


14. Proof of Theorem (4.6). Clearly K may suppose to be connected. 
Let ¢€ Ex” K be a 0-simplex, then in view of Theorem (13.1) it suffices 
to prove that fy: m(Ex® >a,(Ex* K;f¢) for all n2=1. We shall 
only give a proof for n=1. The proof for n >1 is similar although more 


complicated. 
Let a@€ 7,(Ex” K;q@) and let 7 be a representant of a. Suppose there 
exists a 2-simplex p€ Ex® K such that 


(14.1) pe’ = pe =T, pe? = fr. 


Then clearly f,a—a. Hence it suffices to show that for every 1-simplex 
7€ Ex® K there exists a 2-simplex p€ Ex® K satisfying condition (14.1). 

Let +€ Ex® K be a 1-simplex and let n be the smallest integer n= 0 
such that r= (y,n) (by r= (y,0) we mean K)y). If n=—0, then 
by hypothesis pry’ is the desired 2-simplex. Now suppose it has already 
been proved that if n < m, then there exists a 2-simplex p satisfying (14. 1a). 
Then we must show that this is also the case if n—=m. 

Define, using the notation of Section 13, a 2-simplex #®€ Ex" K as 
follows. 
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3((0), (0, 1), (0, 1, 2)) 3((0), (0, 2), (0, 1, 2)) ¥((0), (0, 1))n* 
3((1), (0, 1), (0, 1, 2)) = A((1), (1, 2), (0, 1, 2)) = y((1), (0, 
3((2), (0, 2), (0, 1, 2)) 3((2), (1, 2), (0, 1, 2)) ¥((0, 
Then it is readily verified that 
= (e(Ex"* K))y((1), (0,1)), = (e( Ex"? K))y((0), (0,1)), 
By the induction hypothesis there exist 2-simplices po, p:€ Ex® K such that 
poe? = (0,1) )n°,n—1), poe’ = (Be°, n), poe? = f (de°, n) 
pt pic’ = (Bet, n), pie’ = f n). 


Application of the extension condition then yields 3-simplices «,A€ Hx” K 
such that 
KO =po, Ke=p,, =f(d,n), 


De® = (Pe, n), Act Ac? — ke’. 
It then follows by direct computation that Ae® is the desired 2-simplex, 1.e., 


15. Proof of Lemma (5.7). Consider the commutative diagram 


OK 


QRK 


K 
RqK | rK 
qRK 


RK 


It follows from Definition (5.1b) that the maps rQK and gRK are homotopy 
equivalences. Let «K (resp. BK) be a homotopy inverse of rQK (resp. gkK). 
Then the following diagram is commutative up to homotopy 


OK 


K QRK 


| 
Rqk | rK | 
BK 
| RE | 
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~akKoRqK orK and rK ~ BKoQrKoqK. Consequently 


= (aK 0 o (BK QrK) o gk, 
rK = (BKo QrK) o (aK oRgK) ork. 


Application of the homotopy extension theorem (which holds for objects of 
dn; see [9]) yields c.s.s. maps s: OK ~QK, t: RE—-REK such that 


s= («aK oRgK) oQrK), t= (BK oQrK) o (eK oRqK) 
and 
s(qK)o= (qK)o, t(rK)o= (rK)o 


for every simplex o€ K. It then follows from condition (5.1c) that s and ¢ 
are homotopy equivalences. Thus ak oRqK and BKoQrK are homotopy 
equivalences and because ¢K and BK are also homotopy equivalences, so are 
RqK and 


16. Proof of Lemma (8.4). Let tgx,: L— Ex L be the identity map 
and let pL — tips, Consider the diagram 


| ak | 
| K | Sd | 
| Sdal 
| SdeZ | 
|r| | Sd Ex L | —————_| Sd L | | Bh | 
dEx L| \ 
jeL | + 
| Ex L |< | Z| 


In view of the naturality of d commutativity holds in the upper left triangle 
and the trapezium and because of the naturality of B and the fact that 
(Lemma (7.2)) di—£1(eL), commutativity also holds in both triangles 
which have |Z | as lower edge. It follows from Lemma (7.4) and (7.5) 
that the maps |dZ |, |eLZ| and |dExL| are homotopy equivalences. The 
commutativity in the trapezium and the smallest triangle involving | pL | 
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therefore implies that the maps | Sd eZ | and | pL | are also homotopy equiva- 
lences. Consequently the lower triangle is commutative up to homotopy and 
|h|o|dK |= pth]. 
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TOPOLOGICAL ABELIAN GROUPS.* 


By Frep B. Wricit. 


1. Introduction. The principal purpose of this note is to establish the 
existence, in any topological abelian group, of a closed subgroup which has 
special importance for the structure theory of the group. This subgroup 
possesses characteristics which are analogous to those of the radical of a ring. 
It is perhaps appropriate to call this subgroup the radical of the group. 

The radical is a well-known subgroup in certain cases. For example, 
in a discrete abelian group the radical is the torsion subgroup. More 
generally, in any locally compact abelian group the radical is the union of 
all compact subgroups. For the additive group of a real linear topological 
space H, the radical is the set of all elements of # which are annihilated 
by any continuous linear functional on FL. 

It is possible to employ the concept of the radical to furnish novel proofs 
of some theorems which are usually proved by quite different methods. In 
particular, it is interesting to observe just how much of the structure theory 
for locally compact abelian groups can be obtained by such methods. In the 
final section of this paper, it is shown that almost all of this theory can be 
established intrinsically. That is to say, most of the structure theory can 
be developed without the use of such “external” constructions as the 
character group, the L,-algebra, or the L.-space of the group. 


2. Preliminary considerations. Since this paper will be concerned only 
with abelian groups, it is convenient to use an additive notation for the 
group operation. In a topological group, it will always be assumed that 
addition is jointly continuous, that inversion is continuous, and that the 
Hausdorff separation axiom is satisfied. With some care, the preliminary 
theory can be developed under weaker restrictions. (A subsequent note will 
deal with an extension to non-abelian groups.) 

This is a convenient place to establish some conventions of notation which 
will be observed throughout this paper. Let G@ be a topological abelian group, 


* Received February 27, 1956; revised January 7, 1957. 

* Written with the support of the National Foundation grant to Tulane University. 
The advice and criticism of Professors Goto, Mostert, Pettis and Wallace have con- 
tributed much to the present form of this paper. 
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and let A be any subset of G. Then A denotes the closure of A, A® denotes 
the interior of A, and —A denotes the set {—a:a€ A}. A set A is said 
to be symmetric if A——A. If k is any positive integer, the set kA is 
defined to be the set {a, +: a,: € A}, and (—k)A=k(—A). The 
complement of A is denoted by ~ A, so that ~A=—{xeG:a¢ A}. The 
symbol 1 denotes the empty subset of G. 

If B is another subset of G, then AUB and AMB denote, respec- 
tively, the set-theoretic union and intersection of A and B. The set 
{a+ 6: a€A,b€ B} is denoted by A+B. The set A is a neighborhood 
of BAD if BC A®. 

For «€ G, the symbol x denotes ambiguously the element zx and the set 
consisting of the single element z. In particular, 0 denotes either the 
identity element of G or the subgroup consisting of this element only. 

A topological isomorphism between two topological groups is an iso- 
morphism between the groups which is also a homeomorphism. ‘Two groups 
G, H are said to be topologically isomorphic if there is a topological iso- 
morphism between them, and this is denoted by G=H. The group @ is 
said to be continuously isomorphic to the group H if there is an isomorphism 
of G onto H which is continuous. 

If G and H are two topological abelian groups, their direct sum G @ H 
is the algebraic direct sum endowed with the cartesian product topology. 


DEFINITION 2.1. Jf A is any nonvoid subset of a topological abelian 
group G, let s(A) G:r+ACA}. 

Since s(A) always contains 0, s(A) is nonvoid. 

DEFINITION 2.2. A nonvoid subset S of a topological abelian group G 
is said to be a semigroup in G if 8S Cs(8). 


It is clear that S is a semigroup if and only if 28 C S, which is in 
accord with the usual definition. It is obvious that for any nonvoid set A 
the set s(A) is a semigroup in G. 


DEFINITION 2.3. A subset A of a topological abelian group G ts said 
to be a regular open set if A is the interior of its closure; that is, if A= (A)’. 
A subset A of G is said to be an angular? subset of G if A is open and 
if O€ A. 


If § is a semigroup in G, then S is also a semigroup in G, and if 
S°A~ OD, then S° is also a semigroup in G. If a family of semigroups has 


* This terminology is due to Hille [4: Definition 7. 6.1]. 
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a nonvoid intersection, that intersection is a semigroup. The union of a 
chain of semigroups is a semigroup. A subset A of G is open (closed, regular, 


angular) if and only if —A is open (closed, regular, angular) ; A is a semi- 


group if and only if —A is a semigroup. 
A necessary and sufficient condition that a subset A of G be a subgroup 
of G is that A be a symmetric semigroup. Another important class of semi- 


groups are those which are completely asymmetric. 


DEFINITION 2.4. A semigroup S in a topological abelian group G is 
said to be 0-proper if S does not contain the identity element 0 of G. 


Clearly, S is a 0-proper semigroup in G@ if and only if SN—S=—O. 
If S is not 0-proper, then the set H = SM-—-S is a subgroup of G, and is 
obviously the largest subgroup of G which is contained in 8S. Then S is a 
union of cosets of H. If 0 is an interior point of the semigroup S, then 
H=SM—-S is an open subgroup of G, so that S is an open set. It 
follows that in a connected abelian group G an open semigroup is a 0-proper 
semigroup in @ if and only if it is a proper subset of G. 

Semigroups of the form s(A), where A is a nonvoid subset of G, have 
useful properties. It will be observed that s(—A)—-—s(A). Then the 
set s(A)Ms(—A) is a symmetric semigroup, and hence a subgroup, in G. 


DEFINITION 2.5. For any nonvoid subset A of G, define b(A) to be 
the subset s(A)N s(—A). 

LemMA 2.1. For any nonvoid subset A of G, tf x~€b(A) then 
rt+A=A. 

Proof. If <€b(A), then e+ACA and—«w+ACA. Thusz+A 
CAC2#-+A, and hence 


THorEM 2.2. If A is a nonvoid regular open set, then s(A) =s(A), 
s(A) is closed, and therefore b(A) ts a closed subgroup of G. 


Proof. By definition, s(4) = {(A—z): x€ A}, and hence s(A) is 
closed. Furthermore, s(A)Cs(A), by the continuity of addition. On the 
other hand, if s(A), then CA, so that (x+A)°C(A)*® Since 
A is a regular open set, it follows that c+ACA. Thus s(A)Cs(A), 
and the proof is complete. 


Corotiary.’ If 8 is a regular open semigroup in G, then S4+SCS. 


* Compare with [4: Theorem 7. 6. 3]. 


FRED B. WRIGHT. 


LeMMA 2.3. If S is an angular semigroup in G, then S ts a regular 
open set. 


This is proved in [4: Theorem 7.6.2]. The existence of angular 
semigroups is sometimes implied by other hypotheses. For example, see 
[4: Theorem 7. 7.1.] 

The results of this section are valid for non-commutative groups, pro- 
vided s(A) is defined to be {v€ G: (a+ A)U(A+2)C A}. 


3. Maximal 0-proper open semigroups. Suppose G@ is a topological 
abelian group which contains 0-proper open semigroups. Then Zorn’s lemma 
furnishes semigroups which are maximal with respect to these properties. 
This section is devoted to the properties of maximal 0-proper open semi- 
groups. The problem of existence is deferred to later sections, and the 
presence or absence of such semigroups has a direct bearing on the structure 
of a group. 

It will be observed that JJ is a maximal 0-proper open semigroup in 
(@ if and only if — MM is such a semigroup. 


THEOREM 3.1. Jf M is a maximal 0-proper open semigroup in a 
topological abelian group, then M is a regular open set. 


Proof. If 0€M, then M is angular, and hence regular, by Lemma 2.3. 
Otherwise M is a 0-proper semigroup, and hence (M/)° is an open 0-proper 
semigroup containing M. Since M is maximal, M = (J/)°. 


Lemma 3.2. Let M be a maximal 0-proper open semigroup in a 
topological abelian group G, and let n be any positive integer. If x ts such 
that nx€ M, then xe M. 


Proof. Define a function f on G@ by f(x) =ne; then f is continuous. 
If N =f, then N is obviously a 0-proper open semigroup containing /. 
Hence M =f. 


THEOREM 3.3. If M is a maximal 0-proper open semigroup in G, then 
the set ~(MU—M.) is identical with the closed subgroup b(M). 


Proof. Set B=~(MU—M). Since s(M)N—M=CO, then s(J) 
C BUM. Since M is a semigroup, then MCs(M). If xe€ B, then the 


set (kx + M) is an open semigroup containing M. If 0€ W, then 
k=0 
there is a positive integer n such that —nxeé€ M, and by Lemma 3.2, it 


follows that M. This contradicts the choice of B. Thus 0¢ VW, 
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and hence In particular, y+ MCM, so that r€s(M). Thus 
BCs(M), and therefore MUB=s(M). Applying this result to — WM, 
it follows that —MUB=s(—M). Thus B=s(M)Ns(—WM). 

This result shows that G@ can be written as the disjoint union 
G = M U b(M)U —M, where M and —WM are maximal 0-proper open semi- 
groups in G and b(M) is a closed subgroup of G. This fact plays a vital 
role in all that follows. 

The following three results are useful, and are immediate. Their proofs 
offer no difficulty. 


THEOREM 3.4. If M ts a mazimal 0-proper open semigroup in G, 
then G=M—M; that 1s, G is generated by M. 


The last two theorems in this section complete the circle of ideas 
centering around the notions of maximality, angularity, and regularity of 
semigroups, and should be compared with Theorem 3.1. 


THeEorEM 3.5. Let M be a maximal 0-proper open semigroup in G. 
Then the following three statements are equivalent: (1) M is not angular, 
(2) M ws closed, (3) b(M) 1s open. 


THEOREM 3.6. Let M be a maximal 0-proper open semigroup in G. 
Then the following are equivalent statements: (1) M 1s angular, (2) 
M=MUb(M), (3) b(M) is the topological boundary of M. 


The repeated use of subgroups of the form b(J/) in the sequel makes 
it advisable to have a convenient name for them. Theorem 3.3 suggests 
the following. 


DEFINITION 3.1. A closed subgroup B of a topological abelian group 
G will be called a residual subgroup of G tf there exists a maximal 0-proper 
open semigroup M of G@ such that B=b(M); in this case, B is called the 
residual subgroup belonging to M. 


Every residual subgroup belongs to at least two maximal 0-proper open 
semigroups in G, and may belong to more. 


4. The radical of a topological abelian group. It is now time to intro- 
duce the principal definition of this paper. 


DEFINITION 4.1. Let G be any topological abelian group. Denote by 
T the intersection of all the residual subgroups of G, with the convention 


that TG if there are no residual subgroups. The closed subgroup T is 
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called the radical of G. If G=T, G is satd to be a radical group, while if 
T =0, G is said to be a radical-free group.‘ 


THEOREM 4.1. If G is a discrete abelian group, then the radical T 
of G «ts the torsion subgroup of G. 

Proof. For each z€ G, the set {kx: k 21} is an open semigroup in G. 
By definition, x€ 7 if and only if every open semigroup containing 2 also 
contains 0. Thus x€ T if and only if z has finite order. 

i Clearly the radical will always contain the torsion subgroup. It need 
not, however, be the closure of the torsion subgroup. 

A topological abelian group G is a radical group if and only if there 
are no 0-proper open semigroups. It follows at once that if G@ is a radical 
group and if H is a closed subgroup of G, then G/H is a radical group. 
Thus, if G is a radical group and if S is an open semigroup in G, then 
S™—S is an open subgroup H of G (Section 2). Then G/H is a discrete 
radical group, and by Theorem 4.1, is a torsion group. Then the image of 
S in G/H is in fact a group, and, again by Section 2, 8 is itself a group. 
This establishes 


THEOREM 4.2. A topological abelian group G is a radical group if 
and only if every open semigroup in G@ ts an open subgroup of G. 

A non-discrete example of a radical group is therefore furnished by any 
compact abelian group [15]. Since there are compact groups with no non- 
zero elements of finite order, this shows that the radical need not be the 
closure of the torsion subgroup. 

If G is a topological abelinn group, any subgroup H of G@ is a topological 
group in its induced (subspace) topology. Hence H has its own radical, 
which may be denoted by Ty. It is obvious that Ty C TNH, where T is 
the radical of G. Whether or not equality holds in general is an open 
question, except in special cases. It will be seen below that equality of 
these two groups does hold for locally compact abelian groups. 


DEFINITION 4.2. Let G@ be a topological abelian group, and let H be 
any subgroup of G. Then H is said to be a radical subgroup of G if H 1s 
a radical group when H is considered to be a topological group in its induced 


topology. 
Then H is a radical subgroup of G@ if and only if H=Ty. In such 
a case, H CT. 


* Although the terminology “ radical ” should cause no confusion, it seems advisable 
to use “ radical-free ” instead of “ semisimple.” 
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Lemma 4.3. Let G be a topological abelian group. (1) If H is a 
radical subgroup of G, then H is a radical subgroup of G. (2) The set- 
theoretic union of a chain of radical subgroups is a radical subgroup of G. 
(3) The subgroup generated by two radical subgroups of G is also a radical 
subgroup of G. 


Proof. The proof of (3), for example, will illustrate the proofs of the 
others. Let H, and H, be two radical subgroups of G, and let H = H,-+ Hs. 
If J/ is a maximal 0-proper (relatively) open semigroup in H, then MN A, 
= J] H.=(, and hence both H, and H, are contained in by(M), the 
residual subgroup in H belonging to MW. Thus H C by(4M), and hence no 
such MW can exist. 

This yields at once the following result. 


THEOREM 4.4. If G ts any topological abelian group, then there exists 
in Ga unique maximal radical subgroup H which is closed and is contained 
in the radical T of G. 


The question naturally arises: is the radical itself a radical subgroup? 
In general, this is an open question. For locally compact groups, the answer 
is affirmative. Another affirmative answer is provided by the next theorem. 


THrEoREM 4.5. Let @ be a topological abelian group with radical T. 
If TAG, the following are equivalent. (1) There exists a residual sub- 
group of G which is open. (2) Every residual subgroup of G ts open. (3) 
The radical T of G is open. If any one of these is true then the radical T 
is the unique residual subgroup of G, and T is a radical subgroup of G. 


Proof. It is clear that (3) implies (2) and that (2) implies (1). 
Finally, assume the residual subgroup b(M) is open, and let S be a 0-proper 
open semigroup in b(M). Since b(MV)+ M—M, it follows that SUM 
is a 0-proper open semigroup in G, violating the maximality of M. Hence 
b(M) is a radical group, and hence 6(1f)C T, by Theorem 4.4. Since 
T C b(M) in every case, then TJ —b(M) in this case. This also establishes 
the last statement of the theorem. 

Direct calculation establishes the following behavior of 0-proper open 
semigroups under certain homomorphisms. 


Lemma 4.6. Let G@ be a topological abelian group with radical T, and 
let H be a closed subgroup of G, such that HCT. Let G* denote the 
quotient group G/H, and let x denote the natural homomorphism of G 
onto G*, If M and M* are 0-proper open semigroups in G and G* respec- 
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tively, then mM and w‘1M* are 0-proper open semigroups in G* and G 
respectively. If M and M* are maximal, then and are maximal. 
In particular, if M is a maximal 0-proper open semigroup in G, then 
M 71M. 


An immediate corollary of this result is the following useful fact. 


THEOREM 4.7. If G is a topological abelian group with radical T, and 
if H is a closed subgroup of G such that H CT, then the radical of G/H 
is T/H. In particular, G/T is radical-free. 


The next result characterizes the radical as the minimal subgroup of G 
satisfying the last statement of the preceding theorem. 


THEOREM 4.8. Let G be a topological abelian group with radical T. 
Let H be any closed subgroup of G such that G/H is radical-free. Then 
T CH. 


Proof. Let G* =G/H, and let +: G—G* be the canonical homomor- 
phism. If 1/* is a maximal 0-proper open semigroup in G*, then there is 
maximal 0-proper open semigroup M in such that C Then 
a *b(M*)> 6(M), where the calculations of residual subgroups are made in 
the proper groups. Then {) 2b(M)C [) b(M*), where the right-hand inter- 
section is taken over all residual subgroups in G* and the left-hand inter- 
section is taken over some residual subgroups in G. The same inclusion is 
valid if the left-hand intersection is taken over all residual subgroups of (, 


obviously. Hence 
T=) 0(M)C (M) 2b(M) Cr O(M*) =r 10 = 1, 
since G* is radical-free. 


The following manifestly true remarks will be employed from time to 
time. (1) Any subgroup of a radical-free group is radical-free. (2) A 
radical-free group remains radical-free if the topology is strengthened. 
(3) A radical group remains a radical group if the topology is weakened. 
The last two statements are most useful when translated into terms of con- 
tinous isomorphisms, and (3) is in fact a special case of a remark following 
Theorem 4.1 above. 


5. Maximally radical-free groups. Certain radical-free groups are of 
special interest because of their significance in structure theory. 
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DEFINITION 5.1. A topological abelian group G is said to be maximally 
radical-free if the subgroup 0 is a residual subgroup of G. 


Thus @ is maximally radical-free if and only if there exists a maximal 
(-proper open semigroup M in G@ with b(Jf) =0. The class of such groups 
coincides precisely with the class of linearly ordered abelian groups. For, 
let A be an abelian group (no topology!) which is linearly ordered by the 
relation =. Let P denote the set of all elements x in A satisfying 7 > 0. 
Then P is a 0-proper semigroup in A, and every element of A different from 
0 is either in P or in —P. If, conversely, P is a 0-proper semigroup in G 
such that ~(P U—P) 0, then there is a linear order in A such that 
P={xr€ A: x2>0}. The set P is called the positive cone of A. 

A linearly ordered abelian group A has an intrinsic topology defined on 
it by the order. A base for the neighborhoods of 0 is given by the family 
of intervals (—a,a) = A: —a<ax<a}, for alla€P. This topology 
will be called the interval topology in A. It is easily seen that A is a 
topological abelian group in the interval topology, and that the positive cone 
P of A is open. 

The interval topology is thus essentially determined by the positive cone 
P, One minor relation between the algebraic structure of P and the topology 
in A is worth recording. It is easily seen that either P—2P or else 
P™~(2P) consists of a single element. In the latter case, the group A 
is discrete in the interval topology, while if ? =2P the group A is dense- 
in-itself. 

Further details about linearly ordered abelian groups may be found in 
[1]. The remarks above form the skeleton of the very important result 
contained in the following theorem. 


THEOREM 5.1. Let G@ be a maximally radical-free topological abelian 
group. Then G can be made a linearly ordered abelian group, and the 
interval topology on G is coarser than the original topology. Conversely, if 
A is a linearly ordered abelian group, then A is a maximally radical-free 
group in its interval topology. 


This yields an interesting new proof of a classic theorem concerning 
abelian groups: Any abelian group, all of whose elements have infinite order, 
can be linearly ordered to be a linearly ordered group [8]. For, if the group 
is given the discrete topology, it is therefore radical-free (Theorem 4.1). 
Since the radical is open, it is the unique residual subgroup in the group 
(Theorem 4.5). Hence the group is maximally radical-free (Definition 5.1). 
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Thus the group can be made a linearly ordered group (Theorem 5.1). It is 
interesting to uncover the almost completely hidden use of the axiom of 
choice, which is usually cited explicitly in proofs of this theorem. 


THEOREM 5.2. A connected maximally radical-free topological abelian 
group is continuously isomorphic to the additive group of real numbers. If 
the group is either locally compact or locally connected, then the isomorphism 


is also a homeomorphism. 


Proof. Such a group has the property that the space obtained by 
deleting the element 0 is disconnected, by virtue of Theorem 3.3. The con- 
clusion of the theorem follows from [2: page 16, no. 4]. (See also [5] for 
a precise statement of the theorem cited.) 


Corotuary 1. Let G be a maximally radical-free group, and let K be 
the component of 0 in G. Then either K=0 or K is continuously tso- 


morphic to the additive group of real numbers. 


In the structure theorems which follow, it will be necessary to establish 
the fact that a continuous isomorphism is in fact a topological isomorphism. 
This will be done by citing an appropriate one of the following three 
references: [14: page 20], [14: page 95], [10: Theorem 6]. The first such 
structure theorem, which follows from the second of these references, is now 


at hand. 


CorotLary 2. Let G be a maximally radical-free group, with K the 
component of 0 in G. If G/K is discrete, then G is topologically isomorphic 
to K @(G/K). 


Now let G be maximally radical-free and let K be the component of 0 
in G. Then K has the property that for any 7€ K, with 7>0, if 0<y<ua 
then y € K; that is, K is an “isolated subgroup” [12] or a “convex subgroup” 
[1] of G. To see this, let H be the set of all elements y€ G such that 
for all in K. It is easily seen that H+ XK is the 
smallest convex subgroup containing K. But if y€ M is different from 0, 
the interval (—y,y) is an open set in G containing 0. But (—y,y)NK 
is a neighborhod of 0 in K, and (—y,y)QN K=0. Hence either K —0 or 
H =0. In either case K is a convex subgroup, as desired. 

Since this is true, the quotient group @/K has an induced linear order 
[12: Chapter 1, Lemma 2]. Then @/K is maximally radical-free in the 


interval topology given by this order. It is easy to see that the quotient 
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topology on G/K, where G@ is considered in its original topology, is finer 
than the interval topology on G/K. This yields the following result. 


TuHEorREM 5.3. If G@ is a maximally radical-free topological abelian 
group, and if K is the component of 0 in G, then either G=K or else the 
quotient group G/K is maximally radical-free. 


Maximally radical-free groups occur in structure theory in the form of 
certain quotient groups. 


THEOREM 5.4. If G is a topological abelian group and if b(M) 1s a 
residual subgroup of G, then G/b(M) ts maximally radical-free. 


6. Real linear topological spaces. This section is something of a di- 
gression from the prinicipal theme of this paper. It is interpolated here for 
two reasons. In the first place, the additive group of an infinite dimensional 
real linear topological space is the most accessible example of a topological 
abelian group which is not locally compact, but which has almost any other 
pleasant algebraic or topological property. It is therefore of some interest 
to see what the radical is for such a group. Of perhaps equal interest is the 
fact that real linear topological spaces are the natural vehicles for repre- 
sentations of certain abelian groups, as is shown in the next section. 


Lemma 6.1. Let EF be a real linear topological space, and let M be a 
maximal 0-proper open semigroup in EF. Then M is convez. 


Proof. Since M is open, it suffices to show that M is midpoint-convex. 
Since M is a semigroup, this will follow if it is shown that «€ M implies 
that $x€ M. But this follows at once from Lemma 3. 2. 

This result is sufficient to establish the precise description of a maximal 
0-proper open semigroup and its residual subgroup; one needs only to appeal 
to [7: Theorem 8.10] to obtain the answer. 


THEOREM 6.2. If M is a maximal 0-proper open semigroup in a real 
linear topological space E, then there exists a continuous linear functional 
fon E such that E: f(x) >0}, EF: f(z) <0}, and 
b(M) = {xe E: f(x) =0}. 


Corottary 1. The set of residual subgroups of a real linear topological 
space E is in one-to-one correspondence with the set of continuous hyperplanes 
through 0 in E. The radical of E consists of all those elements of E which 
are annihilated by every continuous linear functional on E. 
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CoroLuary 2.° In any real linear topological space EF, if S ts an open 
semigroup in EF, then either S=E or S is a subset of a half-space of E. 


It should be noted that the proof of Lemma. 6.1 does not depend on 
either the joint continuity of addition or on the Hausdorff separation axiom. 
Since [7: Theorem 8.10] also makes no use of these restrictions, this entire 
section may be extended to such spaces. Theorem 6.2, in particular, shows 
that the residual subgroups are closed linear subapces. Thus the concept of 
the radical is applicable to this wider class of linear spaces, and Corollary 1 
asserts that a real linear topological space is radical-free if and only if it is 
a locally convex Hausdorff linear topological space. 


7. Representation of connected groups. Throughout this section, let 
@ denote a connected abelian group. If b(M) is a residual subgroup of G, 
then G@/b(M) is continuously isomorphic to the additive group of real 
numbers. Conversely, if ¢ is a continuous homomorphism of G onto the 
reals, it is obvious that the kernel ¢-'0 of ¢ is the residual subgroup belonging 
to the pre-image of the open right-half line under ¢. An easily established 
necessary and sufficient condition that two continuous homomorphisms 4¢, 
and ¢. of G onto the real line have the same kernel is that there exist a real 
number « such that =a-¢.(x) for all ve G. 

If H denotes the set of all continuous homomorphisms of G into the 
real line, then /# is a vector space over the reals under pointwise operations. 
Furthermore, £ can be endowed with a topology making it a linear topological 
space. The most natural, though by no means the only, such topology is 
the weak topology induced by G. Since G@ is assumed to be Hausdorff, the 
space EH will also be a Hausdorff space, and it is clearly locally convex in this 
topology. 

Now let #* denote the dual space of HF, and let H* be given its weak* 
topology; that is, the topology induced on E* by H. For each x€ G, define 
Rx€ E* by setting Rr(d) = for each H. It is clear that is a 
homomorphism of G into H*. Furthermore, Rx —0 if and only if ¢(7) =0 
for all ¢6€ H. As shown above, this holds if and only if x belongs to the 
radical T of G. The continuity of R follows at once from the definition 
of the topology in £*. 

Finally, if ¢€ is such that =0 for all G, then 6=0. This 
shows that the range of R in H* generates a linear subspace which is dense 
in £* in the weak* topology. These results are summarized as follows. 


5 Compare with [4: Theorem 7. 6. 8]. 
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THEOREM 7.1. Let G@ be a connected abelian group with radical T. 
Then there exists a locally convex real linear topological space EF with dual 
space E*, and a continuous homomorphism R of G into H* such that the 
kernel of Ris T. The range of Rk generates a weak* dense linear subspace 
of E*. 


This result is a generalization of part of the structure theorem for 
locally compact abelian groups. Furthermore, if G is a normed linear space, 
the mapping # is the usual injection of G into its second dual space, and 
the last statement of Theorem 7.1 is Helley’s theorem. 

If the hypothesis of connectivity is replaced by an algebraic condition, 
analogous results can be established. The algebraic condition is a generaliza- 
tion of Archimedean order. This topic will be dealt with in a subsequent 
note. 


8. Locally compact abelian groups. ‘This final section is concerned 
with the application of the methods and results of the preceding sections to 
the study of locally compact abelian groups. The structure of such groups 
is well-known [11, 13, 14]. The purpose of this section is to establish as 
much of this structure theory as possible by means of topological and algebraic 
methods alone, and within the group itself. This means that the proofs to 
follow will make no use of measure-theoretic concepts, and that no external 
constructions will be used. In particular, the character group will not be 
used. (In the proofs of Theorems 8.3 and 8.4, the concept of a covering 
group [3] is used. This violates the promise not to use non-intrinsic objects. 
The fact is that these two results can be given intrinsic proofs which amount 
to proving the one fact about covering groups which is needed. It has seemed 
simpler to make this concession to the demands of brevity.) 

It must be noted that the full structure theorem has not as yet yielded 
to these methods. Theorem 8.5, Theorem 8.7% and the Corollary to Theorem 
8.9 constitute that part which can be so proved. The missing result is pre- 
cisely this: the radical of a locally compact connected abelian group is a 
topological and algebraic direct summand of the group. (One can easily 
reduce the problem to the case in which the radical is divisible, in which 
case the radical is algebraically a direct summand.) 

To begin, it will be recalled that a compact group is a radical group 
[15]. It follows that every compact subgroup of a locally compact abelian 
group is containe ‘n the radical. Hence a radical-free group contains no 
compact subgroups other than 0. 
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Lemma 8.1. Let G@ be a totally disconnected radical-free locally com- 
pact abelian group. Then G is discrete. 


Proof. Since G is totally disconnected, there exists a compact open sub- 
group H. Since G is radical-free, H —0, so that G is discrete. 


Lemma 8.2. Let G be a radical-free locally compact abelian group. 
Then there exists a finite set of residual subgroups 6(M,)---,6(M,) of G 


such that the subgroup B={)\b(M;) 1s discrete. 
j=1 


Proof. Let U be a compact neighborhood of 0, and let W be the boundary 
of U. When W is compact, and 0¢ W. Since G is radical-free, the open sets 
(4U — 1), for all maximal 0-proper open semigroups M in G, cover the 
compact set W. If (M,U—W,),---,(W,U—WM,) give a covering of VW, 


consider the closed subgroup B = a b(M;). It follows that BN U=BNU*. 
j=1 


If Bx is the component of 0 in B, then Bx N U is a nonvoid open and closed 
subset of Bx. Hence Bg NX U = Bg, and since Bx is radical-free, then Bg = 0. 
Thus B is totally disconnected and therefore, being radical-free itself, it is 
discrete. 

In what follows, the additive group of a real linear topological space 
is called a vector group, and the linear dimension of the vector space is 
called the dimension of the vector group. 


THEOREM 8.3. If G is a connected radical-free locally compact abelian 
group, then G 1s topologically isomorphic to a vector group of (unique) 


finite dimension. 


Proof. Choose the least positive integer such that there exists a collection 
of n residual subgroups b(/,),- --,0(1,) with discrete intersection B. 
It is apparent that there is a one-to-one continuous isomorphism of G/B 
into the direct sum of the groups G/b(M;), and the minimality of n shows 
that the mapping is in fact onto this direct sum. Thus G/B is continuously 
isomorphic to £", where £” is the Euclidean vector group of dimension 2. 
It follows from [9] or [10: Theorem 6] that this mapping is open, and 
therefore a homeomorphism. 

Since G is connected and B is discrete, it follows that G is a covering 
group for #". The uniqueness of the covering group for H” implies that 
B=0, and the proof is complete. 
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TuHEorEM 8.4. If G is a connected locally compact abelian group, then 
the radical T of G ts connected. 


Proof. Let H be a subgroup of 7 which is relatively open in 7. By 
Theorem 4.7 the group G/H has the discrete group T’/H as its radical. 
Thus G/H is a covering group of (G/H)/(T/H) =G/T=E". Hence 
T/H =0, and thus H=T. 

A complete description of radical-free locally compact abelian groups 


is now at hand. 


THrorEM 8.5. Let G be a radical-free locally compact abelian group, 
and let K be the component of 0 in G. Then K is topologicaliy isomorphic 
to a Euclidean vector group E", G/K ws discrete, and G 1s topologically 
isomorphic to (G/K)@ K. 


Proof (in outline). Suppose first that G is maximally radical-free. 
Then G/K is totally disconnected, and is maximally radical-free (Theorem 
5.3). Thus, by Lemma 8.1, G/K is discrete, and therefore G= K @(G/K), 
by Corollary 2 to Theorem 5. 2. 

Theorem 4.5 shows that consideration may be restricted to the case in 
which G/b(J/) is not discrete for any residual subgroup b(M) of G. Since 
G/b(M) is maximally radical-free, then G/b(M)=—£'@D, where D is 
discrete, for each M. Now choose the least integer n such that there exists 
a family b(M;), i=1,---,n, of residual subgroups of G having discrete 
intersection B. Then G/B is topologically isomorphic to E" @ A,, where A, 
is discrete. Let +: G—G/B be the canonical homomorphism, and let 
A=w7'A,. Then G/A=E", and it is easily seen that K=E". It follows 
that there is a continuous homomorphism of G onto K leaving K element- 
wise fixed. By [14: page 20], G=K @(G/K). Then the totally discon- 
nected group G/K must be radical-free (being essentially a subgroup of G@), 
and is therefore discrete. 


Corottary. If G is a totally disconnected locally compact abelian 
group, then the radical T of G is open. 


In particular, in the totally disconnected case the radical is the unique 
residual subgroup and also the maximal radical subgroup of G. This 
comment will be extended to the general case later. 

The next result is the crucial lemma in the study of radical groups. 
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Lemma 8.6. Let G be a locally compact abelian group, and let K be 
the component of 0 in G. If K ts not compact, then G ts not a radical group. 


Proof. Let U be a symmetric open neighborhood of 0 whose closure is 
compact. Set U,;=—U and define Un,;=—Un+U. Then U, is open and 
has compact closure. Since K is not compact, neither is G, and therefore 
(U,)-¥G. On the other hand, if U,=(U,)-, then U, is both open and 
closed, and since it contains 0 it contains K. This, however, implies that 
K is compact. Hence U,~(U,)~. The proof can now be completed by 
copying the proof of Lemma 2, page 153, of [11]. There it is shown that 
there exists an element d in the boundary of U such that nd is in the 


boundary of U,. This being true, it follows that the set LJ) (nd+U,) is a 
n=1 


0-proper open semigroup in G. 
A more natural way of expressing this result is as follows. 


THEOREM 8.7. If G is a radical locally compact abelian group, then 


the component of 0 in G 1s compact. 


<A necessary and sufficient condition that a connected 
locally compact abelian group be a radical group is that G be compact. 


It is now necessary to prove directly a piece of the structure theorem. 
In the usual order of things, this follows as an easy consequence of the 
theorem. The proof given of this result here is a mild adaptation of the 
standard construction of a one-parameter subgroup in G. 


Lema 8.8. Let G be a locally compact abelian group, and let H be 
a closed subgroup of G such that H ts topologically tsomorphic to a vector 
group E", and such that G/H is topologically tsomorphic to a vector group 
E™, Then G ts topologically isomorphic to E™*™, 


Proof. These hypotheses imply that G is connected [3: page 36]. The 
proof is an induction on m. The case m = 0 being trivial, suppose G/H = E’. 
For each integer k = 1 and for each x€ G, the equation 2*y 7 has a unique 
solution y. (That G is algebraically isomorphic to #"*™ follows at once 
from [6: Theorem 2], for example.) Thus the mappings f;,, defined on @ 
for each positive integer by f, (x) = 2*z, are continuous isomorphisms of 
onto itself. Since G is connected and locally compact, [10: Theorem 6] 


applies, and hence f;, is open. 
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Let U be any compact neighborhood of 0 in G, and let U,=f,7U. 
Then each U; is a compact neighborhood of 0 in G, and Ux; D Uys for each k. 
Then, given any such U and any x€ G such that «¢ H, let 2-*x denote the 
unique solution of the equation 2*y—x. If X is the set of all 2-*2, 
k=1,2,---, then Y CU, and since U is compact, XY is compact and is 
contained in U. Thus the set X has at least one limit pointaée U. It will 
now be shown that necessarily a= 0. 

If 2*ir—a, as io, it is obvious that for each 1, ae U. One of 
three cases can occur: (1) a=0, (2) a0 has finite order, (3) U contains 
an infinite number of non-zero elements in the cyclic subgroup spanned by a. 
Case (2) is ruled out at once, since G has no such elements. If (3) holds 
for a in G, it also holds for the image of a in G/H = E£'. This contradiction 
implies that a€ H, and hence (3) holds in HE”. This is also impossible. 
Therefore and 

A copy of the reals may now be constructed in G. The group generated 
by X is disjoint from H, and is a continuously isomorphic copy of the dyadic 
rationals. Then this isomorphism can be extended to a continuous isomor- 
phism of the reals Ht into G. The isomorphism is necessarily a homeo- 
morphism (onto its image), and it readily follows that G =H" @ Et = E™?, 
An easy induction establishes the general result. 

It is now possible to establish the important fact that the radical of 


any locally compact abelian group is a radical subgroup. 


THEOREM 8.9. The radical T of a locally compact abelian group G is 


the maximal radical subgroup of G. 


Proof. If T is not a radical group, then there is a closed subgroup 
H CT such that H is a residual subgroup of 7. Then G/H has T/H as 
its radical. This reduces the problem to showing that the radical cannot be 
maximally radical-free. A similar reduction enables one to consider separately 
the possibility that 7 is either the additive group of reals or is a discrete 
torsion-free group. 

Suppose first that T= H#'. Then T C K, where K is the component of 
0in G. Then G/K =(G/T)/(K/T). Since K is connected, it follows 
that K/T = for some integer n. By Lemma 8.8, But 
G/T = E” @ A, for integer m and a discrete group A. Then G/K = E”™"Q@ A. 
Since G/K is totally disconnected, m —n = 0, so that G/K is discrete. Since 
K is divisible, G=K @(G/K). But then G@ has radical 0, contrary to 


assumption. 
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This leaves the possibility that the radical T is a discrete torsion-free 
group. As before, G/T=H™@A. If K is the component of 0, then 
KOT is a closed discrete subgroup of K containing the radical of K. 
Since the radical of K is connected, K is radical-free, and hence K = EH" for 
some integer n=O. On the other hand, the group K/(K MT’) is mapped 
continuously and isomorphically into the component £™ of G/T. Thus 
K/(K OT) contains no elements of finite order. But if KNT+S0, 
K/(K QT) contains a non-trivial torus, and thus has elements of finite 
order. Hence KN T=0. 

Let H=(K+T)-. Since H/T C G/T =E" @ A, then H/T = E* @ A,, 
where A, is discrete and k= m. In the projection of H onto H/T, K is 
mapped continuously and isomorphically into the component E* of H/T. 
Since G/H = (G/T)/(H/T), it follows that G/H = E" @ Z* @ Az, where 
Z* denotes a torus of dimension s, where A, is discrete, and where r+s 
=m—k. But the left-hand side is totally disconnected, so that r-+-s—0, 
and hence m=k. Thus H/T=H™ A,. Let w denote the projection of 
H onto H/T. Since =z is continuous and since H = (K+ T)-, then E™ 
= H/T =7H =7(K+T7)- Thus A,=0 
and H/T Then z yields a continuous isomorphism of K = onto a 
dense subset of #". By virtue of [2: Chapter VII, §2, no. 1], K is closed, 
so that H/T=H"=K. It follows at once from [14: page 20] that 
H = K @Asz, where A; is discrete and topologically isomorphic to H/K. 

Since G/H is discrete, H is open in G, and since H/K is discrete, K is 
open in H. Hence K is open in G, so that G/K is discrete. By [14: page 95]. 
G=K @ Ay, where Ay=G/K. Since A,is discrete, its radical is its torsion 
subgroup,. which is contained in T. But T is torsion-free, and hence @ has 
radical 0, contrary to assumption. This completes the proof. 


Corotitary. If G is a connected locally compact abelian group, then 
the radical T of G is a connected compact subgroup having the property 
that G/T is topologically isomorphic to a vector group of (unique) finite 


dimension. 


THEOREM 8.10. Let G be a locally compact abelian group. Then the 
following sets in G are identical: (1) the radical T of G, (2) the mazimal 
radical subgroup of G, (3) the set of all elements x in G such that the cyclic 
subgroup of G generated by x has compact closure. 


Proof. The equality of (1) and (2) was established in Theorem 8.8. 
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Clearly set (3) is contained in set (1). Conversely, let x€ 7’, and let K be 
the component of 0 in J. Then K is compact, and the cyclic group (z) 
has compact closure if r€ K. If x¢ K, let x* be the image of z in the 
radical group T7*—=T/K. If +: T—T™* is the canonical projection, then 
a(x)- C = (x*)-, so that (x)-C w1(z*)-. If (2*)- is known to be 
compact, then z*(z*)- is also compact, since K is compact. This reduces 
the question to the totally disconnected case. 

If 7 is totally disconnected, let x€ 7 and let H be a compact open 
subgroup of 7’. Then 7’/H is a discrete radical group, and hence a torsion 
group. Then there is some positive integer k such that kx€ H. Thus 
(x) C U (ix + H), and hence (x)- is compact. 

4=1 

CoroLuary. If G ts a locally compact abelian group with radical T, 

and if H is a closed subgroup of G, then the radical of H is HN T. 


It should be remarked that a more natural order of theorems would be 
to have Theorem 8.10 follow immediately after Theorem 8.5. In this order, 
Theorem 8.9 could be eliminated, and Theorem 8.7% could be established 
with considerable ease (modifying the argument for the result on page 97 
of [14]). A direct proof of Theorem 8.10 would, however, be quite similar 
to the proof of Lemma 8.8. 
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ON CURVES OF MINIMAL LENGTH WITH A CONSTRAINT ON 
AVERAGE CURVATURE, AND WITH PRESCRIBED INITIAL 
AND TERMINAL POSITIONS AND TANGENTS.* * 


By L. E. DusIns. 


1. Introduction and summary. Let a particle pursue a continuously 
differentiable path from an initial point wu to a terminal point v. Suppose 
that its speed is unity and suppose that its velocity vectors at uw and v are 
U and V respectively. We are interested in a path of minimal length for 
the particle. It is easy to see that there exist u, U, v and V for which no 
path of minimal length exists. We need some further reasonable restriction. 
At first, it seems natural to require that the path possess a curvature every- 
where, and to prescribe that its radius of curvature be everywhere greater 
than or equal to a fixed number R. But again there exist (u,U,v,V,R) for 
which no path of minimal length exists (Proposition 14). The difficulty is 
that we have imposed too severe a restriction. In order to arrive at the 
correct restriction to impose, we observe that if X is a curve in real n-dimen- 
sional Euclidean space, parameterized by are length, for which X”(s) exists 
everywhere, then the curvature, || X”(s)||, is less than or equal to R-* every- 
where, if and only if, 


(1) | X’(s1) —X’ (se) || SR* | s:—s2], 


for all s, and s, in the interval of definition of XY. By the average curvature 
of X in the interval [s,,s.] we mean the left side of (1) divided by | s:—s, |. 
We say that a curve Y in real Euclidean n-space parameterized by are length 
has average curvature always less than or equal to R-* provided that its first 
derivative X’ exists everywhere and satisfies the Lipschitz condition (1). We 
inquire, for fixed vectors u, U, v, V in real n-dimensional Euclidean space, F,, 
and a fixed positive number R, as to the existence and nature of a path of 
minimal length among the curves in F,, of average curvature everywhere 
less than or equal to R-*. Now we find that paths of minimal length neces- 
sarily exist. We call such a path an R-geodesic. The purpose of this paper 


* Received April 28, 1956; revised January 3, 1957. 
* This research was supported in part by the United States Air Force through the 
Air Force Office of Scientific Research of the Air Research and Development Command. 
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is to prove Theorem 1, which implies that for n=2, an f-geodesic is 
necessarily a continuously differentiable curve which consists of not more than 
three pieces, each of which is either a straight line segment or an arc of a 
circle of radius R. Furthermore, the corollary to Theorem 1 implies that 
three is the least integer for which this is true. The nature of R-geodesics 


for n = 3 is open. 


2. Existence of R-geodesics. Let u, v, U and V be vectors in real 
n-dimensional Euclidean space, Let || U || = || V || =1 and let R>0. 
Let C=C(n,u,U,v,V,R) be the collection of all curves X defined on a 
closed interval [0,2], where L—=L(X) varies with X, such that X(s) € £, 
for OSs ZL; || X’(s)||=1; the average curvature of X is everywhere less 
than or equal to R-?; X(0) =u, X’(0) =U, X(L) =v and X’(L) = V. 


Proposition 1. For any n, u, U, v, V, and R, there exists an X in 
C=C(n,u,U,v,V,R) of minimal length. 


Proof. We omit the verification that C is non empty. Let X,€C. Let 
d, be the length of X, and let d be the infimum of lengths of all curves in C. 
Clearly d<d,. There exists a sequence X,€C such that the length d, of 
X, is monotonely decreasing to d. Since || X,’(s) || ==1, it follows that the 
X,’ are a uniformly bounded family of functions. Since || X,’(s:) — Xn’ (s2)| 
<= R*|s,—s,| for all s, and s, in the interval [0,d], it follows that the 
X,’ also form an equicontinuous family on [0,d]. Therefore by Ascoli’s 
theorem, [1], there is a subsequence of the Y, whose derivatives converge 
uniformly on [0,d] to a function Y. For convenience, we assume that 
X, is itself such a sequence. It is easy to see that Y(0)—U and 
| ¥(s,) —Y¥(s.)|} SS R*|s,—s.| for all s, and s. in [0,d]. Since 


X,(s)—X,(0) + (Hat 
0 0 


it follows that for O=s=d. 
|| Xn(s) —Xm(s) || S | Xn’(t) —Xm’(t) | dt S d-sup || —Xn’ (t)|; 
70 


where the sup is taken over ¢ in [0,d]. Therefore X, converges uniformly 
in [0,d] to a function X. Since X,’ converges uniformly to Y and 1; 
converges to X it follows that X’ = (lim Y,)’=limX,’=—Y. It is elemen- 
tary to complete the proof of the theorem by showing that X(d) =v and 


X’(d) =V. Namely, 
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| —v | S| X(d) |] + || Xn(d) — || 
=| X(d) —X,(d) | + | | S | X(d) + 
which converges to zero as n approaches infinity. Also, 
| —V S| |] + | Xn’ (d) — V 
= |X"(d) —X1"(d) |] + |] Xn’ (d) — An’ (dn) || S |] —Xn’(d) |] 


which also converges to zero as n approaches oo. Thus Y(d) =v, X’(d) =V, 
and therefore ¥ € C, and X is of minimal length. 


3. Some preliminary propositions. The purpose of this section is to 
prove Proposition 6. We begin by borrowing ideas from E. Schmidt’s proof, 
[2], of A. Schur’s Lemma and thereby prove: 


Proposition 2. Let X be a curve of average curvature everywhere less 
than or equal to R-* and Let Z be a semicircle of radius R. Then 


(2) || X’(s) —X’(t) |] S| 2’(s) 
and 
(3) (X’(s),X’(t)) = (2’(s), 2’(t)) 


for all s and t in [0,7R]. Furthermore, for any fixed s and t, s < t, equality 
holds in (2) if and only if equality holds in (3), and equality holds in 
(3) if and only if X(r) is an arc of a circle of radws R for sSrst. 


Proof. Condition (1) implies that X’(s) exists almost everywhere 
and is a measurable function of s bounded by R-*. Therefore 


t 
|X” (r) || dr| 
& 


Since X” is absolutely continuous, we see that the are length of the curve 
V(r) for srt is less than or equal to R-*|s—t#|. Sines X’(r) is a 
curve on the surface, S,, of the unit sphere in F,, it follows that the length 
of a geodesic on this surface which connects X’(s) and X’(t) is certainly 
less than or equal to R-*|s—t|. That is, the great circle on S, containing 
both V’(s) and X’(¢) is divided into two arcs by X’(s) and X’(t). The 
length of the smaller of these is SR+*|s—t|. It is well known that if 
two great circular arcs on the unit sphere in FH, are each of length less than 
or equal to z, then the length of the chord subtended by the smaller arc is 
less than or equal to the length of the chord subtended by the larger arc. 
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Therefore, for R-*|s—t|Sz, || X’(s) —X’(t)|| is less than or equal to 
the length of the chord subtended by a great circular are of length R*|t—s|. 
It is easy to see that for |t—s|=-7R, || Z’(s) —Z’(t)|| is the length of 
such a chord. Therefore || X’(s) — X’(¢)|| S || Z’(s) —Z’()|| for | s —t | S Rr. 
This completes the proof of the first part of the proposition. 

It is trivial that if X (7) is an are of a circle of radius for 
then || X’(s) —X’(t) || = || Z’(s) —Z’(#) |]. Assume, therefore, for some s 
and t, Os < taf, that || X’(s) —X’(t) || = || Z’(s) —Z’(¢) ||. It follows 
that the length of the smaller great circular arc between X’(s) and X’(t) 
equals R-+|s—t|. Therefore the are length of the curve XY’, for srt, 
is =R+*|s—t|. Since it was previously shown to be S R-*|s—+t|, we con- 
clude that it equals R-*|s—t|. Therefore X’ is a geodesic on S, connecting 
X’(s) with X’(t). Therefore X’(7) is an are of a unit circle of length 
R+|s—t| for srt. It now easily follows that X(r) is an are of a 
circle of radius R for srt. The remainder of the proof of the proposi- 
tion is trivial. 


Proposition 3. Let X be a curve of average curvature everywhere less 
than or equal to R-* and let Z be a semicircle of radws R. Let y be the 
vector of length R determined by the condition that Z(0) + y ts the center 
of the semicircle Z. Let X be any vector of length R orthogonal to X’(0). 
Then 
(1) (2'(s),y) = (X"(s),A) 
for OSs4cR. Furthermore equality holds for some s in this interval ¢f 
and only if X(r) is an arc of a circle of radius R for OS rss, and d ts the 
vector of length R determined by the condition that X(0) +-A is the center 
of the circle determined by X. 


Proof. It is easy to see that Z’(s) is a linear combination of the two 
unit orthogonal vectors Z’(0) and y/R. Therefore 


(2) 1 == (2'(s),2’(s)) = + 
By Proposition 2, we have, 

(3) (X’(s),X’(0)) = 

Since (Z’(s),Z’(0)) 20 for OSs 4rR, we see that (3) implies 
(4) (X’(s), X’(0))? = (Z’(s), Z’(0))?. 

Combining (2) and (4) we get 


(5) 1S (X’(s), X’(0))? + (2'(s), y/R)?. 
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Since A/F and X’(0) are unit orthogonal vectors, it follows that 
(6) 1 = (X"(s), X’(s)) (X"(s), X’(0) )? + 


From (5) and (6) we immediately obtain 


(7) (2’(s),y/R)* = (X’(s),A/R)?. 
Since (Z’(s),y/R) 20 for OSsS4rk, we conclude from (7) that 
(8) (2’(s),y) = (X"(s),) 


for OSs=4rR. This proves the first part of the proposition. 


Assume now, for some s, 0s 47R, that equality holds in (8). It 
is easy to see that, therefore, equality must hold in (7). This implies that 
equality must hold in both (5) and (6) for this particular s. From the 
equality in (5) we obtain equality in (4) and hence, equality in (3). 
Therefore, by Proposition 2, X(r) is an are of a circle of radius Ff for 
0Srss. Equality in (6) implies that X’(s) is spanned by X’(0) and 
\/R. Since » is orthogonal to X’(0) it is either the vector determined by 
the condition that (0) +A is the center of the semicircle X or the negative 
of this vector. For 0<s47R, it is not the negative of this vector since 
0< (2"(s),7) = (X"(s), a). 


Proposition 4. Let X be a curve with average everywhere less than 
or equal to R* and let » be any vector of length R orthogonal to X’(0). 
Then 
(X(s) —X(0) —A, X’(s)) 20 


for OSsS4rk. Furthermore, equality holds for some s in this interval 
if and only if X(r) is an are of a circle of radius R forOSrss and dX ts 
the vector of length R determined by the condition that X(0) +A is the 
center of the circle determined by X. 


Proof. It is easy to see that 
(9) (X(s) —X(0) —a, ¥"(s)) "(s))dt— 
70 


for 
(X(s) —X(0) —a, X"(s)) (X¥(s) —X(0), X’(s)) — (4, X"(s)) 


= 0,2"). 


01 
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Let Z(s) and y be as in the hypothesis of Proposition 3. Then Propositions 
2 and 3 imply that (10) is greater than or equal to 
(11) 2'(s) )dt— (y,2"(6)). 
It is easy to see that (11) is equal to 
(12) (Z(s) —Z(0) —y, 4(s)) 


for the argument is the same as the one which established equality in (9). 
We now observe that (12) equals one half of 


(13) d(Z(s) —Z(0) —y,Z(s) —Z(0) —y)/ds, 


which in turn is equal to 

(14) d || Z(s) —Z(0) —y ||?/ds = dR?/ds = 0. 

We now prove the second part of the theorem. Assume that for some s, 
0<s 

(15) (X(s) —X(0) —A, X’(s)) =0. 

Thus the inequalities from (9) through (14) become equalities. In particular, 
(10) equals (11). But in virtue of Propositions 2 and 3, equality in (10) 
and (11) imply: 


(16) (2, Xs) f° (4), ats 
and : 
(17) (a, X"(s)) = 


Thus if (15) holds, (17) necessarily also holds. We now invoke the second 
part of Proposition 3 to complete the proof of the non-trivial part of the 
present theorem. 

Our previous propositions are valid for curves XY in any Euclidean space. 
However, our next two propositions deal only with planar curves. At each 
point of a differentiable planar curve \ there are two tangent circles of 
radius R. The curve X induces on each of these circles an orientation, s0 
that one of these circles is oriented clockwise, the other counterclockwise. 
Let Z, and Y, be, respectively, the counterclockwise and clockwise oriented 
circles of radius R, tangent to the curve X at the point X(s). 


~ 


PropositT1on 5. Let X be a planar curve with average curvature every- 
where less than or equal R-*. Let D(s) be the distance between the center 
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of the circle Y, and the center of the circle Zo. Then D(s) ts a monotone 
non-decreasing function of s for OSsS4ckh. Furthermore, D(s) =D(0) 
for some s in this interval if and only if X(r) ts a continuously differentiable 
curve in [0,8] such that, for some ry in the closed interval [0,8], X(r) ts a 
counterclockwise oriented arc of a circle of radws R for OSrsry and 
X(r) tw a clockwise oriented arc of a circle of radius R for ry>Srss. 


Proof. Let f(s) equal D?(s). We show that f is non-decreasing. Let 
T be a rotation through an angle of $m in the counterclockwise direction. 
Clearly 
(18) D(s) =|. X(s) —RT(X"(s)) —X (0) —RT(X’(0))I. 
Since both X and X”’ are absolutely continuous and the product of two 
absolutely continuous functions is likewise absolutely continuous, it follows 
that f(s) is absolutely continuous. Furthermore 
(19) f(s) = 2(X(s) —RT(X"(s)) —X(0) —RT(X'(0)), X"(8) —RTX"(s)), 
Since 7'(X’(s)) is orthogonal to both A’(s) and T(X’(s)), it follows that 
(20) f’(s) =2(X(s) —X (0) —RTX’ (0), X’(s) —RTX” (s)) 


for all s for which V”(s) exists. Furthermore, —7(X’’(s)) is some scalar 
multiple of X’(s), say, —T(X’(s)) =k(s)X’(s). Therefore 


(21) =2(X(s) —X(0) (0), X"(s) + Bk(s)X"(s)) 
or equivalently, 

(22) f’(s) = (1+ Rk(s)) (X(s) —X(0) —RTX'(0), X"(s)) 
for all s such that &(s) exists. Furthermore, since || .¥”(s)|| SR, 
(23) 1+ Rk(s) 20. 


We easily conclude from (22), (23) and Proposition 4 that f’(s) 20 
almost everywhere. Since we already showed that f(s) is absolutely con- 
tinuous it follows that f(s) is montone non-decreasing. Hence, so is D(s). 

This completes the proof of the first part of the theorem. Now assume 
that D(s) = D(0) for some s with O0<sS4rR. Since D is monotone it 
follows that = D(0) for all r withOSrss. Therefore, f(r) = D?(r) 
is constant and consequently f’(r) =0 for Ors. It follows from (22 
that for every r for which &(r) exists, either 


(24) 14-Rk(r)=0 or (25) (X(r) —X(0) —RTX’(0), X’(r)) =0. 
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Let 7, be the least upper bound of the set of r in [0,s] for which (25) holds. 
By continuity of X and X’, it is easy to show that (25) also holds for r—r,. 
By the second part of Proposition 4, we conclude that Y(r) is an are of a 
circle of radius R for Or. Again by (25), we convlude that this 
are is counterclockwise oriented. Suppose 7, <s. Then for all r in the half- 
closed interval (7,s] for which k(r) exists, (24) holds. Thus k(r) =— RF? 
for all r in (1,s] for which k(r) exists. Since X’ is absolutely continuous, 
it is easy to prove, therefore, that Y(r) is an are of a circle of radius 2 
for (1,s]. Since k(7) is negative this arc is clockwise oriented. Since 
and X’ are continuous at 77, the proposition is prove. 

As an immediate corollary to Proposition 5 we obtain the main result 


of this section: 


Proposition 6. Let X be a planar curve with average curvature every- 
where less than or equal to R-* and let s be any point in the closed interval 
[0,4Rxr]. Then the circle Y, is either disjoint from, or tangent to, the circle 
Z,. Furthermore Y, is tangent to Z, if and only if X(1r) ts a continuously 
differentiable curve for OSrSs such that, for some ry in the closed interval 
(0,s], X(r) ts a counterclockwise oriented are of a circle of radius R for 
0OSrS7,, and X(r) is a clockwise oriented arc of a circle of radius R for 


It is of course obvious that there is a proposition similar to Proposition 6 
which is concerned with the circles Z, and Yo, rather than Z, and Y,. We 
do not state this theorem but will also refer to it as Proposition 6 in the sequel. 


4, Certain curves are R-geodesics. The purpose of this section is to 
prove Proposition 9 which states that certain curves, composed of ares of 
circles of radius R and straight line segments, are R-geodesics. 

Let X(s) be a convex are defined for a=s=b. Let m be the line 
determined by the two points X(a) and X(b) and let T be the perpendicular 
projection onto the line m. We will say that a point p is above the curve X 
provided the line segment whose end points are p and 7'(p) contains a point 
of the arc X(s). And we will say that a curve Y(s) defined for cSs<d 
lies above the curve X(s) provided that the image under T of all point of Y 
which lie above the curve XY is the segment whose end points are X(a) 
and X(b). 

We state without proof the following proposition which is geometrically 


obvious. 


Proposition 7. Let X and Y be planar curves defined on the intervals 
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{a,b] and [c,d] respectively. Suppose that X is a convex arc and that 
X(a) =Y(c) and X(b) =Y(d). Then wf Y hes above X the are length 
of Y ts not less than the are length of X, and equality holds if and only 
if Y tw a one-one parameterization of the range of X. 


As an immediate corollary we have: 


ProposiTIon 8. (See fig. 1.) Let d be the length of the smaller arc 
of a cwrcle Z determined by two points A and B on Z. Let m be the half 


Y(L) 


Y(O)=A 


Figure 1. 


vay perpendicular to Z at B which does not meet the interior of Z. Suppose 
V'(s) is a@ continuous curve parameterized by arc length for OSsSL which 
has no point in the interior of Z. Suppose that Y(0)=A and Y(L) is 
on m. Then L=d and equality holds if and only tf Y(s) ts a 1-1 para- 
melerization of the smaller arc AB. 


We will say that a continuously differentiable curve Y, with arc length s 
as parameter, defined for asd, is of type ALA (Arc, Line, Arc) pro- 
vided there exist 6 and ¢ with abcd such that Y restricted to [a,b] 
is a 1-1 parameterization of an arc of a circle of radius RP of length less than 
or equal to 4x, and such that Y restricted to [b,c] is a line segment, and 
such that Y restricted to [c,d] is also an arc of a circle of radius R of length 


less than or equal to $Rr. 


Proposition 9. Let u, v, U, and V be vectors in Euclidean 2 space 


with || U || =|| V || =1 and let R be a positive real number. Suppose Y is 
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of type ALA defined for 0SsSd, and suppose Y(0) =u, Y’(0) =U, 
Y(d) =vand Y’(d) =V. Then Y is the unique R-geodesic in the collection 
C=C (2,u, U,v, V, R). 


Proof. Suppose that 0 = d, = d,+d.S d and that Y restricted to [0, d, | 
is an arc of a circle, Z,, of radius R and length = 47, and that Y restricted 
to [d,,d,-+d.] is a line segment, and Y restricted to [d,-+ d2,d] is an arc 
of a circle, Z., of radius R and length less than or equal to $Rz. Let m, 
be the line passing through Y(d,) and perpendicular to Y at Y(d,) and 
let mz be the line parallel to m, which passes through Y(d,-++d.). The 
plane is divided by m, and m, into three strips. Now let XY be any curve 
in C. By a connectedness argument, it is easy to see that there is a least 
positive number s, such that X(s,) is on m,. We claim s;2d,. For either, 
for all s, OSss,, X(s) is not in the interior of the circle Z,, or, for 
some Sy < s;, X(S_) is in the interior of Z,. In the first case, the preceding 
proposition implies that s,=d,. In the second case, Projosition 6 implies 
that so Since >4rR=d,, it follows that s,>d,. Again 
by a connectedness argument, there is a smallest number s2 such that X (s.) 
ison m,. Since m, and m, are a distance d, apart, it follows that s. = s, + d.. 
Suppose Z is any number such that X(L) =Y(d). An argument similar to 
the one which showed s, = d, will prove that L —s,=d—(d,+d,.). There- 
fore L=d. Thus we’ve shown that Y is an R-geodesic in C. Furthermore 
the conditions for equality in the preceding proposition imply that Y is the 
unique #-geodesic in C. This completes the proof. 


5. Another preliminary proposition. It is the purpose of this section 
to prove Proposition 13 which states that an R-geodesic consists of pieces, 
each of which is either a straight line segment or an are of a circle of radius 
R. But first we need a few preliminary definitions and propositions. 

Let L(s) be a parameterized straight line segment for a=s=b, where 
s is are length for ZL. We will say that the line segment leaves a curve \(s) 
at the point X(s.), provided that L(a)—X(s,) and L’(a) =X’(s,). 
Similarly, we say that the parameterized line segment arrives at the curve 
X(s) at the point X(s.), provided that L(b) =X(s.) and L’(b) = X’(s,). 

We state without proof the following obvious geometric fact. 


Proposition 10. If C(s) and B(s) are any two distinct similarly 
oriented parameterized circles of radius R in a plane, then there exists a 
unique parameterized straight line segment which leaves C(s) and arrives 


at B(s). Furthermore if C(s) and B(s) are oppositely oriented then there 
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exists a parameterized straight line segment which leaves C(s) and arrives 
at B(s) if and only if no point of B(s) is tn the interior of C(s). If such 
a segment exists, then tt ts unique. 


Propvosition 11. Let X be a planar curve with average curvature every- 
where less than or equal to R- defined for OSsSdS=arR/8. Then the 
collection C—=C(2,X(0),X’(0),X(d),X’(d),R) contains a curve W of 
type ALA. 


Proof. It is convenient to assume that the plane z which contains the 
curve X is the collection of all ordered couples of real numbers. It is clearly 
no loss of generality to assume that X(0) = (0,0) and that X¥’(0) = (1,0). 
We consider the four circles Z), Za, Yo, Ya. Clearly Z, and Yo are the 
circles of radius #& with centers respectively at (0,R) and (0,—f). It is 
an easy consequence of Proposition 6 that if XY(d) is on Y, or Zp, then X 
isan arc of Y, or Z, respectively. In this event, X is itself of type ALA. 
Therefore we can assume that X(d) is on neither Z, nor Y,. An application 
of the techniques of Section 3 shows that the first coordinates of the centers 
of Zq and Y¢q are strictly positive. There are only three cases to consider: 
(1) every point on Za has a non-negative second coordinate; (2) every point 
on Yq has a non-positive second coordinate; (3) some, but not all, points 
on Zq have negative second coordinates, and some, but not all, points on Ya 
have positive second coordinates. We first consider case (1). Proposition 10 
assures the existence of a unique parameterized line segment m which leaves 
Z, and arrives at Zz. There are now two subcases: (a), the slope of m is less 
than or equal to the slope of X’(d); and (b), the slope of m is greater than 
the slope of X’(d). Suppose (a) holds. Let A, be the smaller are of Z 
whose end points are (0,0) and the point of tangency of m with Z). Let Az 
be the smaller are of Za whose end points are X (d) and the point of tangency 
of m with Zz. Then one sees that the curve, W, which consists of A,, 
followed by m, followed by Az, satisfies the conclusion of the proposition. 
Suppose now that subcase (b) holds. Proposition 6 implies that Z, and Yq 
do not intersect. Therefore Proposition 10 assures the existence of a unique 
parameterized line segment n which leaves Z, and arrives at Yq. This time 
we let A, be the smaller are of Z, whose end points are (0,0) and the point 
of tangency of n with Z). Similarly, we let A, be the smaller are of Yq 
whose end points are X(d) and the point of tangency of n with Yq. This 
time one sees that the curve, W, which consists of A,, followed by n, 
followed by A>, satisfies the conclusion of the theorem. 


508 L. E. DUBINS. 


Case (2) is treated similarly. We proceed to case (3). It is clear that 
the first coordinates of the centers of Zz and Yq are unequal. We suppose 
the first coordinate of the center of Zz to be less than that of Yq. The 
other case can be treated similarly. Propositions 6 and 10 assure the 
existence of a unique directed line segment m which leaves Y, and arrives 
at Z,. Let A, be the smaller are of Y, whose end points are (0,0) and the 
point of tangency of m with Y,. Let Az be the smaller arc of Za whose end 
points are X(d) and the point of tangency of m with Zg. Then one sees 
that the curve, W, which consists of A,, followed by m, followed by Ag, satisfies 
the conclusion of the proposition. This completes the proof. 

As an immediate corollary to Propositions 9 and 11 we have: 


Proposition 12. Let X be a planar curve of length less than or equal 
to rR/8. Then X is an R-geodesic if and only if X is of type ALA. 


We can now easily establish the main result of this section. 


Proposition 13. Let X be a planar curve defined on a closed finite 
interval [0,d] parameterized by arc length. Then if X ts an R-geodesic, 
it is a continuously differentiable curve which consists of a finite number of 
pieces, each of which is either a straight line segment, or an arc of a circle 
of radius R. 


Proof. Since X’ satisfies a Lipschitz condition, XY is continuously differ- 
entiable. The interval [0,d] can be partitioned into a finite number of sub- 
intervals each of length less than or equal to 7R/8. Clearly, X restricted to 
any of these subintervals is also an R-geodesic. Therefore by the preceding 
proposition, X, so restricted, is of type ALA. This completes the proof. 


6. Principal result. We wish to show that a planar R-geodesic is 
necessarily a very special curve, i.e. a continuously differentiable curve which 
consists of at most three pieces, each of which is either a straight line seg- 
ment or an are of a circle of radius R. Errett Bishop pointed out to the 
author that in view of Proposition 13 it is sufficient to show that no curve 
which consists of four such pieces can be an F#-geodesic. 

Let us designate a continuously differentiable curve by CCCC, provided 
that it consists of precisely four arcs of circles of radius R. Similarly let us 
designate by CZCL a continuously differentiable curve which consists of 
precisely four pieces, the first of which is an arc of a circle of radius Rf, 
the second a line segment, the third an arc of a circle of radius R, and the 
last a line segment. Similarly any differentiable curve which consists of 
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precisely n arcs of circles of radius # and line segments can be represented 
by an n-tuple of symbols, each of which is either a C or an L. 

We already know that there exist planar R-geodesics of type CLC. We 
will show that there exist planar R-geodesics of type CCC. It is easy to 
see that any subpath of an R-geodesic is an R-geodesic. We will show that 


* every R-geodesic is necessarily a subpath of a path of type CLC or: of 
type CCC. 


In order to prove that every R-geodesic is necessarily a subpath of a path 
consisting of three arcs and line segments, it is sufficient to show that no 
path consisting of four ares and line segments can be an R-geodesic. There 
are eight paths of this type, namely CCCC, CCCL, CCLC, CLCC, CLCL, 
LCCC, LCCL and LCLC. If a curve is an R-geodesic, then so is the curve 
obtained by traversing the path in the opposite direction. Therefore, if we 
can show that no curve of type CCLC is an R-geodesic, we will also have 
shown that no curve of type CLCC is an R-geodesic. Thus we wish to show 
that no curves of type CCCC, CCCL, CCLC, CLCL and LCCL, are R-geodesic. 
Also, if a curve is an R-geodesic, then so is every subpath of the curve. Thus 
if we can show that no curve of type CCL is an R-geodesic it will follow that 
neither are curves of type CCCL, CCLC and LCCL. Likewise, if we can show 
that no curve of type LCL is an R-geodesic, it will follow that neither is one 
of type CLCL. Thus in order to show * tt ts sufficient to show that none of 
the following three types of curves is an R-geodesic: CCCC, CCL, LCL. We 
begin with a proof that no curve of type LCL is an R-geodesic. The proof 
that no curve of type CCL is an R-geodesic is rather similar, and is there- 
fore omitted. We then show that no curve of type CCCC is an R-geodesic. 


Lemma 1. Jf X is a curve of type LCL defined for0Ssd, then tt ts 
not an R-geodesic. 


Proof. Let P,:P.P;P, be a curve of type LCL where: (1) P;Pz2 is a line 
segment, (2) P,P; is an are of circle of radius R, (3) P3P, is a line segment, 
(4) P,P, is tangent to P,P, at P, and (5) P;P, is tangent to P.P, at Py. 

It is obvious that we may assume P,P; counterclockwise oriented and we 


do so. We now consider two cases. 


Case 1. (See fig. 2.) The length of the arc P.P; is greater than zero 
but not greater than zP. It is easy to see, by considering subpaths, that we 
may assume that P,P, and P;P, have the same length. Let S, be the 
counterclockwise oriented circle of radius R, tangent to PP; at P:, which is 


‘ 
‘ 
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on the same side of P,P, as is the are P2P;. Similarly, let Sz be the 
counterclockwise oriented circle of radius R, tangent to P3P, at P, which is 
on the same side of P;P, as is the arc P,P;. There exists a unique line 
segment Q,Q. which leaves S, and arrives at S.. Since the are length of 


Figure 2. 


Figure 3. 


P.P; does not exceed rh, the curve P,Q,Q2P, is of type ALA, and hence, 
by Proposition 9, it is the unique -geodesic with initial and final positions 
X(0) and X(d) respectively, and initial and final tangent vectors ’(0) 
and X’(d) respectively. 

Case 2. (See fig. 3.) The length of the arc P.P, is strictly between 


rR and 2rR. It is clear that by considering subpaths we may assume that 
the segments P,P, and P, P, do not intersect. Let S, be the clockwise 
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oriented circle of radius R tangent to P,P, at P, which is on the opposite 
side of P,P, as is the are P,P;. Let Sz be the counterclockwise oriented 
circle of radius R which is tangent to S, and to P;P,. Let P.’ and P,’ be 
the points of tangency of S. with S, and P,P, respectively. We will complete 
our proof by showing that the path P,P.’P,’P, has length strictly less than 
the length of XY, where: (a) P,P.’ is the shorter are of S, with end points 
P, and P,’; and (b) P2’P,’ is the longer are of Sz with end points P,’ 
and P,’; and (c) P;’P, is the line segment with end points P,’ and P,. It is 
sufficient to show that P,P.’P,’ is shorter than P,P.P;P,;’, where P,P. and 
P,P, were as defined above and where PP,’ is the line segment with end points 
P, and P;’.. There should be no ambiguity in the remainder of this proof if 
we use the symbol P.P; to represent the length of the arc P,P; as well as 
the are itself, similarly for other arcs and line segments. Thus we will 


complete our proof by showing 

(1) P,P.’ 4+- < PyP2+P2Ps + PsP’. 

Let wu, and wu,’ be defined by Ru,—=P,P; and Ru,’ —P,.’P;’. Let w,’ be the 
angle between the tangent vectors to 9, at P,; and P,.’. It is easy to see that 
(1) is equivalent to 

(2) P,P! + Ru’ < PyP2+ Ru, + P3P,’. 

Furthermore, since U2—U2’—1,;’ we see that (2) is equivalent to 

(3) P,P.’ + Ruy’ < PiP2+ 


For 11 and 2, let Q; be the center of S8;. P,P; is an are of a circle whose 
center we designate by Qs. Let Q.Q. be the arc of the circle of radius 2R 
with center Q,, which is concentric with the are P,P.’. Clearly, the are Q.Q. 
has a length equal to the left side of (3), whereas the segments Q.Q; and 
Q.Q2 have lengths equal respectively to P,P, and P;P,;’.. Thus (3) is equiva- 
lent to 


(4) < + 


Since the arc Q,Q3Qz lies above the convex arc Q,Q2, Proposition 7 implies 
(4). This proves the lemma. 

We are indebted to Errett Bishop for the main ideas in the proof of 
the following lemma. We also wish to thank Horace Moore for pointing out 


an error in an eariler version. 


Lemma 2. No path of type CCCC is an R-geodesic. 
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Proof. (See fig. 4.) Assume otherwise and let X be a path of type 
CCCC which is an R-geodesic. Let Py, and P, be the initial and terminal 
points of X. YX consists of four ares of circles. Let the first arc of X be an 
are of the circle S, with center Q, and let the last arc of X be an arc of 
the circle 8, with center Q,. It is no loss of generality to assume that R —1, 
i.e., the radius of 8, is 1. Let 2d be the distance between Q, and Q,. 
Clearly 0=2d=6. It is no loss of generality to assume that S, is oriented 
clockwise. We may also assume that the plane has rectangular coordinates 
with the origin at Q@;. We may further assume that Q, has coordinates 


(24,0). Let Ry be the point (0,1). Ro is on S,. Let Ry be the point 
(2d,—1). R, is on 8,4. Now let W be the collection of all paths Y of the 
type CCCC with initial point P, and terminal point P, and where the first 
are of Y is a clockwise oriented arc of the circle 8S, and where the last arc 
of Y is a counterclockwise oriented arc of the circle S,. Y—P,P;P.P>P,, 
where P;_,P; is an oriented are with length L; of an oriented circle S; with 
center Q; for 1—1,2,3,4 and where S; is tangent to S;,, at the point P; for 
t—=1,2,3. Here 8,, and P, are fixed whereas 8;, P:, P2, P3, 
L,, L; and L, vary with Y. Let u,; be the are length of the clockwise oriented 
arc of the circle 8;. Let and u; be defined by ZL, and 
Clearly 


= (L,—u, + + (uy + + (Ue + us) + (us + Dy — Us) 
= Ly —u, + 2(u, + u.+ us) + 
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Furthermore, L,—u, and L,—vus, are constants independent of Y in W. 
Hence, a necessary and sufficient condition for L(Y) to attain its minimum 
at Y is that u,; + uw. attain its minimum at XY. Clearly (w,,u2,u3) is an 
admissible triad if and only if it satisfies the two constraints: 


(1) and (2) cosu;—cos U2 + cos 


There are now two possibilities for any point, (a, Us, Us), at which a minimum 
of u;+U2-+U;, subject to the two constraints, occurs: Either the cross 


product of the two gradient vectors 
W, = (COS U;, COS Us, COSUs) and (—SsiN U;, SiN U2, — SiN Us) 
is the zero vector or w, W240. Clearly 
W, X = (—sin (us + us), sin(us — U1), sin(u, + Ue) ). 


Suppose first that w, Then sin(u,-+u.) =0. Then uw, + is a 
multiple of z. That is, Z2, the are length of P,P2, is a multiple of r. Since 
X is assumed to be an R-geodesic of type CCCC, it is easy to see that L, 
is neither the zero multiple of z nor can ZL, be as large as 27. Hence 
[,=7. Then part of X, namely PoP,P.P; is a curve of type CCC, where 
the middle are is of length . But we have the following 


SusteMMA. Wo curve of type CCC, where the middle are ts of length 
greater than zero but not greater than rR, can be an k-geodesic. 


We omit the proof of this sublemma for it is quite similar to the proof of 
Case 1 of Lemma 1. This sublemma implies that P)P:P2P3 is not an R- 
geodesic. Hence ¥ —P,P,P.P;P, could not be an R-geodesic. Therefore, 
we need only consider the case w, K w.740. Hence, we may assume that the 
two constraints (1) and (2) determine a curve in the neighborhood of the 
point (uw, U%2,u;) at which the minimum of u,+u.+u; is attained, and 
that w, X w. is tangent to the curve. Let m—minimum of u,-+u,+ 4; 
subject to the constraints. Then the plane u,+u.+u;—m is tangent 
to the constraint curve at the point at which the minimum is attained. 
That is, this plane contains the tangent vector w; X we. at this point. 
Equivalently, the vector (1,1,1) is orthogonal to w; X w.. Hence 


—sin(u. + u;) + sin(u;—wu,) + sin(u; + = 0. 


It is not difficult to show that if sin(A +B) =sinA-+sinB, then either 
A or B or A+ B is a multiple of 27. Thus, either w.+ us or U;—, OF 
u: tu, is a multiple of 27. But u,+u.—L., the are length of P,P». 
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Hence 0 <u, + < 2x. Therefore u, uz is not a multiple of 27. Simi- 
larly u.-+ uz is not. Hence u;—vu, is a multiple of 2x. Thus at the critical 
point, w, X (sin(v, + Since X w2A0, the first 
component of the tangent w, X w. is unequal to zero. Therefore, the con- 
straint curve can be parametrized by w,. at least in a neighborhood of the 
critical point. In the sequel, all differentiations will be with respect to u, 
in a neighborhood of the critical point. Differentiating the two constraints 
we get: 


Uy’ COS + U2’ COS Uz + U;’ COS U; = 0, sin U, + U2’ sin Uz — Us’ SiN U; 


Furthermore, at the critical point, u,-+u.-+ us is a minimum, and hence 
u,’+u’+u;’=0. These three equations imply that at a critical point 
Since sin(w,+u.) 40, we conclude that wu.’ =0. 
Hence u;’=—wu,’—=—1. We next observe that a necessary condition for 
u,+u.+us; to have a minimum at a regular point of the constraint curve 
is that the inner product of r= (1,1,1) with the curvature vector be non- 
negative. Let Z(s) = (u,(s),uU2(S),Us(s)) be a parametrization of the 
constraint curve in a neighborhood of the critical point, where s is are 
length for the curve. Clearly dz/ds is the tangent vector. We may assume 
that w, X w2(u,) =b(s)dz/ds, where b(s) >0 and where s=—s(u,) is a 
function of uw, Hence (w, we)’ =b(s) (d*z/ds?)s’ + (db/ds)s’ (dz/ds). 
At the critical point, dz/ds is perpendicular to 7. Hence (r, (w: X w2)’) 
= b(s)s’(r,d*z/ds?). Since 6(s) > 0, we conclude that a necessary condition 
for u,+u.+u,; to have a minimum is that s’(r, (w, X w.)’) 20. Clearly 


(w, X 
= (— cos(us + + U3’), cos(us —U1)(Us’ — Uy’), cos(u, + + U2’). 
But at the critical point, =0, u,’=1, =—1. Hence 
(w, X we)’ = (cos(us + u,),— 2, cos(u, + uz) ). 


Therefore (w, X w2)’) = 2 cos(u, + U2) —1. Hence, a necessary condition 
for a minimum is that 2s’(cos(u, -+usz)—1)=20. Hence, a necessary con- 
dition for a minimum is either s’=0 or u,+u, a multiple of 27. Now we 
observe that the first component of w, X w. equals the first component of 
b(s)dz/ds. Hence —sin(uz + us) =6(s)du,/ds. Since b(s) >0, we have 
sin(u,-+ us) = 0 if and only if du,/ds=0. Furthermore, since w,; 
at a regular point, sin(w.-+u;) 40 there. Hence 


sin(u.+u;) >0 €> du,/ds=0 €> ds/du, S0. 
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We again recall that wz, at a critical point. Hence, a necessary con- 
dition for a minimum of u,-+ u,-+ us subject to the two constraints is that 
Now where L, the are length of P,P2, 
is U; + U2. By the sublemma, P,P,P:P; is not an R-geodesic. Hence, neither 
is 1’. This completes the proof of the lemma. 

We have now established our main result: 


THeEorEM I. Every planar R-geodesic ts necessarily a continuously 
differentiable curve which is either (1) an are of a circle of radws R, 
followed by a line segment, followed by an arc of a circle of radws R; 
or (2) a sequence of three arcs of circles of radius R; or (3) a subpath of 
a path of type (1) or (2). 


Corotiary. There exists an R-geodesic of type CCC. 


Proof. Consider the problem of making a U-turn. That is let XY be an 
R-geodesic whose initial and terminal positions are the same, and whose 
terminal tangent vector is the negative of its initial tangent vector. Let P 
be the finite set which consists of the paths of types (1), (2), and (3) 
referred to in Theorem 1 with the prescribed boundary conditions. In P 
there are two paths of type CCC. It is at most an elementary calculation 
to show that no path in P has a length less than either of these. Hence, by 
Theorem 1, these two paths are R-geodesics. This completes the proof of 
the corollary. 


7. Non-existence of paths of minimal length. Let u, v, U and V be 
vectors in real n-dimensional Euclidean space, Let || U || =| V 
and let R>0O. Let C* =C*(n,u,U,v,V,R) be the collection of all curves 
X defined on a closed interval [0,Z], where L=L(X) varies with X such 
that: X(s)€ for OSsSL; || X’(s)|| =1; X”(s) exists everywhere and 
|X"(s)|| SR? for OSsSL; X(0)—u, X'(0)—U, X(L) and 
X’(L) = V. 


Proposition 14. There exist u, U, v, V and R such that the infimum 
of the length of the curves X in C* =C*(2,u,U,v,V,R) 1s not attained. 


Proof. Let u= (0,0), U = (0,1), v= (5,0), V=(0,—1) and R=1. 
It is easy to see that there exists a curve Y of type ALA of length r+ 3 
such that Y€ C—C(2,u,U,v,V,R). Proposition 9 implies that Y is the 
unique curve of minimal length in C. It is clear that C* is a subset of C 
and that Y is not an element of C*. To complete the proof of the proposition 
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it is sufficient to show that for any « > 0, there exists Y € C* of length less 
than ++3-+4e. We will define XY uniquely on an interval [0,L,.] by 


Let X(0) =u, X’(0) =U, and k(s) 1 for OSsS4r—e. Let k(s) 
be linear for s between and -«, and let k(47-+c¢€) —0. Now let 
d be the first coordinate of the point X(47-+ ¢). We can now continue to 
define k. Let k(s) =0 for 4r7+eSsS5+4r+e—2d. Let k(s) be 
linear for s between 5+ and 5+ 47+ 3e—2d. Lastly, let 
k(s) =1 for 5+ 47+ 3e—2d=L,, where L.=5-+2-+ %—2d. Thus X 


easily be integrated by elementary means, it is at most an elementary 
calculation to establish that X indeed is in C*, and that the length L, of X 
is indeed less than r+3-+4e. We omit the details. The intuitive idea 
is that XY was constructed so as to be a twice differentiable curve which approxi- 
mates Y in an appropriate sense. This completes the proof. 

In the course of the proof, we showed that the particular R-geodesic Y 
in C(2,u,U,v,V,R) had the property that given any e > 0, there exists an 
X in C*(2,u,U,v,V,R) whose length differs from the length of Y by a 
quantity f(«) which goes to zero with «. It might be conjectured that 


4 this conjecture. Let Y be a continuously differentiable curve which consists 

: of an are of length 4m of a counterclockwise oriented circle of radius 1, 

i followed by an are of length 4x of a clockwise oriented circle of radius 1. 
We omit the proof that such a Y is indeed a counterexample. 
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specifying L,, X(0), X’(0) and the oriented curvature k(s) for OSs 


is uniquely defined. Since both the curvature & and its antiderivative can P 


every R-geodesic has this property. The following is a counterexample tof 
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RELATIVE CHARACTERISTIC CLASSES.* 


By Micuet A. KERVAIRE. 


1. Introduction. The main purpose of this paper * is to prove a lemma 


§ (Lemma (1.2) below) conjectured in [8]. 


In the proof, we shall make use of a not quite classical form of 
Whitney duality, involving Stiefel-Whitney characteristic classes which have 


) to be considered as relative cohomology classes. Since these slightly gener- 


" alized characteristic classes may have some interest for themselves, the present 
» paper is divided into two parts as follows. 


In Part I, an attempt is made to give a systematic treatment of relative 


| characteristic classes. Beside Stiefel-Whitney classes, relative Chern and 
| Pontryagin characteristic classes will also be considered. It will be seen that 
| most of the properties of the usual characteristic classes may be adapted to 
| hold for the relative classes. In particular, the relative classes satisfy a 


| generalized Whitney duality theorem and Wu’s theorem [16] remains true 
' if suitably stated. The fact that Wu’s theorem may be extended to the case 
| of a manifold with boundary was communicated to me by R. Thom and 


was the starting point of the proof of Lemma (1.2). According to R. Thom, 
this extension of Wu’s theorem was first known to H. Cartan, who proved 
it using (®)-cohomology (unpublished). For our purpose, it will be suffi- 
cient to reduce (by Lemma (6.1)) the extended Wu’s theorem to the ordinary 


| one, thus avoiding (®)-cohomology. The proof of the generalized Whitney 


duality will be based on the interpretation of the relative characteristic 
classes as symmetric functions. The original author’s proof was very cum- 
bersome and will be omitted. The proof given here is due to A. Borel and 
is reproduced with his permission. 


Part II will be concerned with the following situation considered in [8]: 
Let Mq be a differentiable closed manifold imbedded? into some euclidean 


* Received January 4,. 1957. 

*The paper has been completed as the author was under National Science Founda- 
tion research contract. The author is also grateful to the Research Commission of 
Berne University (Switzerland) and to the Swiss Federal School of Technology for 
grants made available during the preparation of this paper. 

* All manifolds considered are of class C*®. Imbedding will mean regular imbedding 
(and similarly for immersion). 
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space H4,,, and assume that there exists a continuous field F, of n-frames 
(n mutually orthogonal unit vectors) normal to Mq in Ean. To such a pair 
(Ma;F,) we attach , 

(a) a map wo: Ma— Vainn of Ma into the Stiefel manifold of n-frames 
with base point at the origin in H¢,,: the map w is defined by 


w(x) = +, 
where v,(2),- are the vectors based at the origin in and 


parallel to the vectors of F, at x; and we also attach 


(b) a map f: San—Sn of the (d+ n)-dimensional sphere into the n- 
sphere defined as follows: Take a tubular neighborhood U of Mg in Fan. Any 
point wé€ U lies in a uniquely determined n-plane N, normal to Mg at a 
(uniquely defined) point z€ Mg. Using the coordinate system in N, which is 
defined by the mutually orthogonal unit vectors of F, at 2, we attach coordi- 
nates Yn to the point u. It may be assumed that (y;)? —1, if and 


only if w lies on the boundary of U. The definition of f will involve the 
mapping 

rT: (Bn, OBn) 
of the n-ball B, onto the n-sphere S, given (for instance) by the formula 


= (1—2y?, 2y:(1—y*)4, 2y2(1—y?) +, 
where y? = 5 (y;,)” and g* € S, is the point with coordinates (—1,0,- - -,0). 
k 
Identifying now San with Ha,,-+00, the desired mapping f: San—> Sn is 
given by 
f(u) =r(y1,- for we U, f(z) =q* for S—U. 

The homotopy class of the map w (defined under (a) above) is deter- 
mined * by the generalized curvatura integra c which represents the homology 
class of the cycle w(Ma) in Ha(Vainn;Z). The number c is an integer for 


d even or n=1 and a remainder mod2 for d odd (n>1). Define y by 
y =c—x*(Ma), where x*(MMa), the semi-characteristic of Mg, is equal to 


8-1 

4x(Ma) for d even and to } (—1)‘p;(Ma) for d odd, p;(Ma) being then 
i=0 

the rank of H;(Ma;Z.), and 2s—=d-+1. 


® Recall that the Stiefel manifold of n-frames in (d + n)-space is (d — 1) -connected 
and its d-dimensional integer homology group is infinite cyclic, or cyclic of order 2, 
depending on whether d is even or n = 1, or d is odd and n>1 respectively. 
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It has been proved in [8] (Théoréme II) that if a manifold M,’ with 
normal n-frame field F,’ in KHa,, leads (by procedure (b)) to a map 
f’; San—> Sn homotopic to f, then y=y’, c—x*(Ma) =e’ —x*(M’), 


this formula being valid only mod2 for d odd. 


Actually each homotopy class in ma:n(Sn) contains maps f: San Sn 
obtained by the procedure described under (b) and y is a homomorphism of 
tan(Sn) into Z or Z, according as d is even or odd. It has been proved 
in [8] (Théoréme IV) that, for d even, y is always zero. 

Another homotopy invariant associated to f which will play a role in 
the present paper is Hopf’s invariant as generalized by Steenrod [11]: 


- Consider the cell complex K=S,U e@aini: obtained by attaching the cell 


Caner tO Sn by the given map f, then Steenrod’s generalization of Hopf’s 
invariant, which will be denoted by h(f), is the remainder mod 2 defined by 


Sq" (u) =h(f)-», 


where w and v are the generators of H"(K;Z.) and H"**!(K;Z,) respec- 
tively and Sq! is the Steenrod square which raises the degree by d-+-1. 

Each of the invariants h(f) and y(f) has the following properties 
which can be verified easily (see [8]) for y(f) and were proved by Steenrod 
({11], §18) for h(f): 


(1) It is a homomorphism of z¢,,(S,) into Z, defined for every d= 1 
and n= 1. 

(2) It vanishes for d even. 

(3) It takes the same value on a homotopy class and on its Freudenthal 
suspension. 

(4) It is zero for every composition map gof: 8,—>S,, where 
f: 8,28, g: provided that p>q>r.4 

(5) If Sq is parallelizable, it takes the value 1 on the standard Hopf’s 
map $: Sai. with Hopf’s invariant 1. 


It is not unlikely that properties (1)-(5) should characterize completely 
h(f). This proves to be true for d<7, even with property (4) omitted. 
I have no proof of this conjecture for general d. However, using the explicit 
definitions of h(f) and y(f), we shall prove below the following lemma, 
which was conjectured in [8]: 


Lemma (1.2). Using the above notations, y(f) =h(f). 


‘This fact has not been proved for y in [8] but is easily seen. 
[8], page 242. 
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The use which can be made of relative characteristic classes to prove 
this lemma will become apparent during the proof in Section 8. 

I am indebted and wish to express my gratitude to A. Borel and R. Thom 
for many fruitful discussions during the preparation of the present paper. 


PART I. Relative characteristic classes. 


2. Definition. We shall treat first Stiefel-Whitney classes. The relative 
Chern and Pontryagin classes may be obtained similarly and will be dis- 
cussed briefly in an Appendix ($11). The coefficients will be the remainder 
mod 2, except in §11 (and §6). 

Let 8 = be a sphere-bundle over the simplicial 
complex K with the orthogonal group of n variables O(n) as structural 
group. Denote by (B4, p%, K, Vnnq,O(n)) the bundle associated to B 
with fibre the Stiefel manifold V,,,,, of (n—gq)-fraraes (based at a fixed 
point) in euclidean n-space. 

Let L be a subcomplex of K and assume that a cross-section 6” over I 
is given in the associated bundle 8". This section induces (by the projection 
Br — cross-sections 6% over LZ in the associated bundle for q=r. 
Roughly speaking, 6” defines an (m7—vr)-vectorfield F,, over L, and 6% is 
given by the (n—q)-vectorfield consisting of the first (n—gq) vectors of 

Let W%* be the (q+ 1)-dimensional Stiefel-Whitney class of the bundle 
%B. Suppose g=r. A representative wi! of W%*! may be obtained by the 
usual stepwise extension process over K°UL,K'UL, K*UL,:- + -,KIUL 
of the cross-section 67 in 84 induced by 6” over L. The requirement that the 
cross-section over K% in 8% should coincide over Z with the given section 6! 
leads to a representative w%? of Wt which takes the value zero on every 
(q-+1)-simplex of LZ. The cocycle w%? is thus a representative of a relative 
cohomology class H%'(K,L;Z,) defined for g=r, which will be 
called the (q+ 1)-dimensional relative characteristic Stiefel-Whitney class 
mod LZ corresponding to 6’. 

Wr%** does not depend on the choice of the extension of 6% over the 
0-,1-,- - -,qg-simplexes of K-LZ (see [12], 33.5). It does, however, depend, 
in general, on the choice of the given cross-section over ZL. Let 6° and 6 be 
two cross-sections over LZ in $8” and let 6%, 6'4 be their projections in 8! 
(q=r). The stepwise attempt to make the cross-sections 6°% and 64 coincide 
meets with an obstruction in dimension q on L. Let 67€ H2(L) be the 
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| obstruction cohomology class. It is easily seen, that 564 is the difference of 
the (g-+1)-dimensional Stiefel-Whitney classes corresponding to 6° and 6’, 
' where 6 is the coboundary operator of the cohomology sequence: 


H04(K) — (K, L) — HK) 


3. Naturality. Suppose we are given two principal O(n)-bundles B 
and $8’ over simplicial complexes K, K’ respectively, such that B is induced 
from 8’ by a map f: K—K’ which we assume to be simplicial. 

Let L and L’ be subcomplexes of K and K’ respectively, such that f(L) 
is a subcomplex of LZ’. Suppose that cross-sections 6” and 6" over LZ and L’ 
are given in the associated bundles 8" and 8” with fibre V,,»-,, such that 
ho" (a) = f(x) for every «€ L (h is the bundle map covering f). 

Then, for g=r, the relative characteristic Stiefel-Whitney classes W,%** 
and W7’,%"? of the two bundles are both defined. 


LEMMA (3.1). We have Wp! = f*(W’p%'), where f* is the dual homo- 
morphism f*: H (K’, L’;Z.) > H(K,L;2Z.) induced by f: (K,L) > (K’,L’). 
(See [12], 32.7). 


Choose an extension over K’4U L’ of the cross-section 64 in 8’2 given over L’. 
Define W’,p%** using this extension. Define 6% over K¢UL as the reverse 
image by h of the cross-section 0%. By assumption, this definition is con- 
sistent with the given cross-section over Z in 8% and the extended 6% may 
be used to define Writ. Let s be a (g-+1)-simplex of K. If f(s) =0, 
| f(s)| is a subset of the g-dimensional skeleton of K’, thus 6% may be defined 
over s and w%1(s) = w’%1(fs) =0. If f(s) 40, the restriction of f on s is 
a homeomorphism, and w%!(s) =w’%1(fs) follows from | 8, 
together with the fact that induces the identity h,: Z.—Z. (identifying 
with Z.). Thus, for the cohomology classes of and w’%?, 


ste ( W’ pt?) 


4. The Whitney duality. Let 8; be two principal O(n,)-bundles 
(t—1,2) over the same simplicial complex K, and suppose that cross- 
sections 6,7 and 6," over subcomplexes L,, L. of K are given in the corres- 
ponding associated bundles B."2. 

Let 6 =%, @ B. be the Whitney sum of B, and B.. The bundle B 
isan O(n, -+ n.)-bundle. The cross-sections 6,%, 0.72 induce over L=L,N Ls 
(where they are both defined) a cross-section 6” in the associated bundle 8” 
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with fibre Vn.» + We shall refer to 6" as the sum 
of the given cross-sections 6," and 6,"%. 


Using the sum cross-section 6" over L, we define the relative Stiefel- 
Whitney classes Wp! of BmodL for g=r. Denote by and 
the relative Stiefel-Whitney classes of 8, and ¥, corresponding to the cross- 
sections 6,", 62". They are defined for k=r, and 1=ry respectively. 

In the Theorem (4.1) below, expressing Whitney duality for relative 
classes, the classes Y,**1, Yp'*? which are relative classes mod L, and mod L, 
respectively are regarded as relative classes mod L. Precisely, we write Xp". 
meaning the image of by the homomorphism //*(K, L,) H*(K, L) 
induced by the inclusion (K, LL) — (K,Z,), and similarly for 


THEOREM (4.1). The Whitney duality holds for relative characteristic 
Stiefel-Whitney classes in the following form: For gq=r, we have 


Notice that some absolute (usual) characteristic classes occur in the 
right hand side of the above formula. However, in each cup-product X*- Y° 
with either a—12r, or b—1=2r, (or both), 
because ar, and b=r, would imply a+b7,+ 72. Therefore, in each 
product X¢: Y*, at least one of the classes X¢ or Y°® is a relative class and 
so is every product in the right hand side of (4.1). 

The proof of the above theorem will be carried out by showing that the 
relative characteristic classes may be equivalently defined as symmetric func- 
tions (Theorem (5.1)). This alternative definition in turn implies imme- 


diately the above duality theorem. 


5. Relative characteristic classes as symmetric functions. Proof of 
Whitney duality. Let us recall Borel’s definition of the (usual) characteristic 
classes [4]. Let @=(H,p,K,O(n)) be a principal O(n)-bundle over K. 
Let Q(n) denote the subgroup of O(n) consisting of the diagonal matrices 
(e8:;), with es—=-+1 or —1. The space £ is also the bundle space of a 
fibre bundle with fibre Q@(n) —O(1)x (nm factors), 
which is a covering space since Q(n) is discrete. The base space K = L/Q(n) 
of this bundle is called the space of flags over K. The space K is the bundle 
space of a bundle with fibre F(n) —O(n)/Q(n) and base space K. Let 
p: K->K be the projection. 
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The bundle € = (F,7,K,Q(n)) is the Whitney sum of n bundles 
@ @- - -@E", where & is a principal bundle over K with struc- 
tural group O(1) =Z,, thus a two-fold covering. Let 2,€ H'(K;Z,) be 
the 1-dimensional (only non-zero positive dimensional) Stiefel-Whitney 
classes of ©*, i—1,2,---,m, defined, for instance, as obstruction to the 
construction of a cross-section in ©+ over the 1-dimensional skeleton of K. 
We have the 


THEOREM (A. Borel). The dual homomorphism p*: H*(K) > H*(K) 
is @ monomorphism and the p*-image of H*(K) contains the symmetric 
functions of the variables 2,,%2,° +, Xn. 


It is then legitimate to define the characteristic class W4 of the bundle 
by the formula p*(W%) = 84%(2,,- - where S%(2,,- - -,2,) denotes 
the elementary symmetric function of degree g in the variables -, 2p. 

A. Borel has proved in [4] (Théoréme 5.1) that the class W¢% defined 
in this way coincides with the characteristic class defined as obstruction. 

We come back to relative classes: Suppose a cross-section 6” is given in 
the bundle 6" = (H#", K, Van+,O(n)) associated to 8 over a subcomplex 
L of K. Consider the space of flags K —EH/Q(n) over K. The section 6" 
determines a subspace LZ of K as follows: Regarding $ as induced by a map 
f: K—> Bow, f(x), e€ K, is a non-oriented n-plane in euclidean space of 
large dimension. A point of # consists of a point x€ K, together with an 
n-frame V,,V2,° * *,Un in f(x) (see [12],10.2). Thus a point of K may 
be represented by {x;d,,d2,- - -,dn}, where x€ K and -,d, is an 
ordered set of mutually orthogonal straight lines in f(x). The set ZL consists 
of those points {x;d,,- - -,dn} of K such that x€ and -,d, carry 
the (n—r) vectors of 6". 

Let - -,%,€ H'(K;Z.) be, as before, the 1-dimensional charac- 
teristic classes of the two-fold coverings €1, G,- - -,€" over K, the Whitney 
sum of which is the bundle (H#,7,K,Q(n)). Because €'*1,- - -,€* admit 
cross-sections over L given by 6", the (n—r) last a, i=r+1,r+ 2,---,n, 
may be defined as relative characteristics classes mod Z (obstruction to 
extending over the 1-dimensional skeleton of K the cross-section in €+, 
r+1SiSn, already given over LZ). Because in any product of (q+1) 
distinct factors from 2,,-* -,%, with g=r, at least one of the last n—r 
must occur, it follows that, for qg=r, the elementary symmetric function 
St" (a,,- +,2,) may be (and will be) defined as a relative cohomology 
class, whizh we shall denote by Sp%(21,---:,%n), using the relative 
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THEOREM (5.1). (a) The homomorphism pr*: H*(K, L) > H*(K, L) 
is monomorphism and (b) pr*(Wr*') +, for g=r, 
where Wt is the relative characteristic class mod L corresponding to the 
cross-section 


The proof of this theorem which will be given below is due to A. Borel. 
In the first formulation of this paper, the point (b) was proved using an 
inductive argument (on nm) and the special case of relative Whitney duality 
in which one of the bundles involved in the Whitney sum is a two-fold 
covering. This special case of Whitney duality was proved directly using 
the definition of characteristic classes as obstruction, which is rather cumber- 
some. Futhermore, the point (a) of Theorem (5.1) could not be obtained 
by this method. The Lemma (5.2) below is also due to A. Borel and was 
unknown to the author. 

The Whitney duality formula (4.1) is an immediate consequence of 
Theorem (5.1) and of the identity 

a+b=q+ 

where each product in the right hand sum is a relative class (at least one 
factor in each product is a relative class if the left hand side is). 


Before we proceed to the proof of Theorem (5.1), we give a property 
of the relative Stiefel-Whitney classes, which will be needed for this proof. 

Let ZL be a subcomplex of Bon) and 6” a cross-section over L in the 
associated bundle with fibre V,,,_-. The cross-section 6" induces cross-sections 
62 over LZ in every associated bundle with fibre Vn», for qr. The bundle 
space of the associated bundle with fibre Vy,»_, is classifying space for O(¢) 
and will consequently be denoted by Boi). The projection map Boyq) > Bon 
is the Borel map p(O(q),O(n)) corresponding to the inclusion O(q) > O(n). 
We write pgn, meaning p(O(q),O(n)), for notational convenience. 


Lemma (5.2). The relative Stiefel-Whitney characteristic class Wp 
is the only non-zero element in H%*(Bown),L;Z2) belonging to the kernel 
of Pan™ : H* (Bow); L) — H* (Bog, OL). 


We first prove that Wp? belongs to the kernel of pg.n*: The map 
Pan: induces over Boig) as base space an O(q)-bundle with 
fibre V,,,,-¢ and the induced cross-section over 69Z may be trivially extended 
all over Bog). By naturality the Stiefel-Whitney class corresponding to 
this cross-section is pgn*(Wr%*). Since the cross-section may be extended, 
pa.n® (Wnt) =0. 
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In order to prove that Wp" is the only non-zero element of dimension 
g+1 in the kernel of pgn*, let us consider the following diagram, where 
the rows are the cohomology sequences of the pairs (Boiq),6%L) and 
(Bown), L) respectively : 


8 
-—> Hi(Boig)) —> —> —> >" 


p* 
a* 

(coefficients in Z.). One has H*(Bon);Z2) =Z.[W', W?,---,W"], 
H* (Bowq) 3 Z2) =Z.[ W?,- - -,W2] and the for correspond to 
each other by p*. Thus, for iq, the homomorphism p* is an isomorphism. 

By the Five Lemma, it follows that for i= q, the homomorphism py,n* 
is also an isomorphism (6* is an isomorphism in every dimension). 

Let x be an element’ of the kernel of pg.n* in H%'(Bow,L). By 
commutativity in the above diagram, a*x is an element of the kernel of p*. 
Therefore, by [4], Lemma 5.1, a*¥e=—c: Ws" with c=0 or 1. Thus 
y=xz+c-W," belongs to the kernels of both pgn* and a*. By exactness, 
there exist elements z and ¢ in H2(/.) and H4(Bo,q)) respectively, such that 
’—=y and j*t{—6*-"z. Since p* is an epimorphism in every dimension, 
there exists a class w€ H%(Boin)), such that p*w=—#. It follows that 
y= 61*w =0, by exactness. 

This completes the proof of Lemma (5.2). 

Notice that Lemma (5.2) suggests a. new (more general) definition 
of the relative Stiefel-Whitney classes: Let A be a closed subset of Bocn 
and suppose a cross-section 6” over A is given in the bundle with fibre Van, 
associated to the universal bundle over Boyny. The (q-+1)-dimension uni- 
versal relative Stiefel-Whitney class mod A corresponding to 6” (r=q), may 
be defined as being the only non-zero element in the kernel of pgn*: 
H* (Bown), A) > H* (Bog), 092A). The proof of uniqueness runs as in Lemma 
(5.2), replacing Z by A. To complete the definition, one has to show the 
existence of an element in kernel pgn*, the image of which by a* is the 
ordinary universal Stiefel-Whitney class and which is thus different from 
zro. Extension of this definition to the characteristic classes of a principal 
O(n)-bundle over any compact finite dimensional space X is immediate. 
However, the naturality is less easy to prove in this general case. We omit 
the details here and shall treat relative Chern classes by this method (see 


Appendix). 
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Proof of Theorem (5.1). Proof of (a). This part is not concerned 
with characteristic classes. Let XY be the base space (assumed to be a 
compact finite dimensional topological space) of an O(n)-bundle induced by 
some map 1 — Bon) and let X be the space of flags over XY (denote by 
px: X—>X the projection). According to [4], Théoréme 5.1, the jibre 
F(n) =O(n)/Q(n) is totally non-homologous to zero in X and thus 
px*: H*(X) H* (X) is a monomorphism. 

Let A be a closed subspace of Y and suppose that a cross-section 6" 
over A is given in the associated bundle over X with fibre Vn,»+. Let A he 
the subset of X the points of which are the sets {a;d,,- - -,dn}, such that 
a€ A, and d,,,,--+,d, carry the (n—r) vectors given over A by &. 
Notice that A is homeomorphic to the space of the bundle (A, pa, F(r), O(r)) 
defined as follows: H being the space of the O(n)-bundle over X, consider 
the fibering (Z/Q(r), pr, E/O(r), F(r),O(r)), where Q(r) C O(r) C O(n). 
The bundle (A,p4,A,F(r),O(r)) is induced by the cross-section 6": A 
— E/O(r). Therefore, by Borel’s theorem, ps* is also a monomorphism. 

Consider the following commutative diagram in which the rows are the 
cohomology sequences of (1,4) and (X,A) respectively: 

j* 5 


(5.3) px” pa* px* 
8 i* 
We have to prove that pr* is a monomorphism. Let a€ H*(X,A) be a 
cohomology class, such that pr*a—0. Since j*pr*a—px*j*a—0 and px* 
is a monomorphism, it follows that j*a—0. Thus by exactness, there exists 
a class b€ H**(A), such that 8b—a. Because 8p4*b = pr*db = pr*a —0, 
there exists (by exactness) an element H*1*(X), such that = 
The desired conclusion a0 would be granted if we knew the existence of 
an element x€ H**(X), such that 1*v=6. Indeed, from the existence of 1 
follows, by exactness, a= = di*v = 0. 
It remains to prove the 


Lemma. Let b€ H*(A) and we H*(X) be cohomology classes, such 
that pa*b =i*w, then there exists a cohomology class v€ H*(X), such that 
i*vy =b (Notations as in diagram (5.3)). 


Proof. Let 2,,- + +,2, denote, as before, the 1-dimensional charac- 
teristic classes of the two-fold coverings &', €?,- - -,€" over X. By definition 
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of A, we have i*z, = y, for a—1,2,---,r and i*z,,, for b—1,---,n—r, 
wuere ¥,,° * *,¥,- denote the characteristic classes of the restriction over A 
of the two-fold coverings ©1,€?,---,@. The map i: 4 restricted 
on a fibre (we denote this restriction again by i) induces the inclusion 
F(r) > F(n) corresponding to the inclusion (O(r),Q(r)) ~ (O(n), Q(n)). 
According to the results of A. Borel in [4] (Théoréme 11.1), one has 


and similarly for H*(F(r);Z.), where (S*(2,- - -,2n)) denotes the ideal 
(in Z[%1,° - *,2n]) generated by the symmetric functions of positive degrees 
in the variables x,,- 

It is easily seen that there exists a basis h,,ho,- - -,h, of H*(F(n)) 
over Z, with the following properties: 


(1) h,—1, the h; are monomials in the - -,2; 

(2) +,t*h, form a basis of H*(F(r) ; 

Such a basis may be obtained by writing down in some order, beginning 
with 1, all monomials in the variables z,,- - -,x, the degree of which does 
not exceed dim F(1r), followed by the other monomials in 2,:--,%. By 
omitting in this list the monomials which are linearly pam (modulo 
the ideal generated by S*(a,- + -,2,)) of preceding ones, one obtains the 


desired basis h,,ho,: 


By Borel’s results, the spectral sequence of the fibering py: Y—>YX is 
trivial (#,=#,). Furthermore, since we have a coefficient field, Z2, the 
term F, is additively isomorphic to H*(X). Therefore, 


H*(%) = H*(X) @ H*(F(n)) 
is a module over px*H*(X) with the basis h,,ho,- - -,h;. Similarly, H*(A) 
is a module over pa*H*(A) with the basis i*h,,i*hs,- - -,i*h,. 
Any element w¢€ H*(X) admits a unique decomposition in the form 


w= px*(va) where v,€ H*(X). 


1SaSt 


We have i*w— 3S i*px*(v,) -i*hg, because i*h,—0 for a=s+1,- -,¢. 
If t*w = pa*b, as we have assumed in the lemma we are proving, then 
pa*bh = > pa*t* (vq) 
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This is (by uniqueness of the representation) only possible if 1*v,—<1*v, 
Thus —pa*i*(v,) (hi=1). Therefore, b 
since pa* is a monomorphism. This completes the proof of the lemma. 


Proof of (b). By naturality, it is sufficient to prove that the relation 
pr* (Wr) = -,2n), holds for the bundle 


(Bain), p(Q(n), O(n) ), Bow, F(n), O(n) ), 


where pr is written for pr(Q(n),O(n)). This is easily seen using the fact 
that the map f: K— Bown) inducing the given O(n)-bundle over K may be 
approached by a simplicial injective map g as soon as dim Boyny = 2: dim K 
+1 (for the existence of g, see Theorem 5 in S. Eilenberg, On spherical 
cycles, Bulletin of the American Mathematical Society, vol. 47 (1941), pp. 
432-434). 

Let (Bor; prny Bown), Vnn+,O0(n)) be the bundle associated to the 
classifying bundle for O(n), with fibre Vn»+ The bundle space of this 
bundle is classifying space for O(7r) and is consequently denoted by Boy). 
The projection p;,, is the Borel map p(O(r),O(n)). 

Consider the following commutative diagram 


Boir) —> Bain 


(5. 4) 
Bow) —> Bon) 


and let A be a closed subset of Bon), such that a cross-section 6” over A is 
given in the bundle (Bair), prn, Bown); Vn.n-+,O(n)). Let A be defined as 
at the beginning of this section. As noticed.previously, A is homeomorphic 
to a subset A* of Bair) and »(A') =A. We have to prove that the element 
= pr* (Wet?) — € A) is zero. 

Let us consider the following commutative diagram 


8 
HU Bair) —> HY A*) — H™ (Bair), A*) —> 
ur* 
“* 8 a* 


+—> HU —> HA) —> A) —> >" 


in which the rows are the cohomology sequences of the pairs (Bair), 4’) 
and (Bginy,A) respectively. 
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In order to prove y=0, it is sufficient to prove pr*(y) 0 and 
a*(y) = 0. Indeed, if these two equalities hold, there exist elements z € H2(A) 
and t€ such that and Now, 


H* (Bain) ;Z2) = 2Z2[21,° H* (Bair) = 9r] 


and p*a,—=y, for for j—1,---,n—r. Thus, 
u* is an epimorphism in every dimension. Therefore, there exists an element 
w€ H9(Bein)), such that p*w=—t. It follows that y= 
= 0. 

It remains to prove that pr*y—0 and a*y—0. 


Proof of a*y=0. This is obvious with regard to the corresponding 
result of Borel on absolute characteristic classes: 


a*y = a*pp* W pt? — a*Sp™ (24, = p* Watt — (2,,- = 


Proof of pr*y=0. We prove separately that pr*pr*Wrtt'=—0 and 

The first assertion follows from pr*pr*Wrtt = (see 
diagram (5.4)), and pyn*Wr%*t 0 proved in Lemma (5.2). 

The second assertion, -,%n) follows from p*z,,; = 0 
for 7==1,2,---,n—r (and thus pr*2,,;—0, since a*: A*) 
~ H*(Bgir)) is a monomorphism, A being assumed to be non-void) and the 
fact that for =r, each product of (qg-+1) distinct factors from 
must contain at least one 2,,; with 1SjSn—r. Thus each product in 
*,2%,) is mapped into zero by 

This completes the proof of Theorem (5.1). 


6. A lemma on Lefschetz-Poincaré duality. Let G,, G., @ be coeffi- 
ficient groups (abelian) with a pairing G, x G.—>G of the two first groups 
to the third. 

Let (X,A) be an admissible pair for cohomology theory. Assume XY 
to be connected and A to be a neighborhood retract in XY (hence the excision 
(X,A)— (Y,X’) induces an isomorphism H*(Y,X’) H*(X,A)). 

Let Y be the space obtained by matching together two copies of X 
along the copies of A (i.e., Y= X-+ X’, with A and A’ pointwise identified). 

Let n be some positive integer. Denote by .H, .H, H cohomology groups 
with coefficients in G,, G., G respectively. 


Lemma (6.1). Assume H"(X) =0, then the pairings of ,H9(X) with 
H"-9(X¥,A) to H"(X,A) and of ,H%(X,A) with .H™4(X) to H*(X,A) 
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gwen by the cup-product are completely orthogonal tf and only tf the 
pairing of ,H2(Y) with to H"(Y) is completely orthogonal (q,n 


fixed, OZ gn). 


Recall that a pairing is said to be completely orthogonal if either of the 
first two groups involved is the group of all homomorphisms of the other 


into the third. 


Proof. Consider for a= 1,2 the cohomology sequence of the pair (Y,X) 


h* 


Since (by excision) the inclusion map e:(X’,A’)—>(Y,X) induces _iso- 
morphisms e*: ,114(Y,X) ,H4%(X’, A’), we may substitute A’) for 
al4(Y,X) in the above sequence. Specifically, we consider the exact 


sequence 


-—> —> ,H4(X’, A’) —> .H4(Y) — ,H(X) 


where 8 = e*§ and j’* = h*e*-1, 


Let k: be the map defined by k(x) =a, k(2’) =a, where 7’ 


corresponds to x in the copy X’ of XY. One has ki=id., and therefore 
i*k* —id.. Thus 7* is an epimorphism, &* a monomorphism and @ is trivial. 


The sequence 
i* 


0— ,H4(X’, A’) —> ,H41(Y) — ,H4(X) 0 

is exact. 

Moreover, ,H4(¥) is the direct sum 
(6. 2) all4(Y) = 7’(gH4(X’, A’)) + 
(we drop the stars by j’* and k* for notational convenience), or alternatively, 
interchanging X and X’: 
(6.3) all"-9(Y) =k’ (,H"-9(X’)) + 7 (qH"9(X,A)). 

Let us denote by 1’: H4(X’,A’), respectively 1: 
— ,H%{X,A) the homomorphisms, such that I’j’=<id., and lj =1d.. 

We have, for every u,€,H2(Y) and ,.H"-4(X,A), 
(6. 4) 72, 
which may be proved using 3.4 of [11]. Setting u.—ka and r=—ly, one 
obtains 
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(6.5) l(ka-y) ly. 
Similarly, 


(6. 5’ =Vb- 2’. 


1. Assume the pawrings of ,H9(X) with .H"4(X,A) to H"(X,A) and 


> 


of ,xH9(X,A) with ,.H™4(X) to H"(X,A) to be completely orthogonal. 


(la) Let h: .H"™4(Y)—~4H"(Y) be a homomorphism. Define the 
homomorphisms g: > H"(X, A) and g’: .H"-9(X’) H"(X’, A’) 
by g(x) =lhjx and g’(a’) =Vhk’a’ respectively. By assumption, there exist 
elements a€,H4(X) and a’€,H4%(X’,A’), such that g(r) and 
g(x’) =a’: x’ for every A) and € ,.H"(X"). Set b=ka+ 
(thus ’b= a’). We have h(y) =b-y for every y€ .H"4(Y). In- 
deed, each y admits a decomposition y= jx and lhjx =a-2, 
= g'(z’) =a’ - 2’, 

Therefore, h(y) =hjx + hk’a’ =j(a-x) +j7’(a’-2’). Notice that 


k’a’) == a’ 2’ 
(by (6.5’)). We obtain 


in dimension n follows from H"(X) —0, because then I’: H"(Y) 


— H"(X", A’) is an isomorphism). 


(1b) Suppose that for some b€ ,%(Y) and every y€ 
We have to prove b=0. By (6.2), 6 admits a decomposition b = j’a’ +- ka. 
We have j(a:x) =j(ib-x) =b-jx=0, furthermore, a’-2’ =I'(b-k’2’) 
=I'(0) =0 for every x€ .H"-4(X,A) and 2’ € ,H"9(X’). By assumption, 
it follows that a—a’=0. Thus, b)=—0. 

(la) and (1b) prove that the pairing of ,H#9(Y) with ,.H"4(Y) to 
H"(Y) is completely orthogonal. 

2. Assume now the pairing of ,H1(Y) with .H"4(Y) to H"(Y) to be 
completely orthogonal. 

(2a) Take a homomorphism h: ,H"-4(X,A)—7H"(X,A). By (6.3), 
each y € may be written uniquely in the form jx. The 
map g: H"4(Y)—>H"(Y) defined by g(y) =jh(x) is a homomorphism 
and thus, by assumption, there exists an element u,€,H4(Y), such that 
for every y=k’a’ + ,.H"4(Y). One has (with u—w,), 
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x) = j(iu,- x) ju—jh(x). Since is a monomorphism, = 
for every x€ A). 


(2b) Let a-x=0 for some a€ ,H4(X) -and every x€ .H"2(X, A), 
Then Indeed, consider ka=b€,H4(Y). We have for 
every y€ .H"4(Y), because 1(b-y) =I(ka-y) =a-ly=0. In dimension 
n, | is a monomorphism, because H"(X) —0. The pairing of ,H%(Y) with 
oH"-4(Y) to H"(Y) being assumed to be completely orthogonal, it follows 
that b=0. Thus, 

The proofs of (2a’): every homomorphism ,H"4(X) —> H"(X,A) may 
be “realized” by cup-product with an element of ,H4%(X,A) and of (2b’): 
if a-x=0 for some a€ ,H4(X,A) and every ,.H"-4(X), then a=0, are 
mechanical and similar to (2a) and (2b) and will be omitted. 


Remark. The assumption H"(Y) —0 is actually needed in the proofs 
of both (1) and (2) as is shown by the following examples. 


(1) Let X =P; be the 5-dimensional real projective space and A 
a point of P;. Let 6, and take n—5, q=2. Then 
,H?(X) = .H?(X,A) =H*(X,A) =Z, and the pairing of ,H?(X) with 
oH*(X,A) to H®(X,A) by cup-product is completely orthogonal. Similarly, 
the pairing of ,H?(X,A) with .H*(X,A) is also completely orthogonal. 

Now Y=P,VP; and ,H?(Y) =.H?(Y) =H°(Y) =Z.+2Z.. How- 
ever, Hom(Z.-+ Z.,Z.+ 2.) One has H'(X) =Z.. 


(2) Let Y¥=A=S,. Then Y=XY=S,. Take n—1, and 
The pairing of ,H°(Y)=—Z with .H'(Y)=Z to 
H'(Y) =Z is completely orthogonal, but since ,H1(X,A) =0, H'(X,A) =0, 
the pairing of ,H°(X) =Z with .H'(X,A) to H'(X,A) is not. One has 
H'(X) =Z. 


7. The relative Wu classes. We come back to coefficients in the 
field 

Let K be a complex of dimension n and L a non-void subcomplex of XK. 
Suppose that relative Lefschetz-Poincaré duality holds in Kmod Ll. In other 
words, for every g=0,1,---,n, the pairing of H9(K;Z.) with H"-9(K, L;Z,) 
to H"(K,L;Z.) is completely orthogonal. Then we may define Wu classes 
H7(K;Z.) by the requirement that for every relative class 
Xp" L) 

should hold. 


. 
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Because L is non-empty, H°(K, ZL) =0, and thus, by duality, H"(K) =0. 
Consequently, according to Lemma (6.1), absolute Poincaré duality holds in 
M=K+K’ (L and L’ identified). Let S% be the qg-dimensional Wu class 
of M (in the ordinary sense, see [16]), i.e., 


for every class H"-9(M). 


Lemma (7.3). Let i: K->M be the inclusion map and the dual 
homomorphism induced by i, then Ut =1*84, 


Proof. Let j*: H*(K, L)—> H*(M) be as in (6.3). We have, using (6. 4), 
a monomorphism and the class U@ is determined uniquely by (7.1), it follows 
that U7 = 

Suppose now a sphere-bundle is given over M such that its Stiefel-Whitney 
characteristic classes Wa? be connected to the Wu classes by the relation 
(7.4) Wul= > Sqt?(S?), 

which we may write more conveniently as Wy—Sq(S8), denoting by Wx 
and S the “total” classes, i.e., 


Wy=1+ -+ Wy", smite -- 


and where the operator Sq stands for Sqg—=S8q°+Sq'+---+Sq*+---. 

According to a theorem of Wu in [16], the situation described by 
formula (7.4) arises in particular if M is a closed differentiable manifold 
and the sphere-bundle considered is its tangent bundle. From the relative 
Lefschetz-Poincaré duality for manifolds with regular boundary ([{11],7), 
it follows that (7.4) holds in particular with M=K + K’ if K ts a manifold 
with regular boundary L. 

Since the characteristic classes of the restricted bundle over K are the 
i*-images of the characteristic classes of the bundle over M (by naturality), 
we have W—Sq(U), where W denotes the total Stiefel-Whitney class of 
the bundle over K. 

Suppose now that 


(7.5) @ cross-section over the subcomplex L is given in the associated 


principal bundle. 


Then, for every g, W% admits a representative cocycle which vanishes on L 
and thus defines a relative class Wp’. 
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Since H°(kK,L) the algebra H*(K,L) has no unit element. 
It is convenient to consider, rather than H*(K,Z), the direct sum 
H,* =Z,+ H*(K,L). In other words, we introduce formally a unit into 
the algebra H*(K,L). The requirement for every H,* 
gives to H,* a ring structure. We shall furthermore allow the Steenrod 
squares to operate (as homomorphisms again) in H,* by setting Sq°({1) =1, 
Sqi(1) =0 for 1>0. 

We may then use the classes Wr% to define a total relative class by 
Wr=1+ Wr" H,*. Since the endomorphism Sq: H,* H,* 
defined for each X€ H, by Sq(X) =Sq?(X) + 8q'(X) is a mono- 
morphism and therefore maps /7,*, as a finite dimensional vector space, onto 
itself, we may define relative Wu classes Up? by 


(7.6) Wre=8q(UR), 


Up being the total class Up H,*. 
Notice furthermore, that according to the above conventions, we have 
Sq(1) =1, and therefore the product formula of H. Cartan 


(7.2) Sq(X-Y) —Sq(X)-8q(¥) 


holds also in H.*. 


We state now some properties of the relative Wu class Up. 


at 


Lemma (7.8). Let h: (K,0)— (K,L) be the inclusion map and h* 
the induced homomorphism, then U1=h*UR!? for every q>0. 


The proof is immediate: Apply h* to both sides of the equation (7.6) 
Wr=Sq(Upe), with the convention h*(1) We obtain W Sq(h*Uz). 
Since the class U is uniquely determined by W=—Sq(U), Sq being an 
automorphism of H*(K), it follows that U =h*Up. 


LeMMA (7.9). For every relative class H"-9(K,L), we have 
= Uri: 

This is again obvious, according to the preceding lemma. 

The following is a discrepancy between properties of absolute and relative 
Wu classes: Absolute classes the dimension of which exceed $n vanish 
(if gq > 43n, then g >n—q; thus, in formula (7.1), the square is zero for 
every Yr"? and, by duality U%, must be zero, too). This need nof be the 


ease for relative Wu classes. 
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We shall be mainly interested in the sequel in the case n even. We 
state some lemmas in this case: 


LemMA (7.10). Let n be even, n=2s. Under assumptions (7.4) and 
(7.5), we have Wr" = Up’: + Ur™. 


Proof. 
== UR Sq*t(Ur*") + Sq**(U +: + UR? 


LEMMA (7.11). Suppose K has even dimension n=2s. Let r be the 
rank of the bilinear form f(X,Y) over Z, defined for X,Y € H*(K,L;2Z.) 
by X-Y =f(X,Y)A, where A denotes the generator of H"(K,L). Then, 
under assumptions (7.4) and (7.5) r-A =Up*: UR’. 


Proof. Introduce in H*(K,L) a basis *,Zp, such 
that Z,-Z;=8,;A for and Z,-2;=0 if r<torr<j. 
With respect to such a basis, Up* must have the form 
Indeed, let Up* = with and let X = = be any class in 
Sq3(X) (mod2), 


Thus, for any choice of 2,,: -,27,, Lemma (7.9) implies 
This is only possible if 


that Up’: Up? = +: and the proof of (7. 11) 
is complete. 

We consider now the dual classes Wz and Ug which are defined by 


(7.12) We'Wre—l, Ur=1 


respectively. Wz and Up are uniquely defined (as relative classes) because 
the cup-product with a total class Up or Wr defines an isomorphism H,* > H,* 
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of H,* onto itself. Of course, W=h*We» and similarly with U substituted 
for W. 
We have 


(7.13) We=Sq(Up). 


Proof. Denoting Sq(Ur) by We—=Sq(Ur), we have 
Wr: We—=Sq(Ur) =Sq(Ur- Or) =Sq(1) =1. 
Since determines We uniquely, 
LemMA (7.14). We have (with n=2s and under assumptions (7.4), 


(7.5)) = Wp + W"?- Wr? +: + W We, where WI =h* Wz! 
as in (7.8); r and A” were defined in (7.11). 


Proof. We prove first Wr" = UR", as follows: 
Wat — Sq? (Tn) + +--+ 
= Op" + Ug Op! 
— ) + Un" = Ur". 
From Wp" + Writ: We: We? + Wr" =0, we 
Wp" = Wri +: + Wr: We"? + OR". 
Comparing this formula with (7.10) and (7.11), we see that 
rA® = -+ We: We", 


hence rA" = +---+ We". This completes the proof of 
Lemma (7.14). 


PART II. Proof and Consequences of Lemma (1.2). 


8. The proof. All homology and cohomology groups occurring in this 
section will be based on remainders mod 2 as coefficients (we shall therefore 
omit to mention the coefficient field explicitly). 

Consider the situation described in Section 1: a C*-d-manifold Ma 
regularly imbedded in euclidean (d+ n)-space Fa., with a continuous field 
of norma] n-frames F,. In order to prove the Lemma (1.2), i.e., y=h, it 1s 
sufficient to consider the special case n—=d+1. Indeed, if y(f) —h(f) has 
been proved for every f € m2a1(Sa.1), the general assertion follows from the 
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fact that y and h are both “stable” by suspension (Section 1, property (3)) : 
If f€ tan(Sn), with +1, then y(f) = y(#%"f) =h( Ef) =h(f). 
If f€ ran(Sn), with n2=d-+1, then there exists by Freudenthal’s theorems 
a map g€ moa1(Sai), such that H™¢*g—f, and for the same reason 
y(f) =v(g) =h(g) 

In the sequel n=d+1. Let f: Soari—> Sar be the sphere map corres- 
ponding to the given manifold My in F24,,, together with the n-field F, 


(n—d+1) of mutually orthogonal unit vectors v1, - -,v, normal to 
Maz in Ea, (see Section 1,(b)). It is easily seen from the definition of f 
(see (1.1)) that Ma—f+(q), where q is the point of S, with the coordinates 
q=(1,0,---,0). Furthermore, the manifold MM’, which is the locus of 
the endpoint of the vector ev,(“) as runs over Mq (e fixed, a small positive 
real number) is also the reverse image JM’,y=—f-'(q’) of some point 
Sn (precisely, g’ is the point q’ = (1 — 26¢*, 2e(1—*)4,0,- - -,0), if the 
mapping r: B,— 8S, is indeed chosen as in (1.1)). 
By the original definition of Hopf’s invariant, one has 


(8.1) M's) =h(f) mod 2, 


where L( , ) denotes the looping coefficient in 

Considering (== as the linear subspace of defined by 
You Yos* being coordinates in we show first that there 
exists in H., an immersed (not necessarily orientable) manifold Xp», the 
regular boundary (mod2) of which is the given manifold Mg imbedded 

The existence of an abstract C*-manifold V, with regular boundary 
(mod 2) diffeomorphic to M, follows, by a theorem of R. Thom (see [14], 
Théoréme IV.10), from the fact that all Stiefel-Whitney numbers of Mg 
vanish mod 2 (this because the normal bundle over Mg is trivial). We want 
to prove the existence of an immersion 1: V,z,— Hoy, such that i|0V, be the 
given imbedding f: Ma— Fon. 

By Theorem 1 in Whitney’s paper [15], there exists an analytic manifold 
A, in euclidean (2n-+1)-space #, which is C?-homeomorphic to Vy. Map 
A, into F., by F, defined as follows: F,|0A, is the given imbedding f of 
M—=0A, into E.,,. Consider a neighborhood N ~0A, XI of 0A, in A, 
and represent points N by pairs (2,t), where 7€ 0A, and 
Define Fyo(uw) = (fz,t) = the point of LZ, with (2n—1) first coordinates 
coinciding with those of fr and the 2n-th coordinate of which is ¢. Extend 
F, over A,, such that Fo(A—N)C {yon >1}. Let Ni be the subset of V 
characterized by Ot}. Extending again F, over H now, we use Weier- 
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strass’ approximation theorem to get a C*? map Fy: A4n— Lon, such that 
FP, (A—N,j) Bon +=0. Let w° be a real valued C? function on A,, such 
that o°=1 in A—VN, =1 in N for 0OS0°S1 for 
=0 for Take, for instance, w°(2, t) + cos(3rt))* for (z, t) 
in NV with Forwe N, F,(u) has the form F,(u) = Fo(w) + €(w). 
Define F:A,—> Eon by F|A—N =F,|A—WN and F(u) = F,(u) + o(u)é(u). 
Then F is C? and its restriction over 0A, is f. Moreover, F|N, = F|N,, 
and thus F is completely regular in NV, since Fp is. 

Now, by a theorem of H. Whitney (see [15], Theorem 2, assertions (a) 
and (b)), we can approximate F, together with its first derivatives by a 
completely regular immersion j: ,. Let Nz» be the subset of 1, 
defined by 0= tS} and define the C* real-valued function o' over A, by 
=1 for r€ A— Ny, o'(u) = 1 for 4 StS o'(u) - (1+ cos(9zt))? 
for and for we N». Substitute for 7 the immersion 
t: defined by In j takes the form 
j(u) =F (u) +n(u). Define i(w) by t(u) =F(u) +01(u)n(u). Since 
we may take »(w) together with its first derivatives arbitrarily small and 
the derivatives of w'(w) are all zero except the derivative with respect to { 
which is £20, it follows that, for suitably chosen j, the map 7 will 
be completely regular (V|N,—F,|N, is completely regular). Moreover, 
t|N2= Fo|N2, and therefore the normal vector to Ma and tangent to 1(A,) 
is the constant vector vo, normal to Eon, in Hon. Finally, we can obviously 
manage that 1(A—0@A) has no common point with Denote 7(A,) 
by Xp. 

We replace now the given field F,, of n-frames v,(z),- - -,v,(x) normal 
to Ma in by the (n+1)-field F,,, of (n-+1)-frames v)(z), v,(2), 

-+,0,(x) consisting of the (constant) vector v)(v) tangent to X, and 
normal to Mg at x€ Mg, followed by the vectors of the field Fy. 

The homotopy class of the map 0’: Mg— Vonns1 induced by the (n + 1)- 
field F,,,, is represented by the same remainder mod 2, i.e., c, as the homotopy 
class of the map wo: Ma— Von-1,n induced by the given field F, (we have 
assumed a odd, which is no loss of generality in view of y=h—O for d 
even by [8], Théoréme IV. Thus n—=d--1 is even, n—2s). 

On the other hand, using certain vectors of F,.. as a cross-section over 
MaCX,, we can define relative characteristic Stiefel-Whitney classes as 
follows: the n last vectors of F,,, provide a cross-section over Mg in the 
principal normal bundle over Y, and lead in every positive dimension to a 
class Wrimod Mg (1Sisn). The vector field leads to the charac- 
teristic class Wr" of the tangent bundle to Y,. Using finally the vectors 
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of Fn: altogether, we can define the relative n-dimensional class Sz" of the 
Whitney sum: tangent © normal bundles over X,. According to Whitney 
duality for relative characteristic classes (Theorem (4.1)), we have® 


(8.2) Sr" = We" + W"?- +---+W!- Wr? + Wr". 


The remaining part of the proof of Lemma (1.2) consists in inter- 
preting the several terms occurring in formula (8.2). 

First, 
(8.3) Sp" =c: Ap", 


where Ay” denotes the generator of H"(X,M;Z,). The class Sp" is indeed 
the obstruction class to the extension of F,,, over XY, under the only condition 
that it keeps being an (n+ 1)-framefield in H2,. The formula (8.3) follows 
then from the fact that Vonns is (n—2)-connected. 

Since Wp" is the obstruction cohomology class to the extension of the 
vector v)(2) as a tangent vector field over X, we have by [2] (Satz I, page 
549) 

(8. 4) Wr" = x(X) Ar". 

It has been proved in Lemma (7.14) that 

Let us prove now that 


(8. 6) Wr = h(f)Ar*. 


Indeed, Wr" is the obstruction class to the extension over X, of the vector 
v,(z) of the field F,,, as a unit vector field normal to X, in Hun. The 
extension is possible over the (n—1)-skeleton (a triangulation of X is taken, 
such that M is a subcomplex). Suppose this extension has been constructed. 
Extend then v,(x) in the interior of the n-simplexes of XY, as a normal 


* Notice that we could prove (8.2) as follows: The restriction over M of the normal 
principal bundle 9 over X is trivial. Let K =X UC be obtained by attaching to X 
the cone over M. Then 9t can be extended over K (i.e., the map V: X > Bsow inducing 
J can be extended to a map K—> Bsom). K being realized in Hy, define 7’: K > Bsow 
by T(x) = n-plane orthogonal to N(#) for every x€K. This defines a bundle & over 
K. Let w be the total Stiefel-Whitney class of {, w the total class of 9. By excision, 
one has H*+(K) ~ H+(K,C) ~ H*(X,M), where H* is the ring consisting of the 
elements of positive dimensions in the cohomology ring. It is not difficult to see that 
these isomorphisms send w" into S,"-+ W," and w', for 1Sisn, 1SjSn, into 
W,', W,! respectively. Ordinary Whitney duality w.%#—=0O goes thus over into 
formula (8.2) in particular. However, this raisonning does not apply in the more 
general situation considered in Part I. 
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vector of length =1. This is always possible if we allow v,(z) to have 
length 0 in some interior points of some n-simplexes of X,. Consider the 
locus X’ of the endpoint of the vector ev,(x) so extended (where «> 0 is 
smaller than the radius of a tubular neighborhood of X, in Hn; see [14], 
page 27). Denote by V—2X-+ 4 the closed manifold obtained by adding 
to X its mirror image XY with respect to the hyperplane Ho,-, in Hon. We 
may choose the extension v,(@), x€ X,, such that X’ and V are in general 
position in E,,, so that we may determine the intersection coefficient mod 2 
of V and X’ by simply counting the intersection points. We assume all 
intersection points to be simple. We have then two kinds of intersection 
points of X’ with V: Those arising from the impossibility of extending », (z) 
in the interior of an n-simplex of XY, as a normal unit vector (let their 
number be J), and those which arise from self-intersection points of X. It is 
clear that intersection points of the last category can occur only in pairs, 
thus their number is 2N, where N is some integer. 

By definition of Wr", we have Wp"=JApR"modulo2. Furthermore, 
I=I+2N=S8(V,X’) =L’(V,M’) modulo2, where L’( , ) denotes the 
looping coefficient in H,, and M’, as before, the locus of the endpoint of 
ev,(z) as x runs over Mqa(0X’ = M’mod2). Since VN Eon+— Ma, we have 
L’/(V, M’) = L(M, M’), where L( , ) is again the looping coefficient in- L2,.. 
Therefore, J = L(M, M’) =h(f) mod2. In other words, Wp" =h(f) Ar". 

Using the formulae (8.3), (8.4), (8.5) and (8.6), the formula (8.2) 
translates into 


(8.7) c=yx(X)+r+h(f) mod?2. 
It has been proved in [8], that 
(8.8) x*(M) =x(X) +p mod2, 


where p is the rank of the bilinear form S(z,y) defined by the intersection 
coefficient in H,(Xn;Z2), n= 2s (i.e. S(x,y) is the intersection coefficient 
of the classes z,y€ H,(X,;Z-)). It is not difficult to see that p—r. We 
prove, however, 


(8.9) x*(M) =x(X) +r mod2 


more simply by considering the exact cohomology sequence of the pair (X, J), 
i. 
h* 8 
4*(X) — H*(X, M) — H*(M) - -— HM) 
“* h* 


<— HX) — HX, M) <0. 


it 
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Using the completely orthogonal pairing of H*(X) with H*(X,M) to 
H"(X,M), it follows from h*C-Z=—C-Z, C,Z¢€ H*(X,M) that the kernel 
of h* in H*(X,M) consists exactly of those elements C for which C:-Z—0 
for every Z€ H*(X,M). Thus, we have r= (rank of H*(X,M))— (rank 
kernel h*). Using the exactness of the above sequence, we obtain 


r= ps(X,M) — por(M) + por(X) —poa(4,M) 
+ (—1)*po(M) + (—1)**po(X) + (—1)*po(X, 


where pg(X,M), po(M), po(X) denote the ranks of H4(X,M), H2(M), 
H1(X) respectively. 

Replacing in this formula pg(X,M) by pn¢(X) according to relative 
Lefschetz-Poincaré duality in XY mod M, we obtain 


In other words, fe 


(8.10) x*(M)—{_E (—1)'p(X)} + (— 


Siss- = 


from which formula (8.9) follows by reduction modulo 2. 
Now, since by definition y(f) —=c—y*(J/), formulae (8.7) and (8.9) 
complete the proof of the Lemma (1.2): y(f) =A(f). 


9. Consequences of the Lemma (1.2). Using the Lemma (1.2) we 
may improve the generalized Curvatura Integra theorem. We obtain first 
from h(f) —0 if nd (because then Sq**(u") —0) the 


THEOREM (9.1). Let the closed differentiable manifold Mg be regularly 
imbedded in Ea n with a field of normal n-frames F, and nd, then the 
corresponding curvatura integra c does not depend on the imbedding nor on 
the n-field and is given by c=y*(Ma). 


Indeed, c—y*(M) =y(f), where f is a map S¢.—>S, as constructed 
in Section 1, (b). Since y(f) —A(f) 0 because nS d, the theorem 
follows. 

Suppose that the integer d is such that every element in zeain(Sas1) has 
even (or zero) Hopf’s invariant. Then every element in zamn(S,) with 
arbitrary n has zero generalized Hopf’s invariant h. In this case we may 
therefore omit the restriction on n in the above theorem and obtain the 


THEOREM (9.2). Let the closed differentiable manifold Mg be regu- 
larly imbedded in any euclidean space Eayn with a field of normal n-frames 
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F,,; if d is such that there is no element of odd Hopf’s invariant in moa. (Sa), 
; then the curvatura integra ¢ corresponding to the imbedding and to F, 
, depends in fact only on Ma and ts given by c= y*(Ma). 


We may replace in this theorem the assumption of an imbedding of M, 
by the weaker one of an immersion (with self-intersections allowed). Indeed, 
if Mq is immersed in F,, with a field of normal n-frames F,, defining a 
curvatura integra c, we may imbed /7,,, as a linear subspace in Ha,y (nN), 
with a field of normal N-frames Fy which consists of the n vectors of F, 
followed by (N—n) constant mutually orthogonal unit vectors normal to 
Fan in £a,y. The curvatura integra corresponding to the new field Fy is 
again c and if NV has been chosen sufficiently large (d++1= WN), a slight 
deformation in of the immersion will provide an tmbedding 


if of Ma into F4,y with a field of normal N-frames obtained by continuous 
3 deformation from Fy (apply Theorem 2, case (c) of H. Whitney’s paper [15] 
cx to obtain the imbedding and the covering homotopy theorem to obtain the 
Bs desired field). The curvatura integra c¢ still belongs to the new situation to 


which now Theorem (9.2) applies (d has not been changed). Thus we 
obtain the 


THEOREM (9.2*). The thorem (9.2) ts still valid replacing the 


assumption of an “imbedding” of Ma by the assumption of an “immersion.” 


* 


Of special interest may be the case n —1, originally considered by Hopf 
for d even. If d is odd and the manifold M,z assumed to be imbedded in 
Ea.1, then the curvatura integra c (the degree of the Gauss mapping Mg— Si, 
in this case) is modulo 2 equal to x*(Mz). This was proved in [8] and 
also by J. Milnor, using a simpler method especially adapted to this special 
ease, in [9]. As a corollary to Theorem (9.2*), we obtain the following 


improvement: 


ite 


TENT EF 


Corottary. Let d be an integer such that there is no element of 
Tod:1(Sai1) with odd Hopf’s invariant. Let Mg be a closed orientable hyper- 
surface in Eq,, with self-intersections allowed, and let c be the degree of the 
Gauss mapping Ma—Sq. Then c= y*(M) modulo 2. 


Let us remark that the condition on d in the Theorem (9.2) (no map 
with odd Hopf’s invariant in 72¢,;(Sa.1)) is known to be satisfied at least for 
dA 2¢*—1, according to J. Adem [1] (explicit proofs in H. Cartan [7]).* 


* Added in proof: The details of Adem’s proof have been recently published in 
Algebraic Geometry and Topology, Princeton University Press, 1957. 
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According to H. Toda it is satisfied for d = 15 too (As is well known, H. Hopf 
has proved that the condition is not satisfied for d—=1,3 and 7). 

Along the same lines, we obtain an extension of a part of N. Steenrod- 
J. H. C. Whitehead’s theorem [13] according to which the d-sphere Sq 
cannot be parallelizable if d42*—1. 


THEOREM (9.3). Any manifold Ma with odd semi-characteristic y* (MM) 
is not parallelizable tf dA2*—1, (in fact, if d ws such that every element 


in moai1(Sar) has even Hopf’s invariant). 


Proof. Suppose Mg is parallelizable. It is known that any regular 
imbedding of Mg in H.4,, admits in this case a field of normal (d + 1)-frames 
F,.,, the corresponding curvatura integra c being zero (see [8], Section 8). 
Therefore, the semi-characteristic being odd, the corresponding value of y is 
y=e—yx*(M)=1. Since by Lemma (1.2), y is the Hopf’s invariant 
mod? of some map Sva1— Sa, the dimension d must be of the form 

= 2¢— ], 

I do not know if there are examples of manifolds Mq with odd semi- 
characteristic, carrying 2* fields of mutually orthogonal unit vectors (% being 
defined by d+ 1—24(2r+1)). 

It was proved in [8] (Corollaire au théoréme VIII, §8), that the real 
projective space Pg may be immersed into a euclidean space Han (n= d-+1) 
with a field of normal n-frames if and only if it is parallelizable. The 
Lemma (1.2) provides a similar (perhaps weaker) statement for a larger 


class of manifolds: 


THEOREM (9.4). Suppose that the manifold Ma admits a 2m-fold 
covering manifold Ma with odd semi-characteristic: y*(Ma) =1mod2. 
Then the manifold Mq cannot be immersed into any euclidean space Han 
with a field of normal n-frames unless there ts i meai1(Sau) some element 
of odd Hopf’s invariant. 

Proof. From an immersion g: Mz—F4., of Ma into some euclidean 
(d+ n)-space Ha,, with a field F, of normal n-frames, we obtain by com- 
position with the covering map p: Ma— Mq a regular immersion 9: Ma— Fan 
with a field of normal n-frames F,. Let us call é the curvatura integra of Mg 
corresponding to F,. Because is homologous to 2m-g(Ma) in 9 
denoting the composition g gop, we have €=2m-c=0 (mod 2). 

Therefore, Ma) ~0, and because of Theorem (9.2*), moai1(Sas1) 
must contain some element of odd Hopf’s invariant. This completes the 


proof of Theorem (9.4). 


= | 
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It is known that if Sq is parallelizable, then any manifold Mg which may 
be immersed in some euclidean space E4,, with a normal n-frame is also 
parallelizable (see [8], Théoréme VIII). In [9], J. Milnor formulates the 
conjectures that if a parallelizable manifold Mg may be immersed in F4,, in 
such a way that the Gauss degree be 1, then Sq should be parallelizable. 


From Lemma (1.2) follows the 


THEOREM (9.5). If a parallelizable mantfold Mz may be immersed in 
some euclidean space Eq,, with a field of normal n-frames inducing an odd 
curvatura integra, then there 1s in mear:(Sai1) some element of odd Hopf’s 
invariant. 


Proof. Assuming n= d- 1, and using the covering homotopy theorem, 
we may construct on M, a field G, of normal n-frames in H4,,, such that 
the induced curvatura integra is zero (see [8], §8). Thus the given field 
and G,, induce different curvatura integra. By Theorem (9.2*), this implies 
the existence in 72¢.:(Sa.) of an element of odd Hopf’s invariant (the 
question whether this is possible without Sg being parallelizable is unsolved 
as is well known). 


10. Remark. It should be noticed that if one is not interested in the 
value of the curvatura integra c but only in the fact that c does not depend 
on the imbedding nor on the normal field (as in Theorem 9.5), then a 
simpler proof may be given in the case d odd. Let us sketch a “direct” 
proof of the following weaker form of Theorem (9.2) in this case: 


THEOREM (10.1). If the odd integer d is such that each element oj 
tod11(Sas1) has even Hopf’s invariant, then the curvatura integra of any 
closed differentiable manifold Mg regularly immersed into Ea, with a field 
of normal n-frames depends only on Mag. 


Proof. Let (Mz), be two regular immersions of the 
given manifold M, of dimension d into euclidean spaces Ha,n,. Let F*,, be 
two fields 1,2) of normal n;-frames on Mg‘ respectively, inducing maps 
¢*: Ma— Vasn,n, the classes of which are represented by c‘. In order to 
prove cl—c?, let Mg?=—T°(Ma) be an arbitrary regular imbedding of Ma 
into F.q,, (euclidean (2d-+-1)-space). Consider Ham, as linear 
subspaces of the euclidean space Hy = Hain, X Eoavs X Ean, Consider on 
M4‘ the fields F‘y_¢ of (N—d)-frames normal to Mg‘, consisting of the 
vectors of F,, followed by NV—d—n,; constant unit vectors (mutually 
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orthogonal) normal to in Hy. Hach immersion +—1,2, is 
isotopic in Hy with T°(Mq). By the covering homotopy theorem, we obtain 
on M,° two fields of normal (NV —d)-frames in Hy, which we denote again 
by Fty_¢. The curvatura integra corresponding to the mapping Mg— Vy,y-a 
induced by the new field F+y_g on is 

It is easily seen that Fty_¢ may be continuously deformed (keeping the 
(N —d)-frames of F*y_g normal to M,° during the deformation), in such a 
way that the first (d-+1) vectors become vectors in H2q,, and the last 
N—(2d-+1) be constant and normal to 24. In other words, we have 
obtained two fields F*g,,, 11,2, of (d-+1)-frames normal to Mq° in 
Moreover, the curvatura integra corresponding to the map Mg— Veanau 
induced by F‘z,, (as field over Mg° in H2a,1) is equal to the given c+ which 
we started from. 

Recall that T°(Ma) = M,° has been assumed to be an imbeddding into 
According to Section 1(b), it thus corresponds to F'g,, and 
sphere maps f*, f? of Sea. into Sa... By assumption, these maps have the 
same Hopf’s invariant mod2: h(f') =h(f?) mod2. It is not difficult to 
see, that we may change one of the fields, F%g,, say, without changing c* 
(which is only defined mod 2 because d has been assumed to be odd) in such 
a way that h(f') —hA(f?) as integers. Assume that such a change has been 
achieved. The Hopf’s invariant of f+ is the looping coefficient in H2¢,, of Ma° 
with the locus, Vg‘ say, of the endpoint of the first vector of the field F*,1. 
These looping coefficients being equal, it is possible using again the covering 
homotopy theorem, to deform F’4,, and F?q,, continuously (keeping their unit 
vectors mutually orthogonal and normal to JM! q°) in such a way that after 
the deformation their first vectors coincide. Such a deformation does not 
change c* or 

Let us denote by {v, - -,va‘} the vectors of (after de- 
formation) and by 6¢: Mg—Voas,a. the induced mappings, the classes of 
which are represented by c+ (11,2). 

In order to prove ct c?, let us first assume that JJ is a parallelizable 
manifold and let #,,#,° + +,#¢ be a d-field of (mutually orthogonal unit) tan- 
gent vectors on M/,°. Then each 6‘ is homotopic to the map 0: Ma— Voass,as1 
defined by = -,#a(x)}. The desired homotopy 
is given by 


= {v(x), v1*(x)cos(s) + 


vai (x) cos(4zs) + tasin($zs) }, 


| 
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where 0=s=1. Therefore, if Wq is parallelizable, 6* and 6? are homotopic 
and c! = c’. 


In general, Mg will not be parallelizable. However, if c’ and c? were 


different, then one of them would be zero (it follows from d being odd, that 
c' and c® are remainders mod2). If c'=0, t—1 or 2, the corresponding 
map 6‘ is homotopic to zero. By a reasoning of [7] (§8), it follows that 
Ma would be parallelizable. 

This completes the “direct” proof of Theorem (10.1). 


Appendix. 
11. Relative Chern and Pontryagin characteristic classes. 


ll.a. Relative Chern classes. 

In this section the coefficients are the integers. 

Let 8 = (Fun), p, Buin), U(m) ) be the classifying bundle for the unitary 
group of m variables U(n). Suppose that a cross-section 6” over a closed 
subset A of Byin) is given in the associated bundle 8" with fibre Wy,» (the 
complex Stiefel manifold of »—7 complex vectors in C,). 

For g=r, the relative Chern class corres- 


ponding to the cross-section 6” will be defined by the properties 


(11.1) a*Cy%'=—C*', the ordinary (absolute) Chern class, a* being the 
homomorphism H*(By,n),A,Z) H*(Buin),Z) induced by the 
inclusion @: (Byn),9) > (Bun), A), 


(11. 2) pr == (), where p* en: (Bow), 4) — H* (Bug), 4A) is in- 
duced by the Borel map p(U(q),U(n)). 


We consider the diagram 


HU By(q)) > —> ig), 001A) —> 


% * * 
a” 6 
a* 


HU 2 HUA) —H (Bow, A) A (Bum) >: 
where By,q) is the space of the bundle 84 (By,g) is a classifying space for 
U(q), thus the notation) and @ is the cross-section over A in %% induced 
by (q=2r). 

By considerations similar to those made for the orthogonal group, it is 
easily seen that z* is an epimorphism in every dimension and a monomor- 
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phism in dimensions not exceeding g. It follows, using exactness and 
commutativity in the diagram, that if p*gn2—0 and a*z—0 for some 
2€ H*(Byiny),A) then z must be zero. 

The existence of at least one cohomology class with properties (11.1) and 
(11.2) is seen as follows: The restriction of C4%*! to A is zero because of the 
assumed existence of a cross-section over A in 8". Let Ct*—a*z. Because 
0 = a* C0"! — = d*p* ant, we have p*qnt = for some y€ H2(A). 
The class «—éy has the properties (11.1) and 11.2). 

This proves that properties (11.1) and (11.2) indeed define the relative 
Chern classes uniquely for the classifying U(n)-bundle. 

We consider now the more general situation of a U(n)-bundle over 
some compact finite dimensional space XY induced by some map g: X —> Byin). 
Let (2°, 27,X, Wann») be the associated bundle with fibre W,,,- and assume 
a cross-section 6": 4—» H" to be given over the closed subset A of X. We 
may assume dim By,,) arbitrarily high. Take dim Byin) 22 dim X +1 and 
let f: X¥—> Buyin) be an injective map homotopic to g. The bundle induced 
by f is equivalent to the one induced by g; let us denote it again by 
0,2, 

Let S be a closed subset of Byn) containing f(A) and such that there 


exists a cross-section ¥: S— Byir) in with the property y(a) = /f0(a) 
for every a€ A (f: E*—> By) is the bundle map covering f: X > Byyn). 
Let crt! be the (q¢-+1)-dimensional relative Chern class of the classifying 
bundle mod 8 obtained using the cross-section y(q=r). We shall prove the 


LemMMA (11.3). f*cepi*! depends only on the homotopy class of the 
map g inducing the given bundle and on the cross-section 6" over A. 


Definition. = Cp € H74)(X,A;Z) is the relative Chern class 
(of dimension 2(qg-+1), defined for g=r) modA of the bundle (£,7,X), 


corresponding to the cross-section 6". 


In order to prove Lemma (11.3), we first notice that f*cr** does not 
depend on S. Indeed, let i*: H* (Buin), S) H*(Buq, f(A) ) be the homo- 
morphism dual to the inclusiont: (Byin),f(4))—~> (Buw,S8). We prove 
that i*¢p,%? is the relative Chern class mod f(A) corresponding to the restric- 
tion ws of w over f(A). Consider the diagram 


p rm 


a™ 
By H°@ (Bury, — (Buin, 8). 


i* 
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By commutativity, the relations and = Ce 
(showing, by properties (11.1) and (11.2), that 1*cp%** is indeed the relative 
Chern class mod fA corresponding to wa) follow from the corresponding rela- 
tions and a’*cpt = c% for crt? (where a’* —a*1*). Since 
1*¢pt* is independent of 8, so is f*cr%**, since f* = f’*1*, where f’* is induced 
by (X,4) (Bum, f(A)). 

It remains to be proved that f*cr%** does not depend on the choice of 
the injective map. Let f,, fe be two injective maps X — By,,) homotopic to g. 
We may assume that f,ANf,A—0. Otherwise take an injective map 
fo: Byun) such that and (such a map 
may be obtained taking dim By(,) =2dimX-+3 if necessary) and apply 
the following proof to f, and f;, first and again to fy and fz. Let S be the 
union f,AUf,A. The cross-section over is given by = 6f;*(a;) 
for a;€ f;(A). Denoting by cir and ¢2z the relative (universal) Chern classes 
mod/f,A and f.A respectively corresponding to the restriction of y over f,A 
and f,4, we have to prove f,*¢:r—=f2*Cor. By the above remark, we have 
fi*Gir=fi*cr, Where Cr is the 2(q¢-+1)-dimensional class 
mod § corresponding to y. The equality f,*cr—f,*cre due to f:™~f, com- 
pletes the proof of the Lemma (11.3). 


Remark. Similarly to the definition of the Stiefel-Whitney classes, 
the definition of the relative Chern classes could have been introduced in 
terms of obstructions to the extension of cross-sections originally given over 
a subcomplex of the base. The two definitions coincide on their common 
domain: U(n)-bundles 8 over a complex K modulo some subcomplex L. 
(Use S. Eilenberg’s approximation theorem, l.c. section 5). 


Naturality property. 

Lemma (11.4). Let (E£,7x,X) be a U(n)-bundle and let (k’, 7’, X’) 
be the U(n)-bundle over X’ induced by some map g: X’>X. We denote 
by and Cp the 2(q 1)-dimensional relative Chern classes of the bundles 
(E’, 2’, X’) and (E,2,X) respectively, modulo closed subsets A’ C X’ and 
A CX such that g(A’)C A and corresponding to cross-sections 6 and 6’ in 
the associated bundles with fibre (rq), such that g#’(a’) =69(a’) 
for every a’€ A’. Then C’rp=g*(Cp). 


Proof. Let f: X— Buyin) be an injective map inducing (#,27,X) and 
f’: X’—> Buyin) be an injective map inducing (E’,7’,X’). We may assume 
that fg(A’) and f’(A’) have no commoon point. Let S be the union 
fg(A’)U f’(A’) and wy the cross-section over § in the associated bundle with 
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fibre Wa n+ defined by wf’(a’) and yfg(a’) =f0g(a’). Denoting 
again by cr the 2(q-+1)-dimensional (universal) relative Chern class modulo 
S corresponding to y, we have C’p=—f’*(cr) =g*f* (cr) =9* (Cr). 


Whitney duality. Let 8, and %, be two principal bundles with bundle 
groups U(n,) and U(nz) respectively, over the same“base space X and let 
6,°: and 62% be cross-sections over closed subsets A, and Az (of X) in the 
associated bundles and with fibres Wn,,.n,-r, 20d Wnn--r, Tespectively. 
6,7: and determine a cross-section 6" (r—=7,-+72) over A; in 
the bundle with fibre (1 2) associated to the Whitney 
sum 8 Bz. 

Denote by Ciz%* the relative Chern class of $;, 11,2, defined for 
q=r;, and let Cp%* be the relative Chern class of 8 defined for g=r. 

For the relative Chern classes, the Whitney duality takes the form 


In (11.5) some absolute Chern classes occur, however, again, since each 
product contains at least one relative class, it is itself a relative class. 

The proof of formula (11.5) will be based on a theorem similar to 
Theorem (5.1) stated below (Theorem (11.6) ). 


Relative Chern classes as symmetric functions. Let (H,p,X,U(n)) be 
a principal U(n)-bundles over a compact finite dimensional space X. Con- 
sider the subgroup Q@(n) =U(1) xX U(1) x: - -X U(1), n factors, of U(n) 
and the “space of flags” X—H/Q(n) over X. We have a fibering 
p: A —»X induced by the projection p: H->X and the cross-section 6" over 
A C X may be used to construct a subset A C X as follows. Let #7 = H/U(r) 
be the space of the bundle with fibre JW’,,,, associated to (F,p,X,U(n)). 
We have the diagram 


where is the space of flags over (i.e. H/Q(r) and pe: 
is induced by Q(r)C U(r). The bundle (A,p4,A,F(r),U(r)) is induced 
by 6: AH". The principal bundle € = (H,7,X,Q(n)) is the Whitney 
sum €' @ - -@® E* of n principal bundles with group U(1). 
Let «;€ H?(X;Z) be the 2-dimensional (only non-zero positive dimensional) 


ff w 
A— X 
| pA | PE | px 
A— X 
6 p 


550 MICHEL A. KERVAIRE. 


Chern class of For r+1i= 7, the relative Chern class mod A of 
may be defined (using the cross-section over A in €+ induced by 6"). Let 
* Mean the relative classes. Then the elementary symmetric 
function S%1(z,,- - -,@,) is a relative class for g=r (each product of g+1 
distinct factors from the z,,- - -,2, must contain at least one of the variables 
Let us denote by - this relative class. We 


have the theorem 


THEOREM (11.6). Let H*(X,A;Z) H*(X,A4;Z) be the homo- 
morphism induced by pr: (X,A)—(X,A). Then, 


(a) pr* is a monomorphism, 


The proof is very similar to the proof of Theorem (5.1). We are not 
going to enter into the details again. Along the same lines as for the proof 


of (5.1), we need the result 


with F(n) =U(n)/Q(n), where (S*(21,- -,2n)') denotes the ideal gene- 
rated in Z[z,,- - -,%,] by the symmetric functions of positive degree (see 
[3], Proposition 31.1). The only points where the method of proof of 
(5.1) breaks down now are those where use was made of the fact that the 
coefficient ring for Stiefel-Whitney classes was a field (Z.). 

The assertion that the term /, in the spectral sequence of p: Y—> YX 
reduces to H*(X)@H*(F(n)) is, however, still true because F(n) 
=U(n)/Q(n) has no torsion. 

The only non-trivial change is that it is no longer obvious that H*(X ;Z) 
should be (at least additively) isomorphic to #,. This proves, however, tc 
hold, as will be seen from the following argument I learned from A. Borel, 
similar to an argument by J. P. Serre ([{10], Chap. III, 7, Prop. 9). 


Lemma (11.7). Leto: H*(F)—>H*(E) be a right-inverse (additive) 
homomorphism to 1*: H*(E) > H*(F), where E is the space of a bundle 
(E,7,B,F) with fibre F and the inclusion i: Assume that either 
B or F has no torsion. Then H*(EH) ts tsomorphic to H*(B)@H*(F). 
Moreover, the isomorphism preserves the product if o does. (In this lemma 
the domain of coefficients is any commutative ring with unit). 


Proof. Let wo: H*(B) @H*(F)—>4H*(E) be the linear map defined 
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by w(t @f) =x*(x)-o(f). We are going to prove that is an isomorphism 


which preserves products if o does. 


We first notice that » preserves the filtration: 1/*(B)®H*(F) being 
filtered by the ideals At— XH'(B) @H*(F) and H*(E) by the ideals 
J1 == ( H'(B)) We have for every g,o(A%) C J% Therefore, 
o indies ak additive homomorphism © of the corresponding graded rings 
¥ AVA? into } J7/J™, where > denotes the direct sum. It is well known 
and easily seen that » is an isomorphism if @ is. 

By triviality of the spectral sequence of the fibering p: HB (because 
i*: H*(H)—>H*(F) which admits a right inverse, is an epimorphism), 
it follows that #,—H*(B,H*(F)) is isomorphic to the graded ring F, 
associated to H*(H), i.e. Let be this isomorphism (k?,, with 
the notations of [3], $1). 

Since either B or F has no torsion by assumption, 7, = H*(B) @ H*(F) ; 
identifying } A¢/A% with H*(B)@H*(F) in the natural manner, the 
lemma will be proved by showing that o: H*(B) @ H*(F) > E, is identical 
to the map k: H*(B) @H*(F) > £,. 

Let H*(B) @H*(F), where H?(B), f€ H(F). We have 
o(t @f) (x) -o(f) € = 2 H'(B)) and o(¢@f) is the 
image of in By definition of the product in 
E,, we obviously have o(2@f) =o(x@1)-a(1@f). Since & has also this 
property, it is sufficient to verify o—4& on the elements of the form 7@1 
and 1@f. 

€ 0). We have k(~@1) (xz). See 
[3]. $4, (b). 

3(1@f)—o(f), where o(f) represents the image of o(f) in 
J1/ Jt, By [3], $4 (ec), we have k*(o(f)) =1@i*e(f) =1@f since 
o is a right inverse to i*. Thus, again o(1@f) —=k(1@f). 

If o preserves the product, then 


o[ (x @f)- @f’) |] = (—1) @ ff’) = (—1) 2’) -o(f 
= (—1)'n* (x) -o(f) -o(f’) =2* (2) -o(f) -2*(2’) 
In the situation of Theorem (11.6), the existence of the homomorphism 


is obvious (one has H*(F(n);Z) +, Un]/(S*(u1,° Mn)), 


where let h,=1,h.,- be a basis for the vector space 


/ 
4 
| 
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H*(F(n);Z), the h; being represented by polynomials P;(u,,- --+,Un,) in 
U;,* * *, Un, and define o(h;) as the polynomial in 2,- - -,2%» obtained from 
P; by the substitution u,— 2, ; extend then o by linearity). This completes 
the proof of Theorem (11.6) part (a). 

The proof of part (b) is similar to the proof of (b) in Theorem (5.1). 
Use has to be made of the results of [6] (in particular Prop. 4.1) rather 
than from [4]. A slight change occurs at the end of the proof: we 
have to show that where pr*: H* (Bon), A) 
— H*(Baiy),4?). The argument used for Stiefel-Whitney classes does not 
work now, because degaj—=2 and a*: A!) > H?(Bairy) need not 
be a monomorphism. However, pr*z,.;—=0 for j=1,---,n—r may be 
seen as follows. Consider for some j (1=j/Sn—r) the U(1)-bundle €™ 
over Bain) ; it admits over A the section 6;. The map p: Beir) > Bein) induces 
over a U(1)-bundle (“counter-image of and explicit construction 
shows that the induced cross-section y over A? (defined by y(w) = (u, Oju(w) ) 
can be extended all over Bg;,). Thus, by naturality, pr*2z,.;—0 (from this 
Sp? (21,° follows because of q=r). 


11.b. Relative Pontryagin classes. 


From now on, the coefficients are integers mod p, where p is prime_and 
>2. The following definition and naturality property would be valid with- 
out alteration with integer coefficients, but Whitney duality is not. 

Let 8 = (E,p,X,SO(n)) be a principal SO(n)-bundle induced by a 
map tr: X¥—>Bsoqn). Let o: Bsoiny > Buiny be the mapping corresponding 
to the inclusion SO(n) —-U(n). Then oor induces over X a principal 
U(n)-bundle 8p = (Ko, 7, X,U(n)). 

Let 6" be a cross-section over the closed subset A of XY in the bundle 
associated to with fibre For we have a cross-section 
6* over A in B* (with fibre Vnn-2x..) induced by 6". These cross-sections 
provide cross-sections #¢* over A in the corresponding “complex” bundles 
B* ,associated to Be with fibre Wyn-2%.1) as follows. Let 7, o be the maps 
of the total space covering 7, o respectively (¢ is not a bundle map), and 
let h be the bundle map covering o°7. Then h is injective (actually a 
homeomorphism) on each fibre Wy,n-ox.1, and O¢* may be defined by 


(11.8) 7Oc*(a) =a, 6c" (a) = (a) 
Definition. The 4k-dimensional relative Pontryagin class 


H**(X,X;Z,) mod A 
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corresponding to the cross-section 6", defined for k=r, is given by 
9) = (-— 1)*C 
where Cp is the relative Chern class mod A of Be corresponding to O¢*. 


Naturality. Let 8, 8B’ be two SO(n)-bundles over XY and X’ respec- 
tively, such that is induced from 8’ by a map f: Let = X), 
y’* — (H”*, X’) be the associated bundles with fibre Vyn-ox4. and assume that 
cross-sections 6", 6’” in 8", B’" are given over closed subsets A C XY, A’ C X’ 
respectively, such that f(A) C A’ and @’f(a) =f0(a), (f: E*¥—> HE” cover f) 
for every a€ A. 

Let P* and P” be the relative Pontryagin classes (k Zr) of B and B’ 


corresponding to @ and @ respectively. Then 
(11.10) am f*(P*), 


Proof. The above formula follows from the naturality property of 


relative Chern classes, provided we prove that fc6c(a) —@cf(a), where 
te: Eo* > Ec covers f (Remark that (/¢*,X) is induced from (L’¢*, X’) 


by f: Y—.X’). We have 
(a) = (a) =a7f0(a) = hfcOc(a) 
and, since k is homeomorphie on the fibres, 
6’cof (a) =f Oc(a) for every a€ A. 


We are thus in position to apply the naturality property of relative Chern 


classes and (11.10) follows. 


Whitney duality for Pontryagin classes will follow from Whitney duality 
for relative Chern classes reduced mod p. Because of the naturality prop- 
erty, we may restrict attention to the case of a classifying SO(n) bundle 
B= (Lsoin). p; Bsoiny, SO(n) ) assuming a cross-section to be given over A 
(closed subset of Bsoin)) in the associated bundle 8" with fibre Van-orss. 
Let Be be the U(n)-bundle over Bsoin) induced by Bsoiny > Buin), and let 
§-’ be the cross-section over A induced by 6" in the bundle 8c" associated 


to Be with fibre 


LemMA (11.11). The (41-+2)-dimensional relative Chern classes of 
Bemod A corresponding to 0c" are zero mod p: = 0, 


| 
| 
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Proof. Consider the diagram 
i* 5 
(11. 12) 
w* wR™ 
8 a* 
—> H***(A) A) —> H****(Bsoin)), 


Since a* (Cp?**!) = we have (by [5], Proposition 25.4) =0 
(coefficients mod p). Therefore = dr, x€ H****(A;Z,), and since 6* 
is an isomorphism, there exists a class wu € H***!(6'A), with 6*u—~-2. We have 


Su = = = = 0. 


The last equality follows from consideration of the diagram 


* * 
OR T 


o* 


H*'** (Bsoin), A) <— H**? (Buin), A). 
Indeed, wr*CR?**? = = =0 (by (11.4)). 
)) 


By exactness of the rows in diagram (11.12), there exists an element 
z€ such that i*z—u. The assertion follows from the 
fact that w* is an epimorphism in every dimension (By [5], Theorem 23. 2, 


H* (Bso(2m-1) 3 Zp) = Z,[P,,- ‘We and 
H* (Bso (2m) 3Zp) = Z,[P,, Po 1> Wom]. 
Notice that H* is classifying space for SO(2i—1).). 


Remark. Using the fact that o* is still an epimorphism if integer 
coefficients are used (see a forthcoming paper by A. Borel and F. Hirzebruch), 
the same method would give 2Cp?**? 0, where C,***! is the integer relative 
Chern class of a U(n)-bundle obtained from an SO(n)-bundle. 


Whitney duality for relative Pontryagin classes is an immediate conse- 


quence of the same property for relative Chern classes with coefficients mod p, 


making use of Lemma (11.11). 
Let 8; be two SO(n;)-bundles (t—1,2) over XY and let 6; be 
cross-sections over (closed subsets) A; CX in the associated bundles 


B;"* Pi Xx, ) 
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Let B—=%,@ Bz be the Whitney sum and @ the cross-section over 
A=A,N Az in B" (with fibre where n—=m+m, +12) 
obtained using 6," and 6,". 

Pp*, the relative Pontryagin class of dimension 4k of corresponding to 
§is defined fork=vr. Similarly, P*p*, are defined for k= r, andkZr, 


respectively. 
One has in H**(X,A3;Z,): 


Although some absolute classes might appear in the above formula, each cup- 
product contains at least one relative class. The sum on the right consists 


only of relative classes. 


Pontryagin classes as symmetric functions. Consider again a principal 
SO(n)-bundle 8 (H,p,X,SO(n)) and define the subgroup Q(n) of 
SO(n) by Q(n) =SO(2)XK or Q(n) =SO(2) 
xX SO(2)*K- SO(2)* SO(1) according as n=2m or n—2m+1 
(m factors SO(2) in both cases). Consider the quotient space H/Q(n). 
The principal fibre bundle (F,z, #/Q(n),Q(n)) is the Whitney sum of m 
principal SO(2)-bundles &*, - -,€™. Let 21,%2,: - +, be their Chern 
classes (SO(2) being identified with U(1)). 

Assuming a cross-section § over A C X (closed subset) to be given in 
Br p, X, Vnn-ore1) we obtain cross-sections in for 
over A C Ban) as follows: EH” is the base space of a principal SO(2r—1)- 
bundle (H,#",SO(2r—1)). Let & be the space of flags over HH’, i.e. 
kt = F/Q(2r—1), where Q(2r—1) is the subgroup of SO(n) consisting 
of the matrices of the type 


, where Dem 


cos(27ra;) sin (272;) 


—sin(27z;) cos(272;) 
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We have the diagram 


(11.14) PB | px 
6 
A—kh—X 

The map w: is induced by the identity L(Q(2r—1) C Q(n)). 
Let A be the space of the bundle (A, ps, A, F(2r—1), SO(2r—1)) induced 
by 6. Notations: F(2r—1) —SO(2r—1)/Q(2r—1), 6: AE is the 
bundle map covering @. The maps p@ and of are injective and we may con- 
sider A as a subset of Y. Geometrically, a point of A C X consists of a 
point a of A together with a sequence of m oriented 2-planes 7, 72,° * *, 7m, 
such that z, contains the first, z,,, the second and the third,- - -, am the 
(n—2r)-th and the (n—2r-+1)-st vectors of 6(a), assuming n= 2m. 
If n=2m-+1, z, contains the first and second, etc., zm the (n—2r)-th 
and the (n—2r-+1)-st vectors of (a). In both cases (n = 2m or 2m + 1), 
since z, is oriented, ©" admits a cross-section over A and so do @**1,- - -,€". 
We define (the characteristic classes of €",- --,€™) as 
relative classes corresponding to the cross-sections given by 6 over A. The 
elementary symmetric functions S*(2,?,- - -,2»7) are then relative classes 
modA (of dimension 4%) for k =r and will, consequently, be denoted by 
+, Xm?). One has the 

THEOREM (11.15). Let pr*: H*(X,A;Z,) >H*(X,A4;Z,) be the 
homomorphism induced by pr: (X,A)—>(X,A). Then (a) pr* ts a mono- 
morphism, and (b) pr*Pr* = +, for 

Proof of (a). Consider the diagram 

i* a* 
H*1(X) —> (4) —> H* (X, 4) —> H*(X) 


pa™ pr™ px* 
a* 


H*(X) —> H**(X, A) —> H*(X) 


(coefficients = remainders mod p, p—prime >2), where pxy* and pa* are 
monomorphisms in every dimension (see [5], Theorem 23.2) and 1, i are 


the inclusions i= t= of. 

The situation is entirely similar to the one in the proof of Theorem 
(5.1). A straightforward exactness argument shows that (a) follows from 
the Lemma: Jf b€ H*(A) and w€ H*(X) are such that pa*b =i*w, then 
there exists a class v€ H*(X), such that *v=b. 
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The proof of the lemma is entirely similar to the one given in the 
proof of Theorem (5.1). 


Proof of (b). By naturality, it is sufficient to prove the formula 
= for the bundle B = (Bein), pn, Bso(n), F(n), SO(n)) 
obtained from the classifying bundle (Bein) is the space of flags over Bsoin) ). 
The diagram (11.14) reads in this case. 


A —> Bso(2r-1) Bain) 


| pA Pe2r-1 Pn 
p 
A —> Baiar-1) —> Bsoin) 


and there is a similar diagram with k substituted for r for every & such that 
rSk}(n+1). Considering A as a subset of Beer1) and Bein) by the 
injections § and yd, we have the following diagram 


6* a* 


| = PR 
6* a* 


H**1(4) —> H**(Ban), 4) —> H**(Bainy). 


From the relation p*(P*) = 8*(z,?,- - -,%m?) for the absolute Pontryagin 
classes, (see [6], Proposition 5.1), we have a*y—0, setting y—pr*Pr* 
— +, %m?). Indeed, a*Pp*—P* is immediately seen from the 
definition and the corresponding equality for Chern classes. 

By an exactness argument used several times in this paper, (b) follows 
from pr*y=0. The proof of -,%m?) =O is similar to the 
one given for Chern classes. The equality pr*pr*Pr* =0 follows from con- 
sideration of the diagram 


pR™ 
H* H* (Bain, 4) 


pr® 
* 


H** (Bso(2%-1),A) <— H*(Bsoyn), A). 
One has pr*pr*P == p*P Now, (Pp*) = 0 because 


(— 1) *o* 
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and of the diagram 


4 
H* (Bsoex-1), A) H* oA) 


o* 


H** (Bsoin), A) <— H** (Byun), A) 
p* = (—1)*p*o* = (—1)*o*r* =0, by definition of the 
relative Chern classes. 


This completes the proof of Theorem (11.15). 
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ON ARITHMETICAL SUMMATION PROCESSES.* 


By AvuREL WINTNER. 


Part I. 
On the Eratosthenian summation process. 


Let (C,p), (A), (Z) and (E) refer to the summability of Sa, (where 
n==1,2,---) in the sense of Cesaro, Abel, Lambert and Eratosthenes 
respectively, the (E)-summability of 3a, being defined by the existence of 


lin where 


(1) E, = E,(a) = 3 {n/k}az (or En = 3{n/k}ax), 
k=1 k=1 


if {x} an abbreviation for [v]/z and [a] denotes the greatest integer not 
exceeding x (so that the coefficient, [n/k]k/n, of a, in (1) does not exceed 1, 
and is positive if If is replaced by b,—b,(a), 


b, = 6b.(a),- -, where 


bn= & aa/d, 
d|n 


then it is readily seen that, for every n, 
(3) M,(b6) =£,(a), 
where 
(4) M, = M,(b) =n" & by. 
k=1 
An arbitrary assignment of a,,da2,- - - is equivalent to an arbitrary assign- 
ment of b,,b2,- - -, since the linear substitution (2) has a unique inverse; 
the explicit form of the latter is 


(5) = p(n/d)ba/n, 
d\n 


where p(k) is Mobius’ factor. According to (3) and (4), a series Sa, is 
(E)-summable if and only if 
(6) M(b) =lim (6, -+ba)/n 


— 


* Received December 14, 1956. 
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560 AUREL WINTNER. 
exists, that is, if and only if the series 


(7) where (b, 0), 


n=1 
is (C,1)-summable. 

The replacement of a;,a@2,--- by H;,H#2,- ++, occurring in particular 
cases, a, x(n)/n, in the Disquisitiones Arithmeticae (and, as a matter of 
fact, in Euler’s writings; for further references, cf. [4], pp. 9-10), was 
propounded in [4] as a general summation method. First, the following 
facts were proved in [4], pp. 11-13: 


(i) The convergence of Sa, is neither necessary nor sufficient for the 
(E)-summability of Sa, (but the sum and the (E)-sum of Sa, must have 
the same value when both exist). 


The first of the assertions of (i) can be formulated by saying that the 
(E)-method is not a regular summation method (in the sense of Toeplitz 
criteria). In view of the first and second assertions of (i), there arose the 
question after appropriate Tauberian restrictions. In this regard, the fol- 


lowing criteria were proved in [4], p. 21: 


(ii) The convergence of San is equivalent to the (E)-summability of 
Sa, if any one of the following three conditions is satisfied: 


(I) | na, | < const. ; (II) (III) a, is lacunary 


(by (III) is meant that a,—0 unless n is in a sequence m,,mz2,- - - satis- 


fying mx,:/m; > const. for some const. > 1). 


The prime number theorem follows from that assertion of (ii) which 
assures that (I) and the (E)-summability of Sa, together are sufficient for 
the convergence of Sa». In order to see this, it is sufficient to choos 
Qn = p(n) /n and to observe that the (E)-summability of p(n) /n is trivial 
(in fact, the case d;—p(n)/n of (5) belongs to b; =1, b,=b,—=- - -=0; 
so that the numerator of (5) is independent of n, and so the limit (6) 
certainly exists). 

In a subsequent paper, in which [4] is overlooked, Ingham [3] proved 
a result which refines those assertions of (ii) in which the convergence of 
Sa, is the conclusion. In fact, any one of the three conditions (I), (II), 
(III) is sufficient in order that the (C,1)-simmability, or just the (A)- 
summability, of Sa, be equivalent to the convergence of 3a, (Hardy, Little- 
wood, Hardy and Littlewood), whereas Ingham’s relevant result is as follows: 
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(iii) The (E)-summability of Sa, is sufficient for the (C,1)-summa- 
bility of Sa, (to the same sum). 


Actually, Ingham also shows that the (C,1) in (ili) can be improved 
to (C,e) if e>0 (in view of (i), this is not true fore—0). Incidentally, 
Theorem (IX,) in [4], p. 20, is nothing but Theorem 2 in [3], p. 175, since, 
according to Landau’s extension of Hardy’s (C,1)-lemma, the (C, 1)-summa- 
bility and the convergence of 3a, are equivalent if a,;-+- - --+ a, >—const. 

For reasons explained in [4], I referred to the replacement of the 
evaluation of Sa, by means of the sequence F,, H2,- - - as an Eratosthenian 
summation method. But in the same way as [3], an Appendix to Hardy’s 
posthumous book [1], pp. 376-380, overlooks [4] and renames the (E)-process 
Ingham’s summation process. The oversight is the more curious as Hardy 
| himself wrote the review of [4] in Nature, vol. 152 (1943), p. 708. 

If 


(8) M(n) 


then what is involved in the proof of (ii) in [4] as well as in the proof of 
(iii) in [8] or [1] is something like 


(9) M(n) =O(n/log?n), 


an estimate which assures the boundedness of the relevant “ Lebesgue con- 
stants.” This is more than the prime number theorem, which is just 


(10) M(n) =o(n). 


But the distinction is less substantial than it was at that time, since, after 
Selberg, (9) is just as “elementary” as (10). In [8] or [1], the estimate 
(9) is used directly, and in [4] indirectly, via the theorem of Hardy and 
Littlewood according to which the (Z)-summability of a series is always 
sufficient for its (A)-summability; cf. [1], pp. 373-374. In fact, something 
like (9), rather than just (10), is needed in the Hardy-Littlewood proof of 
(L) > (A). The way in which [4] used (L) > (A) in the proof of (ii) 
was the following: 

The connection (2) between a,,a.,--~- and 0b,,b.,- a connection 
which, through (3), leads to the formulation (6) of the (E)-summability of 
Xa,, is formally equivalent to 


(11) > b,7" = Nn yen + 
n=1 


n=1 
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It is also clear that the convergence of either of the series (11) for OS r<r, 
implies the convergence of the other series (to the same sum) for0 << r<n, 
provided that 0<1r)=1 (this proviso is satisfied, with r>—1, in all the 
cases considered above). But (11) can be written in the form 


(12) (Ab, )7" = (1—r) nayr"/(1—r"), 
n=1 n=1 


where Ab = b, —b,.. (with Ab, —6,), and (12) shows that a series dy is 
(L)-summable if and only if the corresponding series (7) is (A)-summable 
(to the same sum). 

In what follows, (iii) will be verified, again with the aid of (9), along 
the lines followed in the proof of (i), that is, by showing that Toeplitz’s 
conditions for a regular process are satisfied by the linear transformation, 
say 
(13) Sn — 

m=1 
where the coefficients a,,, are absolute constants and the sequences F,, E>,:--, 
S,,82,- - +, belonging to an arbitrary series }a,, are defined by (1) and 


n m 
m=1 k=1 
respectively. The assertion of (iii) is equivalent to 


n 


(15) lim sup & | anm | <0. 


n> m=1 
In fact, the remaining two of three Toeplitz conditions are 


n 
(16) lim = Gnm == 1 
n> o m=1 


and 
(17) lim ann for n—1,2,-- -, 


m-> 


and both (16) and (17) are trivially satisfied in the present case (cf. below). 


First, from (1) where {x} = [2]/z, 
n [n/m] 


nE,—= 3 [n/k]ka,; hence nE,— ka, 
k=1 


m=1 


or, if T,— ka, 
k=1 


n 
1 


m=1 m= 
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(7,0), and so, by Mobius’ inversion, 
j=1 j= 


n k 
But it follows from (4) that T;/(k+ k?), since mam. Con- 
k=1 


m=1 
sequently 


n k 
j= 


If the last relation is thought of as written in the form (13), then it 
is seen that 
k=1 k/(m+1)<jSk/m 
Here the interior sum is M([k/m]) —M([k/(m-+1)]), by (8). It follows 
therefore from (k& + k?)-1 < k? that (15) is true if 


| M([k/m]) —M([k/(m-+1)])| < Const. 
k=1 1 


m 


holds for every m and for some constant. But the existence of such a constant 
is a straightforward consequence of (9) (if, according to Dirichlet’s classical 
device, the sum is broken into two parts, those contributed by the summation 
ranges between 1 and [n4] and between [n3]-+-1 and n). 
The four summation processes, mentioned before (1), are 
(in the sense of Hausdorff) ; their relative position is as follows: 


(19) (E) > (C,1) > (L) > (A). 


In fact, (E) > (C,1) is equivalent to (15)-(17), that is, to Ingham’s result 
(iii). and (L) > (A) is the corresponding result of Hardy and Littlewood 
({1], Theorem 260), finally (C,1) > (Z) is an elementary Abelian lemma 
of Hardy. The only thing that is peculiar about (E) is that, according to (i), 


“ comparable ” 


(20) both (K) => (E) and (E) > (X) are false, 
where (K) denotes convergence. 


None of the arrows occurring in (19) can be inverted. First, since 
(K) > (C,1), it is clear from (20) that (C,1) > (E) is false. Next, in 
order to obtain a series $a, which disproves (Z) > (C,1), it is sufficient 
to choose a,—(—1)"n, since the corresponding function  %a,2z", where 
|z|<1, remains regular at z=1 but a,o(n). Finally, the irreversi- 
bility of the third arrow in (19) was proved by Hardy and Littlewood [2]. 
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If (E) > (Z) is concluded from (19), then there becomes involved the 
prime number theorem, since the latter is involved in (E) > (C,1). Actually, 
the part (E) > (L) of (19) is nothing but Frobenius’ (C,1)-variant of 
Abel’s continuity theorem, to be applied to (7). In fact, (3), (4) and (12) 
show that the (C,1)-summability and the (A)-summability of (7) are 
equivalent, respectively, to the (E)-summability and the (Z)-summability of 
San. The latter equivalences, when combined with that theorem of Hardy 
and Littlewood for which Karamata gave a simple proof, also yield the 
following Tauberian theorem (which does not involve the prime number 
theorem) : 


(t) The (E)-summability of a (real) series Sa, follows from its 
(L)-summability if liminf ag >—o. 


din 


In fact, the numbers (2) are the partial sums of (7). 

Whereas the corollary (E) > (L) of (19) is straightforward, the weakest 
corollary, (E) > (A), of the whole of (19), cannot be proved without the 
prime number theorem. For it is readily seen from (1) that if a,—p(n)/n, 
then L,—1/n; hence lim £,—0, and so the (E)-summability of Sa, is 
now trivial. But if (E) > (A) is granted, then, since | na, |< const., the 
convergence of Syu(n)/n follows from Littlewood’s (A)-Tauberian theorem. 

It is clear from the proof of (15) that the first of the three implications 
(19) can be refined as follows: 


(1) There exists a universal constant a for which osc 8, =aosc 
holds whenever limsup | | <oo. 


Here S, and £, are defined, in terms of an arbitrary Sa,, by (14) 
and (1) respectively, and osc B, denotes the upper limit of | B,—Bm| as 

The corresponding refinement of the third of the three implications 
(19) is equivalent to the following lemma: 


(II) There exists a universal constant B for which 


(21) ose (1 1) 3 ( 3 = Bose(1—r) ( ax)r" 


a=i &=1 m=1 kin 


holds whenever limsup|(1—r) ( ax)r™| < 0, with |an|r™< for 
n=1 


n=1 kin 


< I. 
It is understood that oscf(r) denotes the upper limit of | f(r) —f(s)! 
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as 1>r>s—1. Hence an inspection of the Hardy-Littlewood proof of 
(L) > (A) shows that, under the restrictions mentioned after (21), 


ose S B ose(1— 1) na,r”/(1—r") 
n=1 n=1 
holds for a certain universal 8 (the theorem of Hardy and Littlewood itself 
results if the ose on the right of (22) is assumed to be 0). But since the 
expression on the left of (21) is identical with the left of (22), it is seen 
from (2) and (11) that (21) is equivalent to the striking assertion of (II). 

What is involved in (I) and (II) is (10), and more. I do not know 
whether (II) could be obtained as an “Abelian” consequence of (I) (some- 
what along the lines of Tauber’s own theorem, according to which (K) is 
equivalent to (A) and T,—o(n) together, where 7, is defined as in the 
proof of (15) above). Correspondingly, it would be worthwhile to deter- 
mine the best values of the universal constants a, occurring in (I), (II), 
and to decide whether a < B. 

There is a corresponding question concerning an absolute constant which 
belongs to (E) > (Z) in the same way as a and 8B belong to (E) > (C,1) 
and (ZL) > (A) respectively. Actually, the relevant analogue of (I) and 
(II) is straightforward. It is true that if (E) > (Z) is concluded from 
(19), then (iii) becomes involved. But this is unnecessary. In fact, it 
turns out that what corresponds to (I) and (II) is 


(23) osc(1—r) na,r"/(1— 1") S ose 
n=1 


(if lim sup | #, | <0oo), and that the refinement (23) of (E) >(Z) can be 
reduced to the O-version of Frobenius’ Abelian implication (C,1) > (A). 
This refinement of (C,1) => (A), a refinement the truth of which is clear 
from the proof of (C,1) > (A), states that 


(24) ose 3 = osc Sn 

n=1 
(if lim sup |S, |<0o). But if the series a,, to which (24) refers, is replaced 
by the series (7), defined by (2), then it is seen from (3), (4) and (12) 
that (24) can be written in the form (23). 

Since (C,1) > (E) and (A) > (ZL) are false, what corresponds to (1) 
and (II) in the reverse direction is the order of infinity of the “ Lebesgue 
constants.” In [4], p. 12, the order of infinity was shown to be logarithmic 
for the transformation leading from (K) to (E). 
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Part II. 
On Axerian theorems. 


A related (but more elementary) arithmetical summation problem which 
is dealt with in Hardy’s posthumous Appendix [1], referred to above, 
centers about Axer’s lemma (cf., e.g., [5], p. 202). In what follows, both 
types of Axerian facts, presented in [1] (Theorem 267, p. 378) in a form 
communicated by Ingham, will be improved. 

Let be a sequence of numbers satisfying 
(25) Sn and s,—O(1), 
and let f(x), where 1=a%<oo, be a function which is of bounded variation 
on every finite interval, 


By an Axerian condition (*) will be meant a restriction, to be imposed on f 
alone, to the following effect: Whenever conditions (26) and (*) are satisfied 
by f, the relation 


(27 = f(z/n)s,=0(2) 
holds for every sequence 5;,52,- : - satisfying (25). 


Such an Axerian condition (*) is contained in Landau’s writings on 
the “equivalence” questions in the theory of primes (the most delicate of 
these questions is the deduction of 


(28) p(n)/n=o0(1) from ~z, 


that is, from 2(#) ~-a/logxz). What Landau actually proves is that the 
existence of a @ satisfying 


(29) f(x) where 6 const. < 1, 


is a (*)-condition (in other words, that (27) follows from (25) whenever 
(26) and (29) are satisfied by f). In order to obtain (28), it is sufficient 
to apply (29), with 6=14, to the f(x) which represents Dirichlet’s remainder 
term in the divisor problem. Cf. the references in [6], p. 121, and the 
reproduction of Landau’s arguments in [1], pp. 378-380. 
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In what follows, it will be shown that the Landau’s (*)-criterion (29) 
can be replaced by 


(30) f(z) =0(4(2)), 


where ¢(x) is any non-negative function satisfying the following conditions: 


(31) ¢(x) is monotone (¢= 0) 
and 
(32) f dx 


1 


(hence (31) means that $(a) is non-increasing). In other words, the 
following Axerian lemma will be proved: 


(*) If f(x) ts any function satisfying (26) and (30), where p(x) ts 
some function subject to (31) and (32), then (27) is a consequence of (25). 


Remark. In view of (**)) below, it is worth mentioning that the 
conditions imposed on f(#), 1S 2<o, by (*) can simply be formulated as 
follows: If g(x) =f(1/2), then 


1 


(1) f Lu.d.| g(u)| de <eo, (I) | dg(u)| <e, 


+0 


1 
where (so that f | dg(x)|—oo and limsup|g(z)|—o are 
+0 
allowed). 

Needless to say, (31) and (32) are satisfied by $(7) =a? if O=6 <1, 
that is, when (30) becomes (29). The simplest case in which (29) fails 
to apply, but the italicized lemma is applicable, results if (30) holds for 
é(z) =2*/logx. In particular, it follows from (8) and (9) that the 
following fact is a corollary: If f(x) = % p(n), then (27) holds for any 


SeQUENCE satisfying (25).* 


* There is a corresponding deduction from Mertens’ hypothesis, that is, from 
(a) = O(V2), 


r= 
as follows: The series 


2) 
n=1 
is convergent for every sequence 8,° satisfying 
(c) and ims, —0 


if (and only if) Mertens’ hypothesis is true. 
In fact, (c) and the boundedness of the partial sums of a series =r, imply the 
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| 1 
= 
on 
of 


568 AUREL WINTNER. 


The nature of the restrictions imposed on ¢(z) by (81) and (32) is of 
particular interest, since (31) and (32) are precisely the conditions under- 
lying a theorem of Landau (Satz 3 in [6], pp. 123-124), a theorem which 
applies in a direction just the opposite to the direction of an Axerian 
implication (and assumes, therefore, the prime number theorem; in this 
regard, cf. Ingham’s Theorems 1 and 3 in [8]). 

The proof of the italicized criterion (*) will depend on the following 
elementary lemma: If h(t) is any function which is monotone on the open 
half-line 0<¢<oo and is integrable on its closure (in the sense that both 


1 1/e 
(31’) lim f h(t) at and lim { h(t)dt 
e>0 4 
exist), then, as x0, 
(32’) ~ Cz, where h(t) dt 
n=1 
+0 


(the convergence of the series (32’) for any fixed «> 0 is part of the state- 
ment). The fact that the monotony of h(t) on 0<¢<oo and the finiteness 
of both integrals (31’) imply (32’), is just a restatement of no. 30 in chap. 
II of [7]. 

Starting with a function ¢(a) on the closed half-line l= 4<o and 
assuming (31) and (32), define on the open half-line 0<t<o a function 
h(t) by placing h(t) —¢(1/t) if O0<tS1 and h(t)=0 if 1<t<o. 
Then it is clear that the conditions required of h in (32’), the convergence 
of both integrals (31’) and the monotony of h, are satisfied. Hence it is 
also clear that the same conditions remain satisfied if any positive «<1 i 
chosen and if the preceding h(t) is replaced by the function h,(¢) which is 


convergence of the series =r,s, (Abel-Dedekind). Hence, if the latter series is identified 
with (b), the convergence of (b) follows from the assumptions (c) if 
(d) /Vn = 0(1) 

is true. But while a partial summation leads from (d) to (a), it is clear that (a) 
in itself fails to imply (d). It was however shown in [8] that, for function-theoretical 
Tauberian reasons, (d) must be true if (a) is true. Accordingly, (a) would be dis: 
proved if one could construct a single sequence 8,, satisfying the conditions (Cc) 
and rendering the series (b) divergent. 

Conversely, if there does not exist such a sequence, then (d), hence (a), is true. 
For, according to Hadamard’s converse of the elementary lemma used above (Abel: 
Dedekind), the partial sums of a series =7, must be bounded if the series 21,8, is con: 
vergent for every sequence satisfying (c). 
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identical with the preceding h(t) for 0<tSe and is 0 for e<t<o. 
Accordingly, (32’) is valid if h(t) is replaced by h(t). But then, since 


he(n/t) = % he(n/t) = $(2/n), 


nSexr 


(32’) reduces to $(2/n) ~z h.(t) dt, where is fixed (0<e<1) and 


nSer > 
But 
f ff f b(u)du 
+0 1/e 


(where u—1/é), and the last integral tends to 0 as e—0, since (32) is 
assumed (and ¢=0). Consequently 
(33) lim lim 2? & ¢(z/n) =0, 

620 
where the existence of the interior lim (for fixed «) and of the repeated 
limit are parts of the conclusion. 

If the interior lim is replaced by limsup, then it is clear from (30), 
where = 0, that ¢ can be replaced by |f| in (33). It follows therefore 
from the second of the two assumptions (25) that 
(34) lim lim & f(z/n)s,|=0. 

Note that neither (26) nor the first of the two assumptions (25) was used 
thus far. 

The relation (34) turns out to be the main point in the proof of the 
assertion, (27), of (*). In fact, owing to (34), the balance of the proof 
of (27) becomes the same as it is under Landau’s assumption (29). In fact, 
(35) takes the place of the third formula line in [1], p. 379, and the balance 
of the proof (p. 379, lines 1-10, in [1], where the delta is the present epsilon) 
can be repeated verbatim. Suffice it to say that the partial summation and 
its estimate, carried out in [1] on the second half of p. 379, involve nothing 
like (29) or (30) above, but merely (26) and (25). The proof of (*) is 
therefore complete. 

Axer’s own result (for references, cf. [6], p. 121) weakens the second of 
the two assumptions (25) so as to replace (25) by 
(35) S,=o0(z) and | s,| = O(z2), 
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and it states that (35) is sufficient for the truth of (27) if f(x) is chosen 


as follows: 
(36) f(x) =x— [za] for 1Sr<o. 


In Ingham’s approach to the Axerian lemmas (Theorem 267 in [1]), the 
assumptions (25) and (35) are treated simultaneously (by a partial sum- 
mation) and, correspondingly, it is proved that (27) can be concluded from 
(35) when (36) is generalized to any bounded function f(x) satisfying (26). 

It turns out however that, precisely under the assumption (35), the 
method of partial summations, which involves (26), is quite misleading. In 
fact, the true generalization of (36) (in the case (35)) has nothing to do 
with the assumption (26) of (*), since the true condition on f(x), where 
1<2<o, is simply the following: If g(x) is defined by 


(37) g(z) =f(1/e) if and g(x) —g(0) if r—0 
then 
(38) g(x) is Rk-integrable on OS 7=1. 


In contrast, what Ingham’s result (quoted in the preceding section) requires 
is that g(x) be bounded * on 0 < #1 and of bounded variation on e=27=1 
if 0<e<1. Actually, that (38) alone is enough is clear from 4, p. 2, where 
a very short proof is given for Axer’s own case, (36). In fact, a glance 
at that proof shows that only (38) is needed: 


(**) If f(x), where l1Sax<o, is any function corresponding to which 
the condition (38) ts satisfied by the function g(x) defined for OSa=1 
by (37), then (27) ts a consequence of (35). 

It is seen from (37) that (27) can be written in the form 
(39) g(n/z) =o0(2) 

(the value g(0), assigned in (37) in order to render (38) meaningful, is 
immaterial). On the other hand, if z is replaced by az and bz in the first 
of the assumptions (37), it follows, by subtraction, that 
(40) Sy = 0(2) 

* This is implied by (38). Originally (in Riemann’s own paper and, until com- 
paratively recently, in all books) the boundedness was an explicit additional condition 
of R-integrability. Actually the redundancy of this proviso, usually attributed to 
Landau’s Einfiihrung in die Differentialrechnung und Integralrechnung (1934), was 


recognized already by Hélder, on p. 3 of his Beitrdge zur Potentialtheorie (Tiibingen 
dissertation, Stuttgart, 1882). 


en 
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whenever 0S a<6<1. But (40) means that (39) is true for the function 
q(x) which is 1 or 0 according as z is or is not on the subintervala<zSb 
of OS2=1. Thus, for reasons of distributivity, (39) is true whenever 
g(x) is a step-function (with a finite number of jumps) on OS@31. 
Hence it is seen from the second of the assumptions (35), which was not 
used thus far, that (39) is true whenever g(z) has the following property: 
There belongs to every «>0 a pair of step-functions g.(z), g*(%) in such 
a way that, on the one hand, 9 SgSg* for 021 and, on the other 
hand, the integral of g‘—g, (over 071) is less than e. Since the 
existence of such a pair g., g® (for every «>0) is equivalent to (38), the 
proof of (**) is complete. 


Appendix. 


Let San, where n=1,2,- - -, be a series satisfying lim sup | a, |/" <1. 
This means that the power series f(r) == Sa,e"", where f(c) =a —0, 
converges for «>0, and f(x) —=O(e-*) as where f’=df/dz. Let 
the additional hypotheses requiring the convergence (at t=-+-0) of the 


integrals 


(and, in all three cases, j —{ ) be referred to by A, | A], || A || respec- 


0 +0 


tively. Thus A means the (A)-summability (Abel), and | A| the absolute 
(A)-summability (J. M. Whittaker), of Sa,, and || A || requires more than 
|4|. Suffice it to say that, while | A| is compatible with limsupz| f’(z)| 
=o, where «— 0, it follows from || A || that zf’(z) +0, since the monotony 
and the integrability (at c—=-+0) of ¢(z) imply that > 0. 

A theorem of Ananda-Rau [9] states that the || A ||-summability of San 
implies the (L)-summability of San. For this theorem of Ananda-Rau, 
whose proof is quite involved, Hardy and Littlewood [2], p. 259, gave a 
shorter proof which, however, a note in Hardy’s book [1], p. 376, recognizes 
to be fallacious. By claiming a generalization of Ananda Rau’s theorem, 
I committed a corresponding blunder in [10], p. 686, assertion (8.). Since 
the sufficiency of || A ||-summability for Z-summability is just stated, but not 
proved, in Hardy’s book [1], p. 376 (Theorem 263), the only correct proof 
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or 


available in the literature appears to be Ananda-Rau’s complicated approach 
[9]. 

It turns out, however, that Ananda-Rau’s theorem follows in an almost 
trivial fashion if recourse is had to the simple device used at the beginning 
of the proof of (*) above. In order to see this, the following lemma (8), 
which has nothing to do with questions of summability, will first be isolated. 


(§) Let F(x), where 0<4<om, be a function which is R-integrable 
on every interval ASXSp, where 0<A<p<ow, and suppose that there 
exists a monotone function $(x) satisfying | F(x)|S¢(x) and having a 
finite (improper) integral over O0<r<oo. Then 


hs B(nh) > f F(x)dz as (f- 
n=1 e 
0 0 +0 1 


(and F' (nh) ts absolutely convergent for every h>0). 


n=1 
First, if # is monotone throughout (so that either Ff or —F can be 

chosen to be ¢), then the assertion of (§) becomes the straightforward fact 
referred to at the beginning of the proof of (*) above ([7], chap. II, no. 30). 
Next, if F satisfies only the assumptions made in (§), then, by the proof of 
(*) above, 

lim limsup|h F(nh)|=0, 

\>0 nSAh 
since ¢(x) is a montone and integrable majorant of | F(x)| near c= + 0. 
But if <—-+ 0 is replaced by oo, then the same argument shows that 


lim limsup|hk F(nh)| =0. 

i> n=uh 
Finally, since (x) is supposed to be R-integrable on every interval AS 7p, 
where 0<A<p<o, it is clear that, when A(>0) and (>A) are fixed, 


h F(nh) =f F(x)dz as h—0. 
Ah<n<ph 


Clearly, the assertion of (§) follows from the last three formula lines (by 
adding three epsilons). 

In order to obtain Ananda-Rau’s theorem as a corollary of (§), suppose 
that Sa, is || A |-summable. By definition, this means that the assumptions 
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of (§) are satisfied by F(x) —f’(x), where f(z) = Sane" and f’ = df/dz. 
Hence, if h is replaced by @ in the assertion of (§), 


lim 3 f'(nz)—= f —f(+0) =—f(+0) 
+0 

(the last integral is [absolutely] convergent, since || A ||-summability clearly 

implies [absolute (A)-summability, hence] (A)-summability, that is, the 

existence of f(+ 0), whereas f(co) is obvious from —O(e*) as 

t—>co). On the other hand, it is clear that, if 0<4r%<o, 


f’ (nz) =—g(a), where g(x) = 3 (1 — 
n=1 n=1 


(simply because f(x) = Sane", hence f’(x) But the last 
two formula lines show that —2ag(x) ->—f(+0) as 0, which, in 
view of the definition of g(x), proves that 3a, is (Z)-summable (to the same 
sum, f(-+ 0), as under (A)-summability). 

Clearly, the ¢-assumption imposed on F(x) in (§) plays the part of a 
Tauberian restriction. There are other such restrictions which are sufficient 
for the truth of the assertion of (§). For the sake of simplicity, such a 
criterion will now be formulated for 0 < #1 (rather than, as in (§), for 
0<4<oo), as follows: 


($8) Jf F(x), where, is a real-valued function which 
has a continuous derivative F’(x) satisfying the Tauberian restriction 
lim inf (x) > —o, 


z-0 
then 


1 
{1/h] 
hs > f F(x)dz as 
n=1 


+0 


whenever the improper integral of F(x) exists (it need not converge absolutely). 


In fact, if the preceding reduction of Ananda-Rau’s theorem to (§) is 
compared with the proof of that criterion of Hardy and Littlewood on (L)- 
summability which is Theorem 262 in [1], then it becomes clear that the 
proof of ($§) is contained between the lines of [1], pp. 375-376. In the 
particular case of Hardy and Littlewood, the F(x) of (§§) becomes the first 
derivative of f(x) = Sane” (so that the Tauberian restriction of (§§) leads 
to f’”). 
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Needless to say, the existence of continuous F’(x) is used in the proof 
of (§§) only in the immediate vicinity of c—=+0 (for e271, where 
0 <«<1, the R-integrability of F(x) is more than sufficient). In addition, 
the continuity of the derivative can readily be dispensed with. 
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Von Max KorcHenr. 


1. Einleitung. In der vorliegenden Untersuchung werden gewisse Kegel- 
bereiche des m-dimensionalen reellen Zahlenraumes—Positivititsbereiche 
genannt—durch drei einfache Eigenschaften definiert und diese Bereiche dann 
systematisch untersucht. Aus den relativ schwachen Forderungen, die an 
diese Bereiche gestellt werden, kénnen eine Reihe von teilweise iiberraschenden 
Eigenschaften abgeleitet werden, die bisher nur in Spezialfaillen bekannt 
waren. Es soll dies hier an einem Beispiel erliutert werden. 

Das einfachste nicht-triviale Beispiel von Positivitaitsbereichen geben 
diejenigen symmetrischen Matrizen, die als Matrix einer positiv definiten 
quadratischen Form fester Variablenzahl aufgefasst werden kénnen. Pro- 
zesse Wie z. B. die Bildung der Determinante oder der inversen Matrix und 
die Konstruktion einer beim Ubergang zu iquivalenten Matrizen invarianten 
Massbestimmung lassen sich auch in den allgemeinen Positivititsbereichen 
durchfiihren. Damit ergeben sich Beispiele von Bereichen, die ahnlich ein- 
fache Eigenschaften wie die quadratischen Formen besitzen. 

Es zeigt sich, dass fiir Positivitiitsbereiche eine gemeinsame Zahlentheorie 
(in Analogie zu der der quadratischen Formen) entwickelt werden kann. 
Dariiber soll jedoch an anderer Stelle berichtet werden. 

In der Darstellung des Stoffes wurde so vorgegangen, dass zuerst im 
Abschnitt 2 Positivitaitsbereiche in topologischen Vektorriaumen mit Norm 
definiert werden und fiir diese eine Reihe von einfachsten Eigenschaften ab- 
geleitet werden. Ab Abschnitt 3 tritt jedoch eine Beschrinkung auf den n- 
dimensionalen Zahlenraum ein. An manchen Stellen médgliche Verallge- 
meinerungen wurden dabei ausser acht gelassen. Bei der Lektiire ist zu 
empfehlen, sich an den Beispielen in 11 zu orientieren. 


2. Positivitatsbereiche in topologischen Vektorraumen. Es sei F& der 
mit der natiirlichen Topologie versehene Kérper der reellen Zahlen und XY 
ein Vektorraum iiber R. Wir setzen voraus, dass X eine Norm zulasst, d.h. es 
existiert eine Abbildung e—>|a2| von X in R* mit den folgenden Eigen- 
schaften : 


* Received March 9, 1957. 
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|| ist aquivalent mit 
fiir alle A aus und aus X, 
fiir alle und’y aus YX. 


Diese Norm definiert auf X eine Topologie und in dieser Topologie wird Y 
zu einem topologischen Vektorraum iiber R. 

Kine Abbildung Z(a,b) von X & X in R nennen wir zur Abkiirzung 
eine Bilinearform von X, wenn gilt: 


(B.1) L(a,b) =L(b,a) fiir alle a und b aus X, 
(B.2) L(a,x) ist bei festem a in x linear und stetig. 


Fiir eine solche Bilinearform LZ bezeichnen wir mit X(L) die Menge der 
a aus X mit L(a,x) —0 fiir alle x aus XY. Wegen L(0,7) —0, aus JX, 
ist X (LZ) sicher nicht leer. Man sieht ausserdem sofort, dass X (I) ein in XY 
enthaltener topologischer Vektorraum iiber # ist. Eine Bilinearform L von 
X heisse ausgeartet, wenn X(Z) nicht nur aus der Null besteht. 

Ist Z eine Bilinearform von X, dann nennen wir eine Teilmenge Y 
von X einen Positivititsbereich von X mit L als Charakteristik, wenn gilt: 


(P.0) Y ist offen und nicht leer. 
(P.1) Fiir alle a und b aus Y gilt L(a,b) >0. 


(P.2) Liegt « nicht in Y, dann gibt es ein a aus Y, welches nicht zu 
X(L) gehort, mit L(a,7) 


Man wird spater an Beispielen sehen, dass Z keineswegs durch die Punkt- 
menge Y eindeutig bestimmt ist. Eine Punktmenge Y von X heist ein 
Positivitétsbereich von X schlechthin, wenn es eine Bilinearform LZ von X 
derart gibt, dass Y ein Positivitiitsbereich von X mit L als Charakteristik 
wird. (P.1) zeigt sofort, dass jede Charakteristik eines Positivitatsbereiches 
nicht identisch Null ist. 

Offenbar sind die Axiome (P.1) bzw. (P.2) von den Axiomen (P.0), 
(P.2) baw. (P.0), (P.1) unabhingig. Dass aber auch (P.0) von (P.1), 
(P.2) unabhingig ist, zeigt das einfache Beispiel 


1 
wenn man als Bilinearform das Skalarprodukt zweier Vektoren nimmt. 


1 Wie iiblich wird fiir Teilmengen A von X mit A die abgeschlossene Hiille und mit 
A der offene Kern von A bezeichnet und Rd(A) = A—A gesetzt. 
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Satz 1. Fiir jeden Positwitatsbereich Y von X gilt: 

a) Fur jede Charakteristik L von Y und jedes a aus Y, welches nicht 
in X(L) liegt, ist L(a,y) >0 fiir alle y aus Y. 

b) Att a und b liegt aucha+biuY. 

c) Mit a lhegt auch ra in Y, falls A> 0? 

d) Liegt x nicht in Y, dann gibt es a aus Y mit L(a,x) <0. 

e) Liegen a und —a in Y, dann gehért a fiir jede Charakteristik L 
au X(L). 

Beweis: a) Wegen (P.1) kann man annehmen, dass a4 cin Punkt von 
Rd(Y) ist. Man hat dann L(a,y) 20 fiir alle y aus Y. Nehmen wir 
jetzt an, dass L(a,y) =O fiir ein y aus Y erfiillt wire. Da Y offen ist, 
gibt es zu jedem x aus X ein A> 0, fiir das y-+-Az in Y liegt. Jetzt hat 
man 

OSL(a,y+Ar) =L(a,y) +AL (a,x) (a, 2), 
dh. L(a,z) =0 fiir alle aus XY. Da mit auch —z zu X gehdrt, folgt 
L(a,z) =0, d.h. a liegt in X(L). 

b) Wiirde fiir a und 6} aus Y der Punkt a+ 6 nicht in Y liegen, dann 

gibt es nach (P.2) ein c aus Y mit 

0= L(c,a+b) = (¢, a) + L(ce,b) 
und ¢ nicht aus X¥(L). Das ist aber ein Widerspruch, denn nach a) gilt 
L(c,a) >0 und L(c,b) >0. 

c) Die Behauptung kann analog zu b) erschlossen werden. 

d) Wir nehmen an, dass fiir ein 2, welches nicht in Y liegt, die 
Behauptung falsch ist, d.h. es gilt L(a,z) =0 fiir alle a aus Y. Da das 
Komplement von Y sicher offen ist, konnen wir zu gegebenen ¢ aus Y ein 
A>0 so bestimmen, dass auch x+-Ac nicht in Y liegt. Jetzt folgt fiir alle 
aaus Y nach (P.1) 

L(a,x+Ac) ZAL (a,c) > 0 
oder 
L(a,z+Ac) = 0 fiir alle a aus Y. 


Andererseits gibt es nach (P.2) ein a aus Y, welches nicht in \(/) liegt, 
mit <0, d.h. 


0—L(a,x+ Ac) =L(a,xr) + (a,c). 
* Kleine griechische Buchstaben bezeichnen stets reelle Zahlen. 
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Da aber L(a,x) und L(a,c) nicht negativ sind, folgt L(a,c) =0 im Wider- 
spruch zu a). 

e) Nach (P.1) hat man sofort L(a,y) 20 und L(—a,y) =0 fir 
alle y aus Y, d.h. L(a,y)=0. Zu jedem x aus X bestimmen wir nun 
wieder A >O derart, dass y+ Ax in Y liegt und erhalten 


0—L(a,y+ar) =L(a,y) +AL (a,x) =AL(a,z). 


x ist also Punkt von X(Z) und der Satz ist vollstandig bewiesen. 

Als einfache Folge dieses Satzes ergibt sich, dass X(L) fiir jede Charak- 
teristik IZ von Y eine Teilmenge von Rd(Y) ist. Denn ein Punkt a von 
X(L) gehért wegen (P.1) nicht zu Y und wegen Satz 1d sicher zu Y. 

Die Positivititsbereiche von topologischen Vektorriumen sind maximal, 
man iiberlegt sich nimlich sofort, dass fiir zwei Positivititsbereiche Y und Y 
von X mit gleicher Charakteristik aus YC Y stets Y—Y folgt. 

Ein Positivititsbereich Y mége ausgeartet genannt werden, wenn Y eine 
ausgeartete Charakteristik besitzt. 


Satz 2. Set Y ein Positivititsbereich von X. 


a) Ist X direkte Summe zweter Vektorréume X und Xo; XYul@ Xo 
und gilt gleichzeitig eine Zerlegung Y = Y © Xo, dann ist jede Charakteristik 
von Y ausgeartet. 


b) Ist Y ausgeartet, dann gibt es eine Zerlegung X=XO@X, von 
X in zwei topologische Vektorriume, hierbei ist ausserdem Y=Yof, 
und Y ist Positivitatsbereich von X. 


Beweis: a) Sei L eine Charakteristik von Y und x=£-+ 2, die direkte 
Zerlegung des allgemeinen Punktes von XY. Sind a und y jetzt zwei Punkte 
von Y in der gleichen Zerlegung, dann folgt nach (P.1) 


0<L(a,y) =L(4,9) + L(G, yo) + + L (ao, yo). 
Fiir und hat man 
L(G, yo) =0 fiir alle @ aus Y und y aus Xp, 
und 0 liefert entsprechend 
L (ao, Yo) 2 0 fiir alle a) und y, aus Xo. 
Zusammen ist also L(a,yo) 20, dh. 


L (a, yo) =0 fiir alle a aus Y und yp aus Xo. 
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Wie im Beweis zu Satz le folgt hieraus, dass dies sogar fiir alle au aus X 
richtig ist, d.h. Y, ist Teilmenge von (LZ) und L ist sicher ausgeartet. 


b) Wir zeigen zuerst, dass Y in eine direkte Summe zerlegt werden 
kann. Wir wihlen dazu ein c mit |c|—1 aus X(L), setzen Xo— {Ac} 


und definieren fiir 2) aus X> 
M =A, falls —Ac. 


M(x) ist dann eine auf X, definierte stetige Linearform, die nach dem Satz 
von Hahn-Banach auf ganz X als stetige Linearform fortgesetzt werden 
kann. Fiir x aus X setzt man 


Lo = M(x)e 


Die Zerlegung «—Z@-x, ist dann direkt und es gilt M(z)—0. Man 
erhilt also eine Zerlegung von X in eine direkte Summe zweier Vektorriiume 


X¥ und X,. Da X, von ¢ aufgespannt wird, ist stets 
L (a,x) =L (a,x) = L(G,z). 


Wir setzen jetzt Y=Y AX und zeigen, dass Y Positivititsbereich von X 
mit L(a,b) als Charakteristik ist. Zum Beweis dieser Behauptung ist zuerst 
(P.0) trivial. Fiir (P.1) seien @ und 6 Punkte aus Y, dann gehdren sie 
auch zu Y und man hat L(a4,b) >0. Ist andererseits ¢ nicht aus Y, dann 
liegt @ auch nicht in Y. Nach (P.2) gibt es a aus Y, welches nicht in 
X(L) liegt, mit 0= L(a,z) = L(a,z) und @ ist natiirlich in Y enthalten. 
Damit ist aber auch (P.2) fiir Y nachgewiesen. Zum vollstindigen Beweis 
der Behauptung fehlt noch der Nachweis von Y=Y@X,. Wie vorher 
iiberlegt man sich sofort, dass Y @ X, ein Positivitiitsbereich mit DL als 
Charakteristik ist und YD Y @ X, gilt. Wegen der Maximalitit der Positi- 
vitiitsbereiche folgt daraus die Gleichheit. 

Nach diesem Satz kann man die Positivititsbereiche in einfacher Weise 
auf nicht ausgeartete Positivitiitsbereiche zuriickfiihren und man iibersieht 
alle Positivitiitsbereiche, wenn man die nicht ausgearteten kennt. 

Ist Y ein nicht ausgearteter Positivititsbereich von X, dann kann man 
fir die Punkte von X eine Relation “=” (bzw. “>”) durch 


ist aquivalent mit Y 
(baw. «> y ist aquivalent mit Y) 


definieren. Diese Relation induziert dann in ¥ eine Halbordnung, die mit R 


vertriglich ist, d.h. es gilt: 
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Aus und y=z folgt 


und folgt r= y. 


ys 
mM 


Aus «= y folgt atelSat+y. 
Aus und 0O<AER folgt dy. 


Wir werden in Zukunft bei nicht ausgearteten Positivititsbereichen fiir deren 
Punkte y auch y>0 schreiben. Fiir a und b aus X und y aus Y hat man 
L(a,y) > L(b,y) wenn a>b, d.h. die Bilinearform ist monoton. 


3. Positivitatsbereiche im R". Von nun an werden wir nur endlich- 
dimensionale Vektorréume zu betrachten haben und kénnen uns daher auf 
den Fall XY —" beschrinken. Die Punkte x des R* schreiben wir als 
Spalten 
gi 


° = (2', 2’, - 


Lan J 
und beniitzen konsequent den Matrizenkalkiil. Als Norm des #”" nehmen wir 
Eine Bilinearform L(a,b) des R" hat dann die Form 
L (a,b) =a’Sb = b’Sa mit einer geeigneten reellen symmetrischen n-reihigen 
Matrix S. Wir wollen jetzt auch S eine Charakteristik von Y nennen, wenn 
dies fiir L(a,b) der Fall ist. Z(a,b) ist genau dann ausgeartet, wenn 
|S|—0. Aus Satz 2 folgt, dass such jeder ausgeartete Positivititsbereich 
Y in der Form Y=Y (0 <q <n) schreiben lisst, wobei Y ein ge- 
eigneter Positivitatsbereich des R”-¢ ist. Man erkennt hieraus, dass durch Y 
der Rang der Charakteristik S eindeutig bestimmt ist. 

Fiir reelle Matrix W von n Zeilen und Spalten und Punktmenge A des 
Rk" moége mit WA die Menge der Bildpunkte von A bei der Abbildung y— Wy 
bezeichnet werden. Es ist dann sofort zu sehen, dass mit Y auch WY, 
|W|0, ein Positivititsbereich ist. Ist hier S eine Charakteristik von Y, 
dann ist W’-SW- eine Charakteristik von WY. 

Ist Y ein Positivitiitsbereich des Rk", S eine Charakteristik von Y, dann 
kann man als Ergiinzung zu Satz 1 zeigen, dass zu jedem a aus Pd(1’) ein 5 
aus Rd(Y) mit Sb~0 und a’Sb—0 existiert. Sei dazu a, eine gegen @ 
konvergente Folge, deren Glieder nicht aus Y gewahlt sind. Nach Satz 1d 
gibt es dann b, aus Y mit a’,Sb,<0. Man kann hier noch ohne LHin- 
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schrinkung | Sb,|—1 annehmen. Wir wihlen nun eine Teilfolge der a, 
derart, dass die zugehérigen b, gegen einen Punkt 6 von Y konvergieren. 


Man hat dann a’Sb0, | Sb|=—1. Nach (P.1) ist aber nur a’Sb—0 


moéglich. 


4. Nicht ausgeartete Positivitatsbereiche des R". Da man sich nach 
den Uberlegungen in 2 und 8 bei den weiteren Untersuchungen auf nicht 
ausgeartete Positivititsbereicche beschriinken kann, wollen wir von nun an 
stets annehmen, dass )” ein nicht ausgearteter Positivitiitsbereich des A” ist. 
§ bezeichne immer eine Charakteristik von Y, nach Satz 2 ist dann | S| von 


Null verschieden. 


Lemma 1. Zu jedem Kompaktum K von Y gibl es ein p(K) = p(K;8)> 0 
mit 
Sy = p(K)| 


fiir alle a aus K und alle y aus Y. 


Beweis: Mann kann ohne Einschriinkung y 0 voraussetzen und wegen 
5D 5 
der Homogenitit beider Seiten der Behauptung geniigt es, wenn das Lemma 
fiir alle a aus K und y aus ¥ mit | y|=1 bewiesen wird. Da dies eine 
kompakte Punktmenge in Y X Y darstellt, nimmt a’Sy als stetige Funktion 
ihr Minimum a’,Sy, in einem Punkte (do, y an. Nach Satz la ist dieses 
Minimum aber positiv. 
Wendet man Lemma 1 auf K = {a}, a aus Y, an, dann erhalt man 
5: ? 


wSy = p(a)| y| fiir alle y aus 


und wir wollen—um die Bezeichnung eindeutig zu fixieren—stets 


p(a) =inf{a’Sy:y aus Y.|y!=1} 
setzen. 
In 2 hatten wir zu jedem Positivititsbereich eine Halbordnung definiert. 
to) 
Wir kénnen jetzt zeigen, dass im vorliegenden Falle diese Halbordnung 


archimedisch ist. 
LemMA 2. Zu jedema>0 und aus Rn gibt es mit A> 


Beweis: Es geniigt, wenn die Mxistenz eines A mit Aa = gezeigt wird, 
denn dann ist (A-+1)a>~2. Wiire diese Behauptung aber falsch, d.h. gibt 
esa aus Y und x aus R" mit Aa—-vré ¥ fiir alle A\>0, dann gibt es zu 


jedem ein mit 


c’)S(Aa— x) <0, | aus Y. 


on 
if 
ir 
n 
n 
n 
n 
h 
1 


582 MAX KOECHER. 


Jetzt ist mit Lemma 1 


1 


0<p(a) < cy) SxS | Sx 


und das ist fiir A> ein Widerspruch. 

Man kann im Anschluss an Lemma 2 leicht zeigen, dass sich jedes x in 
der Form x—a—pb mit a, b aus Y schreiben lasst. Man hat zu gegebenen 
a> 0 und z nur A so zu bestimmen, dass —Aa— =z in Y liegt. Die nicht 
ausgearteten Positivititsbereiche des R” sind also auch Positivititsbereiche 
im Sinne von N. Bourbaki. 

Lemma 1 hat aber noch weitere Konsequenzen. Z.B. ist sofort zu 
sehen, dass die y aus Y mit a=y (a> 0) eine beschrinkte Punktmenge 
bilden. Ist weiter y, eine Folge aus Y, fiir die bei geeigneten a > 0 die Folge 
a’Sy, konvergiert, dann ist y, von selbst beschrinkt. Fiir beliebiges a ist 
dies natiirlich keineswegs richtig. 

Geometrisch kann man p(a) so interpretieren, dass p(a) ein Mass fiir 
den Abstand des Punktes a von Rd(¥Y) angibt. Um dies hinreichend allge- 
mein formulieren zu koénnen, sagen wir, dass eine Folge a, uneigentlich nach 
Unendlich konvergiert (a,—>), wenn |a,| iiber alle Grenzen wiichst, und 
nennen ausserdem a, (uneigentlich) gegen einen Randpunkt von Y kon- 
vergent Rd(Y)), wenn a,—o und |a,|-ta, gegen einen Randpunkt 
konvergiert. Jetzt kann man zeigen, dass eine (eigentlich oder uneigentlich) 
konvergente Folge a, aus Y mit p(a,) 0 stets gegen einen Randpunkt kon- 
vergiert. Ist nimlich und p(a,)—-0 und wire a kein Rand- 
punkt, dann ist p(a) >0. Andererseits gibt es aber eine Folge y, aus JY 
mit p(a,) =a’,Sy,, |y,|—=1, und man kann y,—y annehmen. folgt 
p(a,) > a’Sy= p(a) und das ist ein Widerspruch. Im Falle is 
b, =| a,|-1a, eigentlich konvergent. Wegen 


p(br) =| ay |p (ay) > 0 


folgt die Behauptung aber aus dem bereits bewiesenem Teil. Fiir eigentlich 
konvergente Folgen kann man diese Aussage umkehren. 


5. Automorphismengruppe und Norm eines Positivitatsbereiches. 
Fiir nicht ausgeartete Positivititsbereiche Y bezeichnen wir mit S(Y) die 
multiplikative Gruppe der umkehrbaren reellen n-reihigen Matrizen W mit 
WY =—Y und nennen 3(Y) die (lineare) Automorphismengruppe von Y. 
Sie ist offenbar unabhangig von der Auswahl der Charakteristik S vow Y. 

Fiir W aus 3(Y) und Charakteristik S von Y setzen wir W* =S"'W’S 


und erhalten 
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LemMA 3. Mit W gehort auch W* zu X(Y). 


Beweis: Wir zeigen zuerst W*Y CY fiir alle W aus 3(Y). Ware das 


| nicht richtig, dann gibt es ein y aus Y, fiir das W*y nicht in Y liegt. Nach 


Satz 1d gibt es dann a aus Y mit 0 >a’SW*y= (Wa)’Sy. Da aber Wa 
in Y liegt, ist das ein Widerspruch zu (P.1). Ersetzt man in der bereits 
bewiesenen Behauptung aber W durch W-', dann folgt schon W*Y —Y, 
d. h. W* liegt in 3(Y). 

Eine auf Y definierte Funktion f(y) modge nun eine Norm von Y 
heissen, wenn die folgenden Axiome erfiillt sind: 


(N.1) f(y) ist auf Y stetig, 
(N.2) f(y) >0 fiir alle y aus Y, 
(N.3) f(Wy) =| (y) fiir alle W aus 3(Y). 


Dabei bedeutet || W || den absoluten Betrag der Determinante | W| von IW. 
Die Existenz wenigstens einer Norm fiir jedes Y wird sich spater zeigen. 
Da fiir >0 und Einheitsmatrix # die Matrix AH zu gehort, zeigt 
(N.3), dass jede Norm eine homogene Funktion von Grade n ist. Ebenfalls 
wegen (N.3) ergibt sich trivial, dass 


dv—dy/f(y), dy dy" 


ein bei den Abbildungen y— Wy, W aus 3(Y), invariantes Volumenelement 
darstellt. Es ist leicht zu sehen, dass umgekehrt Y sicher dann eine Norm 
besitzt, wenn es ein in diesem Sinne invariantes Volumenelement besitzt. 

Wir wollen nun zeigen, dass jedes Y wenigstens eine Norm zulisst und 


definieren dazu fiir y aus Y 
N(y) =0/M(y), =M(y) = f o-v'St dt 
Y 


mit einer positiven Konstanten , die wir erst spiter festlegen wollen. Da 
es zu jedem Kompaktum K von Y nach Lemma 1 ein p(K)>0 mit 
y'St= p(K)|t! fiir alle y aus K und ¢ aus Y gibt, ist die Konvergenz des 
Integrals M(y) sichergestellt und N(y) ist in Y sogar reell-analytisch. 
(N.1) und (N.2) fiir N(y) sind dann trivial. Ist nun W aus 3(Y) 
gegeben, dann substituiert man in M(Wy) 


Wegen Lemma 3 erhilt man als Integrationsgebiet wieder Y und hat daher 
auch (N.3) nachgewiesen. 
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Die Norm N(y) ist also reell-analytisch und ausserdem noch monoton, 
denn wir hatten schon gesehen, dass aus a>6>0 immer a’St > b’St folgt 


und das liefert N(a) > N(b). 
Zum Schluss wollen wir noch einige Kistiestination von (1) zusammen- 


stellen. Es wird sich dabei zeigen, dass diejenige Untergruppen von 3(V), 


deren Elemente W der Bedingung || W || 1 geniigen, abgeschlossen ist. 


Lemma 4. Es sei W, eine Folge von Matrizen aus 


a) Ist W,—->W konvergent, dann liegt W fiir |W|40 in 3(Y), 
im Falle |W|=0 gilt WY CRd(Y) und es ist W=0 falls Wa=0 fiir 


ein a aus Y. 

b) Ist W,a fiir ein a aus Y beschrinkt, dann ist auch W, beschrankt. 

Beweis: a) Man hat nach Definition W,Y—Y und W,7Y=Y. Da 
aber wegen | W|0 auch die Folge W,-? konvergiert, folet WY CY und 

Im Falle | W | =0 gilt sicher WY CY. Ware jetzt WY keine Teilmenge 
von Rd(Y), dann gibt es a aus Y mit Wa € Y. Wegen (N.1,3) folgt dann 


0<N(Wa) =lim N(W,a) = lim | W, | = 0, 


also ein Widerspruch. 
Fiir die letzte Aussage von a) zeigen wir zuerst, dass auch W*a=0. 
Wire niamlich W*a=0, dann ist nach Satz la 


0 <a’SW*a = (Wa)’Sa=0. 


Ist nun y beliebig aus Y gewiahlt, dann liegt Wy in Y. Ware Wy 0, dann 
wieder nach Satz la 
0<aSWy = (W*a)’Sy =0. 


Es ist also Wy —0 fiir alle y aus Y, dh. V0. 
b) Fiir alle y aus Y mit | Sy|=1 folgt nach Lemma 1 
y'SW,a > p(a)| 


Andererseits sind die Elemente von W,a beschrankt, d.h. | W,a| Sy, und 


man hat® 
| S| Sy|| |/e(a) S72 


31, Yo usw. bezeichnen positive von vy unabhingige Zahlen. 
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oder y’ W*’,W*,y Sys. Jetzt ergibt sich aber leicht, dass dann die Elemente 


von W*, und daher auch von W, beschrankt sind. 
In ahnlicher Weise kann man noch zeigen, dass fiir jedes a aus Y die 
Gruppe der W aus 3(Y) mit Wa—=a kompakt ist. 


6. Ein invariantes Linienelement von Y. Es sei von nun an stets 
N(y) die spezielle reell-analytische Norm von Y nach 5. Ein positiv definites 
Linienelement 


ds? gui(y) dy*dy’ 


mige bei S(Y) invariant heissen, wenn die durch ds definierte Massbe- 
stimmung von Y bei den Bewegungen y— Wy, W aus 3(Y), invariant ist. 
Jekanntlich ist dies dann und nur dann der Fall, wenn 


W’-G(Wy)-W=G(y), G(y) = (guy) ) 
fiir jedes W aus 3(Y) erfillt ist. 
Satz 3. Das Linienelement 
ds* = ay) =— log N (y) /dy*y' 
kyl 
ist positiv definit und ber mvariant. 


Beweis: Die Invarianz dieses Linienelementes folgt trivial aus (N.3). 
Es muss lediglich gezeigt werden, dass H(y) = (hi(y)) in jedem Punkt 
y von Y als Matrix einer quadratischen Form positiv definit ist. Setzt man 


dazu z= St und 


My = 0M (y) /dy—=— dl, 
Y 
My = 0M (y) /dytdy? = f dt, 
Y 
dann folgt fiir x aus R" 
2[M(y) (y)a =2 > (M Mi: Mi) 
kyl 
kyl 
=> dt, f dt, + — 22,*20") 
kyl Y 
= dt, | dt,e-v'(*22) [ (a’z,)? + —2(a’z,) (a’22) | 
Jy Y 
— dt, f dt. (21422) | 
Jy y 


und daher ist fiir d.h. H(y) positiv definit. 


q 


MAX KOECHER. 


Aus einem invarianten Linienelement kann man bekanntlich eine invari- 
ante Metrik konstruieren. Sei dazu C eine ganz in Y liegende Kurve mit 
der Parameterdarstellung y= y(r), «7S, bei_der die Komponenten von 
y(r) stiickweise stetig differenzierbare Funktionen der (reellen) Variablen + 
sind. Wie iiblich definiert man dann die Lange von C in der durch das 
Linienelement nach Satz 3 gegebenen Massbestimmung durch 


— (9H (y) 9) |. 


Da ds bei &(Y) invariant ist, folgt sofort A(WC) =A(C) fiir jedes W aus 
>(Y). Setzt man ausserdem fiir a und b aus Y 


A(a, b) =inf{A(C): y(@) =a, y(B) =),C 


dann iiberlegt man sich sofort, dass A(a,b) eine bei 3(Y) invariante Metrik 
von Y darstellt, d.h. den folgenden Forderungen geniigt: 


(M.1) A(a,b) —A(b,a) 20, A(a,b) =0 nur bei a—Dd, 

(M.2) A(a,b) =A(a,c) +A(c,b) fiir a, b und c aus Y, 

(M.3) Es gibt zu jedem Kompaktum K von Y zwei Konstanten y > 0 und 
>0 mit y|a—b|SA(a,b) Sy’ |a—b| fiir alle a und aus 
K, d.h. die durch A(a,b) in Y induzierte Topologie ist mit der 
natiirlichen Topologie des R" aquivalent, 

(M.4) Fiir jedes W aus 3(Y) ist A(Wa, Wb) —A(a, bd). 

Zwei Probleme driingen sich in diesem Zusammenhang auf: 


(A) Ist es richtig, dass fiir Positivitatsbereiche die geodiitischen Linien 
der hier angegebenen Massbestimmung eindeutig bestimmt sind ? 

(B) Ist die Metrik A(a,b) vollstandig, d.h. strebt fiir jede Folge u, 
auf Y, die gegen einen Randpunkt von Y konvergiert, der Abstand A(a, «,). 


a aus Y, gegen Unendlich? 


Kine Klarung dieser beiden Fragen wire von grossem Interesse. 


7. Positivitétsbereiche mit Involution. Wie bisher sei S eine Charak- 
teristik von Y und W*=—S-'W’S. Wir hatten schon gesehen, dass mit W 
auch W* in 3(Y) liegt. 

Kine Abbildung y—y* von Y auf sich soll eine Involution von Y 


genannt werden, wenn fiir alle y aus Y gilt: 
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(L1) (y*)*=y, 
(1.2) N(y)N(y*) =const., 

(1.3) (Wy)*—W*"y* fiir alle W aus 3(Y). 

In diesem Abschnitt wollen wir zeigen, dass jeder nicht ausgearteter Posi- 
tivititsbereich wenigstens eine Involution zulasst. 


Fiir eine auf Y definierte und dort einmal partiell differenzierbare Funk- 
tion f(y) setzt man wie iiblich 


af (y) | 


grad, f(y) = 


Of (y) /ay" | 
Zu jedem y aus Y definieren wir jetzt ein y* durch 
y* = grad, log N (y). 


Man sieht sofort, dass sich die Euler’sche Differentialgleichung fiir die 
homogene Funktion N(y) in der Form y’Sy*—n schreiben lassen. Sei 
weiter fiir alle y aus Y 


H(y) =— (@ log N(y)/dy*dy'),  K(y) =— (dy**/dy'). 


dann erkennt man sofort die Richtigkeit von H(y) =SK(y) und daher ist 
stets | K(y)| 40, denn H(y) war nach Satz 3 positiv definit. Man kann 
also auch y als Funktion der Komponenten von y* auffassen und erhalt 
dann leicht K(y)K(y*) =F. Man beachte hier aber, dass bis jetzt keines- 
wegs bewiesen ist, dass y* auch zu Y gehoért. Durch Differentiation von 
y’Sy* =n erhilt man schliesslich noch y* = K(y)y fiir alle y aus Y’. 


Satz 4. Die Abbildung y— y* ist eine Involution von Y. Man kann 
N(y) so normieren, dass es ein c aus Y mit N(c)N(c*) =1 gibb. 
Nach dieser Normierung hat man an Stelle von (1.2) N(y)N(y*) =1 fir 
alle y aus Y. 

Beweis: Wir teilen den Beweis in mehrere Schritte auf: 


1) Beweis von (1.3): Sei W aus 3(Y), Wy=—z, dann folgt nach 
Definition 
(Wy) * = grad, log N (z) = grad; log N (y) 


= grad, log N (y) = 


und das ist die Behauptung. 
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Lagrange erhilt man als Bestimmungsgleichungen fiir } 


a= b*, N(b) =». 


jetzt aber a= (1/Ab)* schreiben und das ist die Behauptung 


3) Fir alle a und y aus Y ist a&Sy*=0. N(y) war nach 5 reell- 
analytisch, d.h. log N(y-+ Aa) ist in eine gewohnliche Potenzreiche nach 
Potenzen von A entwickelbar: 


log N(y + Aa) =log N(y) + Aa’Sy* +---, 


d.h. log{N (y + Aa)/N (y)} =Aa’Sy* +--+. Nach 5 war N(y) ausserdem 
monoton, d.h. fiir A>0 gilt N(y+aAa)>N(y). Fir 4-0 folgt dann 
aber schon die behauptete Ungleichung. 


4) y—y* ist Abbildung von Y auf sich. Nach 2) erhalt man als 
Bild von Y bei dieser Abbildung eine Punktmenge, die Y umfasst. Da diese 
Abbildung stetig ist, geniigt es offenbar, wenn wir noch zeigen, dass die 
Bildmenge in Y enthalten ist. Wiirde jetzt aber fiir ein y aus Y das zuge- 
hérige y* nicht in Y liegen, dann gibt es nach Satz 1d ein a aus Y mit 
a’Sy* <0. Nach 3) ist dies aber ein Widerspruch. 


5) Beweis von (1.1,2): Nach den bereits bewiesenen Rechenregeln 
hat man 
(y*)* =K (y*)y* =K (y*)K (yy =y. 
Zum Beweis von (1.2) setzen wir f(y) =N(y)N(y*) und erhalten 
grad, log f(y) = grad, log N(y) — K’(y) grad,+ log N (y*) 
Sy* — K’(y)S(y*)* = SK (y) (y—y**) =0, 
denn SK(y) war symmetrisch. 
6) Normierung von N(y): Man gibt sich ein a aus Y vor und setat 


in der Bezeichnung von 5 


M (a) =a", M(a*) =f", a>0, B>0O. 


2) Zu jedem a aus Y gibt es ein 6 aus Y mit a=b*. Man fragt 
dazu fiir gegebenes a aus Y nach dem Minimum der Linearform a’Sy unter [7 
den Nebenbedingungen V(y) (7 >0) und y aus Y. Dieses Minimum 
wird in einem Punkt 6 von Y angenommen und nach der Methode von . 


Nach der ersten Gleichung liegt also entweder b* oder —b* in Y. Wegen f 
b’Sb* = n kann aber nur b* ein Punkt von Y sein. Wegen 1) kann man f 
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Bei c= Va/B a folgt M(c) —M(c*). Die Konstate » in der Definition 
von V(y) fixieren wir jetzt durch o = M(c) = M(c*) und erhalten die noch 
fehlende Behauptung. 

Die hier definierten Matrizen K(y) sind iiber die bisherigen Zusammen- 
hange hinaus deswegen von besonderem Interesse, weil in allen bekannten 
Beispielen die folgende Frage positiv beantwortet werden kann: 


(C) Gehort fiir jedes y aus Y die Matrix K(y) zu 3(Y)? 


Eine allgemeine Losung dieses Problems wiirde fiir Positivitaitsbereiche einen 
Einblick in die Automorphismengruppe erméglichen. In Richtung auf (C) 
kann man jedoch vorlaufig nur beweisen, dass die folgenden drei Aussagen 
gleichbedeutend sind: 


(1) Fir jedes y aus Y gehort K(y) zu 3(Y). 

(2) Fiir alle @ und y aus Y und hinreichend kleines A > 0 gilt 
y* = (y+Aa)*. 

(3) Fir alle a und 6 aus Y mit a>b gilt stets b* > a*. 


Der Beweis dieser Aquivalenz soll iibergangen werden. 


Ausser den bisher erwahnten Higenschaften der Involution y— y* ist 
noch bemerkenswert, dass diese Involution mit der Metrik A(a,b) vertrig- 
lich ist, d.h. es gilt A(a*, b*) =A(a,b) fiir je zwei Punkte a und b von Y. 
Diese Invarianz ist leicht nachzuweisen, wenn man beachtet, dass fiir eine 
Parameterdarstellung y(7) einer Kurve C von Y das Bild C* von C bei der 
Abbildung y—>y* die Parameterdarstellung y*(r) hat. Ohne Schwierig- 
keiten zeigt man damit A(C) =A(C*) und der Ubergang zum Infimum 
liefert die obige Behauptung. 


8. Homogene Positivitatsbereiche. Kinen nicht ausgearteten Positivi- 
titsbereich Y nennen wir homogen, wenn es zu je zwei Punkten a und b 
aus Y ein W aus 3(Y) mit a—Wb gibt. Es soll von jetzt immer voraus- 
gesetzt werden, dass Y ein homogener Positivitiitsbereich ist. Wegen (N.3) 
in § ist eine Norm von Y dann bis auf einen konstanten Faktor eindeutig 
bestimmt. 

Das Verhalten von N(y) auf dem Rand von Y kann man vollstindig 
iibersehen, denn es gilt: 


Lemma 5. Ist aya, aaus Rd(¥), eine (eigentlich) konvergente Folge 
aus Y, dann konvergiert N(a,) gegen Nuil. 
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Beweis: Wir wahlen einen Punkt c von Y und bestimmen W, aus ¥(V) 
mit a,—W,c. Da die a, beschrankt sind, sind nach Lemma 4b die Matrizen 
W, beschriankt und wir kénnen ohne Einschrinkung annehmen, dass W, 
gegen eine Matrix W konvergiert. Wire hier | W| +0, dann liegt W nach 
Lemma 4a in 3(Y) und a kénnte kein Randpunkt sein. Es ist also | W| =0 
und wegen NV (a,) = || W, || N(c) folgt die Behauptung. 

Nach diesem Lemma ist also N(y) stetig auf Y fortsetzbar und wir 
bezeichnen diese Fortsetzung wieder mit N(y). 

Man kénnte in Analogie zu diesem Lemma vermuten, dass fiir jede gegen 
Unendlich konvergierende Folge auch die Norm nach Unendlich konvergiert. 
Dies ist jedoch nicht allgemein richtig, es gilt vielmehr nur 

Lemma 6. Fiir jede Folge a,=a> 0, die gegen Unendlich konvergiert, 
strebt auch N(a,) gegen Unendlich. 

Beweis: Mit geeigneten W, aus 3(Y) kann man a,=W,a schreiben, 
d.h. es ist a= W,1a, und die Vektoren W,-a sind beschrinkt. Wegen 
Lemma 4b sind dann wieder die Matrizen W,* beschriinkt und man kann 
ohne Einschrinkung W,*— W annehmen. Ware hier aber | W| 0, damn 
wiirde auch die Folge W, konvergieren. Da dies der Voraussetzung wider- 
spricht, ist | W]—0 und das ist die Behauptung. 

Wir kommen nun zu zwei wichtigen Eindeutigkeitssitzen. Es zeigt sich 
nimlich, dass ein Positivitaitsbereich, wenn er homogen ist, durch seine Norm 
eindeutig bestimmt ist. 

Satz 5. Sind Y, und Y. zwei homogene Positivititsbereiche mit den 
Normen N,(y) und N.(y) und gilt 

Ni(y) =N2(y) fiir alle y aus Yo, 
dann ist 
Beweis: Es geniigt, wenn wir 
Rd(Y¥,) N Y.=Rd(¥2) 
nachweisen, denn da Y, und Y, offene konvexe Mengen sind, folgt hieraus 
der Satz. Zum Beweis dieser Behauptung setzen wir fiir y aus Y,U Y, 


N(y) =N,(y), falls y aus Y;, N(y) =N2(y), falls y aus Y2. 


Nach Voraussetzung ist diese Definition eindeutig. Wiirde es nun einel 
Punkt a aus Rd(Y,) geben, dann wahlt man eine Folge a, aus 


die gegen a konvergiert. Jetzt folgt aber 


0 < N.(a) =lim N.(a,) =lim N,(a,) =0 
co 


yo 
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unter Verwendung von Lemma 5. Dieser Widerspruch lést sich nur, wenn 


die obige Behauptung richtig ist. 

Nach diesem Eindeutigkeitssatz ist es jetzt méglich, die Automorphismen- 
gruppe &(¥) auf eine neue Art zu charakterisieren. Es zeigt sich nimlich, 
dass 3(Y) genau aus den “ Hinheiten” der Funktion N(y) besteht. 


Satz 6. Hine reelle nicht ausgeartete Matrix W gehort dann und nur 
dann zu wenn WYNYSA@Q und | W|-N(Wy) =N(y) fir alle 
yaus WY NY. 


Beweis: Dass die W aus 3(Y) den angefiihrten Bedingugen geniigen, 
ist sicher richtig. Sei also umgekehrt W eine reelle umkehrbare Matrix mit 
den angegebenen Higenschaften. Wegen der Homogenitaét von N(y) kénnen 
wir ohne Hinschiinkung || W || 1 annehmen. Bei Y = WY hat man nach 


Voraussetzung 
YNYA0, N(Wty)=N(y) fiir alle y aus YNY. 


Y ist wieder homogener Positivititsbereich und wir kénnen als Norm 
N(y) =N(W~Yy), y aus Y, nehmen. Nach Voraussetzung ist dann aber 
V(y) =N(y) fiir alle y aus YM Y und Satz 5 ergibt Y—Y, W ist 
ein Element von 

In 5 hatte man gesehen, dass das Volumenelement dv = (dy)/N(y) 
bei den Abbildungen y— Wy, W aus &(Y), invariant ist. Da man anderer- 
seits ein Volumenelement der. durch H(y) (vergl. 6) definierten Massbe- 
stimmung in der Form V|H(y)| dy erhalt und dies fiir homogene Posi- 
tivitatsbereiche bis auf einen konstanten Faktor eindeutig bestimmt ist, folgt 
N?(y)-| H(y)|—=«a. Nach den Uberlegungen von 7 hat man jetzt 


dv* — ——_— dy* = || K(y) || N(y)dy = 


Erstetzt man in dieser Gleichung y durch y*, so folgt «= || S || und man hat 


H(y)| = 9 1/N*(y) 


nachgewiesen. 


9. Die Flache N(y) =1. Ist Y wieder ein homogener Positivitats- 
bereich, dann wollen wir unter der Normfliche von Y die Menge der y aus 
Y mit N(y) =1 verstehen. Wegen der Homogenitit von N(y) ist diese 
Normfliche zusammenhingend. 

Wir werden zeigen, dass sich die Normfliche fiir y—>0 iiberall an den 
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Rand von Y anschmiegt. Nach den Uberlegung von 4 geniigt es, wenn man i 
p(y) 0 fiir yoo unter der Nebenbedingung N(y) —1 nachweist. 

Man iiberlegt sich dazu zuerst, dass fiir N(y,) 1 die beiden Aussagen 
Yy—>o und y*,—oo gleichbedeutend sind. Ist namlich zum Beispiel y,—> 
und wiirde es eine beschrinkte konvergente Teilfolge der y*, geben, dann 
kénnen wir ohne Einschrinkung y*,—>a annehmen und a ist dann sicher | 
ein Randpunkt von Y. Nach Lemma 5 strebt N(y*,) gegen Null und 
N (yy) N (y*,) =1 ergibt einen Widerspruch. 

Wendet man Lemma 1 auf die in 7 bewiesene Gleichung y’Sy* =n an, 
so folgt p(y)| y*| <n fiir alle y aus Y, d.h. p(y) 30 falls y* 00. Wir 
hatten ober oben schon gesehen, dass fiir yoo, N(y) =1, auch y* 
gilt, so dass also 

p(y) 20 falls N(y) =1 


richtig ist. 


10. Die Gamma-Funktion eines Positivitatsbereiches. Wie bisher sei 
Y ein homogener Positivititsbereich. In Verallgemeinerung der Euler’schen 
Definition der T-Funktion definieren wir fiir eine komplexe Variable s mit 
Res=1 und a aus Y die Gamma-Funktion von Y durch 


r(Y,s) =[N(a)]* f, (y) dy. 


Zum Nachweis der Konvergenz dieses Integrals iiberlegt man sich, dass 
N(y) Sp|y|" mit geeignetem p > 0 fiir alle y aus Y gilt. Lemma 1 zeigt 
dann, dass '(Y,s) fiir Res =1 absolut konvergiert und dort eine holomorphe 
Funktion von s darstellt. Wegen der Homogenitit von Y ist sofort zu sehen, 
dass die rechte Seite nicht von der Wahl des Punktes a abhingt. 

Eine genauere Untersuchung dieser Gamma-Funktion wire von Interesse, 
denn man kann ['(Y,s) als einfachste analytische Invariante von Y auffassen. 
Ks ist zu vermuten, dass T'(Y,s) sich bis auf elementare Faktoren als Produkt 
von Funktionen der Form I(¢s+ 8) schreiben lasst. Fiir eine einfache 
Klasse von Bereichen wurde dies von S. Bochner bewiesen. 

Wir wollen jetzt eine wichtige Klasse von Integralen tiber Y berechnen, 
d.h. auf zuriickfiihren. 


Lemma 7. Ist f(x) fiir positive x stiickweise stetig und existiert fiir 
Res=1 das Integral 


I(f;s) = f(x)ar8 dx 
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absolut, dann gilt fiir diese s 


I(f3s)T(Y,8) 
g-1 
J, LNW) dy = 

Beweis: Hs sei dw(x) das durch dy auf der Hyperfliche | y | =. indu- 
yierte Flichenelement, d.h. "dw, wobei dann dw das Flachen- 
element fiir |y|—1 ist. Jetzt hat man fiir das zu bestimmende Integral 


[ae dw f (a a’Sy) [N (ay) ]* 


0 ly|=2 


wobei also das zweite Integral mit I(a) bezeichnet ist. Zur Bestimmung 
I(a) setzt man f(x) =e-* und erhialt 

[W (a) 8) (ns) 
also die Behauptung. 


Kine weitere Integralbeziehung geben wir ohne Beweis an: Es gilt fiir 
Res=1 


f dy r(Y,s) 

y [V(a+y)] [W(a)]* +1) 

und das linke Integral konvergiert absolut. Dabei bedeutet » die zur Nor- 
mierung von V(y) in 5 benutzte Konstante. 


11. Beispiele von Positivitatsbereichen. 


a) Der triviale Bereich. Es sei Y" die Menge der Vektoren des /” 
mit positiven Komponenten und S eine beliebige symmetrische Permutations- 
matrix von » Zeilen, d.h. eine symmetrische Matrix, bei der in jeder Zeile 
und jeder Spalte genau eine 1 und sonst Nullen stehen. Offenbar ist Y” 
ein nicht ausgearteter Positivitaitsbereich mit S als Charakteristik, den wir 
auch den trivialen Bereich des R” nennen wollen. Schon an diesem einfachen 
Beispiel sieht man, dass die Charakteristik S keineswegs immer positiv definit 
ist, unter den symmetrischen Permutationsmatrizen kommen vielmehr alle 
moglichen Signaturen vor. 

Nach 5 berechnet man die Norm bis auf einen konstanten Faktor zu 


N(y) =ILy* und ds? => (dy*/y )’. 
k k 


Fir die Involution nach 7 findet man y*’ = S-*(1/y', 1/y*,- - -,1/y"). Ohne 
Schwierigkeiten zeigt man ferner, dass die Automorphismengruppe %(Y") 
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genau aus den Produkten PD einer Permutationsmatrix P und einer Diagonal- 7 
matrix D mit positiven Diagonalelementen besteht. Die Gamma-Funktion © 


von Y” erhalt man in der Form T'(Y",s) = [T(s) ]”. 


b) Positive quadratische Formen. Sei m eine natiirliche Zahl und | 


n=m(m-+-1)/2. Fiir jede symmmetrische m-reihige reelle Matrix 9) = (y,) 
setzen wir 


Die Abbildung 9) —> f(¥)) ist dann eine eineindeutige Abbildung des Raumes 
aller symmetrischen reellen Matrizen von m Zeilen auf den Rk”. Sei nun 


Yp™ = {y: y=f (9), positiv definit} 


C41 
| 
0 
1 > 
S= 2 


dann priift man leicht, dass fiir a—f(%) und y=f(Q) stets 
a’ Sy = Spur (XY) 


erfillt ist. Offenbar ist dann Yp ein nicht ausgearteter Positivititsbereich 
des Rr. 

Ist 9 eine reelle nicht ausgeartete Matrix von m Zeilen, so liefert 
Y—>RYR eine eineindeutige Abbildung der positiv definiten Matrizen auf 
sich und in 


f(WYR)— WHY), WR) 


hingt die Matrix W nur von ® ab und ihre Komponenten sind homogene | 
quadratische Polynome in den Elementen von #. Die Gruppe &, der Matrizen § 


W—W(), ist eine Untergruppe von 3(Yp™), es ist leicht zu 
zeigen, dass S) mit der Automorphismengruppe iibereinstimmt. Man sieht 
aber sofort, dass schon 3, auf Yp™) transitiv wirkt, d.h. der Positivitits- 
bereich homogen ist. Ohne Schwierigkeiten findet man 


N(y) =|Q falls y=f(9), 
ds? (m +1) /2 (dyna), 
y* = (m+1)/2f(9*), falls y=f(9) 
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und nach C. L. Siegel ist 
p™, s) = TT (s[m +1] —&)). 
k=0 


c) Positive hermitesche Formen. Man setzt hier n =m? und betrachtet 
die hemiteschen Matrizen von m Zeilen und Spalten 


= (tu) Y=—Y, 
Fiir schiefsymmetrische Matrizen X = (2;;) setzen wir analag zu b) 
und definieren in der dortigen Bezeichnung 


Wie in b) findet man 


a’Sz= Spur(%B), a=h(%), 2=—h(B) 


und weisst nach, dass die Menge y==h(3), fiir die 8 eine hermitesch positiv 
definite Matrix ist, einen nicht ausgearteten Positivitiitsbereich Yp bilden. 
Eine hermitesche Matrix 8 heisst dabei hermitesch positiv definit, wenn x’3x 
fiir alle komplexen Vektoren r0 positiv ausfillt. Die Norm berechnet 
man hier zu 


N(y) =| falls y=h(B) 


und nach H. Braun gilt 


m-1 
Ss) (2a) m(m-2)/2 Il (ms + k) 
k=0 


d) Positivititsbereiche im R*. Von einem ganz anderen Typus als die 
bisherigen Beispiele sind die Bereiche, die wir jetzt untersuchen wollen. Sei 
dazu 

100 
0<p<1, a—1/p(p/(1—p))**, S=(010 
004 
Das Ziel dieses letzten Abschnittes ist es, zu zeigen, dass der Bereich 


u 
Y(p) ={y: y=|[ 0 < wert} 
Ww 


ein Positivitiitsbereich des R? mit S als Charakteristik ist. 
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Die Komponenten der Punkte des R* bezeichnen wir stets mit uw, v und 
w. Sind jetzt y, und y. zwei Punkte aus Y(p), dann hat man 


SY2 = + | wi | 
> + — & (UUs)? (V1 ) 


mit p(t) Man iiberlegt sich sofort, dass (1—p)/p 
das einzige Minimum von p(t) ist. Wegen p(r) =0 ist dann aber p(t) =0 
fiir alle #=0. Damit ist (P.1) nachgewiesen. Ist y, dagegen ein Punkt 
des Komplementes von Y(p), dann ist (P.2) in den Fallen u,=0 oder 
v,;=0 leicht zu sehen. Sind dagegen u, und v, beide positiv, dann ist 
| w, | Wir wihlen jetzt y, aus Y(p) mit den Nebenhedingungen 


We = — (w;/| |) 


und erhalten 


SY. = + 0,02 + 


= U,Uop(r) —a(| | 0, 
also ebenfalls (P.2). 


Die Bereiche Y(p) sind fiir 2o41 bisher nicht untersucht, der Fall 
2p=1 fiihrt auf die positiven quadratischen Formen in zwei Variablen. 
Da aber alle Y(p) gemeinsam mit den in a), b) und c) aufgefiihrten wich- 
tigen Beispielen als Positivitiitsbereiche unter einem gemeinsamen Gesicht- 
spunkt erscheinen, wire eine Untersuchung der Y(p) von grossem Interesse. 
Es ist zu vermuten, dass die Y(p), 2e41, nicht mehr homogen sind. 

Man kann schliesslich noch ohne grosse Schwierigkeiten zeigen, dass 
die Bereiche 

Y*, und Y(p) (0<p<}) 


bis auf affine Abbildungen alle Positivititsbereiche des R* liefern. Kine 
Klassifizierung der Positivitatsbereiche ist auch fiir n —4 noch relativ leicht 


moglich. 
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ON A PROBLEM OF WEYL IN THE THEORY OF SINGULAR 
STURM-LIOUVILLE EQUATIONS.* ? 


3y N. Aronszasn. 


1. In his famous paper [7] Weyl proposed the following problem: 


© 


Consider the singular Sturm-Liouville equation 

(1.1) — (px’)’+ (q—f)x=0, 0OSt<oa, 
with boundary condition at the regular endpoint ¢=0 

(1. 2.) sina 7(0) —cosz p(0)2’(0) =0. 


Suppose that the equation is in the limit-point case. Is the continuous spec- 
trum preserved if the boundary condition (1.2,) is changed into another, 
(1. 2g) ? 

A. Wintner stated a wider problem in a more general framework, namely, 
to investigate the changes in the spectrum of a self-adjoint problem when 
it is submitted to a one-dimensional perturbation (see P. Hartman [3]). 
Apparently very few papers have been published on this subject.2, There is 
one by Putnam [5] which deals with the problem in its original setting. 

Using a general theory of finite dimensional perturbations of spectral 
problems * the author was able to investigate the general problem of Wintner, 
showing in particular, that a one-dimensional perturbation can transform a 
pure point spectrum into a pure continuous spectrum and that for any self- 
adjoint spectral problem with simple spectrum, the part of the pure point 
spectrum contained in the limit spectrum can be made to disappear by a 
suitable one-dimensional perturbation. Jt was also proved that a part of the 
continuous spectrum, the absolutely continuous spectrum, is always preserved 
in finite dimensional perturbations. After these results were obtained, it 
became apparent that in the original setting of a singular Sturm-Liouville 
problem, most of these results could be achieved by using only the classical 


* Received January 21, 1957. 

1 Written under contract with the Office of Naval Research, Contract Nonr 583 (04). 

*The author’s attention was drawn to this problem in a conversation with P. 
Hartman. 

*This theory will be presented in a paper by W. F. Donoghue and the author on 
“Finite dimensional perturbations of spectral problems and approximation methods.” 
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background and recent results of Gelfand and Levitan [2]. This treatment 
of Weyl’s problem in its original setting is the subject of the present paper. 
In Section 2 we recall some properties of measures on the real axis and 
their relations to analytic functions in the upper half plane with positive 
imaginary part. In Section 3 we recall some essential facts from Weyl’s 
theory of singular Sturm-Liouville equations and apply the developments of 
Section 2 to obtain our basic theorem concerning the conservation of the 
absolutely continuous spectrum (Theorem 1). In Section 4 we formulate 
an essential part of the basic result of Gelfand-Levitan [2] in a slightly 
improved form due to M. Krein [4]. From this result we deduce a suilicient 
condition for a measure y» to be equivalent to the spectral measure of a Sturm- 
Liouville problem in the limit-point case, with p(t) ==1 (Theorem 2). This 
sufficient condition is used in the next sections to construct counter examples 
for Weyl’s problem. In Section 5 we construct a Sturm-Liouville equation 
which for one boundary condition has a pure continuous singular spectrum 
concentrated on a closed set of Lebesgue measure 0 whereas for all other 
boundary conditions it has a pure point spectrum with all eigenvalues isolated. 
In Section 6 we give first a characterization of the point spectrum for a 
boundary condition (1.2g) in terms of the spectral measure corresponding 
to another boundary condition, (1.2,) (Theorem 4). Using this charac- 
terization we construct an example of a Sturm-Liouville problem which for 
one boundary condition has a pure point spectrum dense on the whole real 
axis, whereas for all other boundary conditions the spectrum is purely 


continuous. 


2. We shall consider Lebesgue-Stieltjes measures on the real axis Rf; 
they will be given by a nondecreasing function »(A) normalized as follows: 
=0, p(A) = + 4(A—) ]. The letters p, v, p, etc. will stand 
for the functions as well as the corresponding measures: p(A) is che 
value of the function at A; »(S) is the measure of the set S; p{A} is the 
measure of the set {A} composed of the single point A, etc. The Lebesgue 
measure of a set S will be written | S|. 

All notions relative to a measure when written without mention of the 
measure mean relative to the Lebesgue measure; for instance: a.e. (almost 
everywhere), absolutely continuous, etc. 

A support of » is a set S such that p(R—S)=—0. We recall that p 
and v are called orthogonal if some of their supports are disjoint. 

The closed support of p» is the smallest among all closed sets which 


are supports of ». Two equivalent measures have the same closed support; 
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the converse is not generally true. In our considerations the closed supports 
will not be the most important; we will not even require that a support be 
contained in the closed support. However, we will impose another restriction 
on supports (see (2.1) below). 

A support S of p is said to be minimal rel. v if for any smaller support 
8, C S of p, v(iS—S,) =0. It is clear that each support S of » is minimai 
rel. » and that two measures yp and v are equivalent if and only if they have 
a common support which is minimal for each one of them rel. the other. 

In accordance with our general convention we say that a support of yu 
is minimal if it is minimal rel. to the Lebesgue measure. From now on we 


will assume 
(2.1) All supports of measures will be assumed minimal. 


It follows that if S is a support of a singular measure, |S|=0. Also 
if two absolutely continuous measures have the same support, they are 
equivalent. 

For a point measure (i.e. a measure with an enumerable support) we 
will consider only the smallest support (i.e. the set of all points with 
positive measure). 

Corresponding to a decomposition of » into mutually orthogonal measures, 
> We will consider supports S; of v, as admissible if they are 
mutually disjoint. We are especially interested in the Lebesgue-Jordan 
(L.-J.) decompositions p'=yp’+ yp”, where is the absolutely 
continuous part, w* the singular part, w’ the singular continuous part, and 
” the point measure corresponding to ». Corresponding admissible supports 
for these decompositions can be obtained from a classical theorem of De la 
Vallée Poussin (see e.g. Saks [6]): 


S°p = dp (é)/da exists and 0 < dp(é)/dA 
g 
S'p = B[du(é)/da exists and du(é)/dA=2], 
== 8S” = ts discontinuous at é], 
g 


For our needs it will be more convenient to replace these supports by 
a slightly different system connected with analytic functions with positive 
imaginary part in the half-plane, Img>0. We recall some of the funda- 
mental properties of these functions. Each such function ¢(¢) has a canonical 


representation of the form 


(2.2) $(£) =of +o+ f +1)*]dp(A), 
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with »=0, o real, and » a positive measure such that 


(2.3) f (A <0. 


Conversely, each choice of such w, o, and p, defines by (2.2) a function ¢(£) 
with positive imaginary part for Img> 0. 

In the following properties we will use for a real € the expression 
in an angle” meaning that for some 0 <e< converges to 
remaining inside the angle «<< Arg({—&é) <a—e. The statements below 
are well known. 

I. For & a.e. in R, 6(€) converges to a finite limit when €—é in 
any angle. 

II. If exists (may be finite or infinite) Tm $(A)— /da) 

when £—>€& in any angle. 

Ill. If the upper derivative of u at é is infinite, then lim sup Im $(é + t) 

7 NO 


== 60 . 


IV. For every (€—£)$(€) converges to p{é} —=p(E+) —p(E—) 
when £—>€ in any angle. 


We now define our standard supports for the parts of » in L.-J. decom- 
position as follows: We suppose that m satisfies (2.3) and with any o 20 
and o real, we form the function ¢(f) by (2.2). We then put 


(2.4°) S®°=—H[lim¢(é) exists and is finite and limIm¢(£)>0 when 
g 
€—é in any angle}. 


(2.41) St'= ¢(f) when in any angle]. 
g 


(2.4’) == 00 and (£—£)¢(¢) 0 when € in any angle]. 
g 

(2.4”) = [lim (€—¢)¢(f) > 0 when € in any angle]. 


That these are admissible supports follows immediately from the state 
ments above by using the supports of de la Vallée Poussin. We have here 
S? > S*tp, whereas there is no generally valid inclusion relation between Ne 
and S°p. 

It is obvious that the standard supports depend only on the measur | 
and not on the choice of the constants w and o. It would be easy to define 
them without assuming the restriction (2.3) on » but it is immaterial for ¢ 


us, since all the measures in which we are interested satisfy (2.3). 


i 


an 


(dx) 


le]. 
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All the standard supports are contained in the closed support of » but 
they are not necessarily contained in the closed supports of the corresponding 
parts of ». It may even happen that the singular measure p* is =0 with 
the support S* nonvanishing. 


* Remark. For two equivalent measures » and y the standard supports 
may be quite different. It can be proved quite easily, however, that if the 
derivative du(A)/dv is given by a function r(A), continuous and positive 
on the whole real axis, and satisfying on each finite interval a Lipschitz 
condition, the standard supports for » and vy are the same. 


3. In the original setting for Weyl’s treatment of equation (1.1) with 
boundary condition (1.2), it is assumed that p(t) and q(t) are continuous 
and p(t) is positive for OSt<oo. As usual, we form the solutions ¢,(t, £) 
and wa(t.¢) of equation (1.1) determined by the initial values 


f) = sin a, da (0, £)p(0) 
Wa(0,f) = cos 2, (0, ¢)p(0) = sin «.* 


In the limit-point case there exists for each non-real a unique com- 
plex number m,(£)—the limit point—such that ¢a(t,f) + is 
in L°(0,00). It is known that m,({) is analytic and with positive imaginary 
part in the half-plane Img>0. It is also proved that in the canonical 
representation of mg(f) of type (2.2), the constant » 0. Hence 


(3.1) 


(3.2) malt) + 1)*]dpa(a), 


Where the measure pg satisfies condition (2.3). 

The measure pg is the Weyl spectral measure of the problem. Intro- 
ducing the L.-J. decompositions of pa, we get the traditional spectra defined 
as follows: The closed support of pg is the spectrum of our problem; the 
support of p”, is the point spectrum; the closed support of px + p’a is the 
continuous spectrum. The closed support of p, minus all its isolated points 
(which belong to the point spectrum) forms the limit spectrum (sometimes 
called the essential spectrum). We may add here the absolutely continuous 
spectrum which is the closed support of p%, and the singular continuous 
spectrum which is the closed support of p’..° 

‘The primes denote differentiation with respect to ¢. 

*It is well known that these sets by themselves do not give an adequate repre- 
sentation of the spectral decomposition corresponding to the problem. It is rather the 
corresponding measures (or any measures equivalent to them) which should be con- 


sidered as representing the spectra. 
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The function m,(£) and mg(f) for two different boundary conditions 
satisfy the following relation, where we put y—B—a: 


1}/{ma(%) + cotg y}.° 


It will be more convenient for us to write this formula as follows: 


mp (fl) = {ma(¢)cotg y 


(3.3) [ma(¢) + cotgy][me(¢) —cotg y] =— 1/sin* y.’ 


We may define the standard supports S%q, -, for 
the L.-J. decompositions of p, and pg by using, for $({), the functions 
ma(f) +cotgy and mg(f)—cotgy respectively. A simple inspection of 
the definitions (2.4°) and (2.4') and formula (3.3) shows that S°, = 8%, 
and that S8'g—0. Hence our theorem: 


THEOREM 1. For two distinct boundary conditions (1.2,) and (1. 2g) 
the absolutely continuous parts of the corresponding spectral measures are 
equivalent, whereas the singular parts are orthogonal. 


This gives the positive part of our answer to Weyl’s problem. ‘lhe 
absolutely continuous spectrum does not change when the boundary condition 
is changed. 

In the following sections we will construct examples showing that in 
general the singular continuous spectrum is not preserved. 


Remark. In his paper, Putnam [5] proves the following statement: 
If in some open interval J, pq is absolutely continuous relative to pg for one 
Ba, then it is absolutely continuous in J relative to pg for all B’. From 
our theorem we can conclude more, namely: that under the hypothesis of 
Putnam, p, in I is absolutely continuous and equivalent to the absolutely 
continuous part of pg for all ~’. 


4. In order to construct the examples mentioned above, we need some 
information about sufficient conditions for a measure » to be equivalent to a 
spectral measure of a singular Sturm-Liouville problem in the limit-point 


* This formula can be found in the book of Coddington and Levinson [1], Exercise 
8, page 257. 

*In the general theory of perturbations of spectral problems (developed in the 
forthcoming paper of W. F. Donoghue and the author) where the change from one 
boundary condition to another takes the aspect of a one-dimensional perturbation, the 
two square brackets multiplied by + siny are the determinants of the two opposite 
perturbations, and formula (3.3) is a special case of the general composition formula 
for the determinants of perturbations. 
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case. For this purpose we will recall briefly some recent results of Gelfand- 
Levitan [2] in an improved form due to Krein [4]. 
For a measure y» define the function o(A) for \=0 


(4.1) o(A) =p(A) for 
Consider now the following conditions: 


(4.2) The closed support of p possesses a finite limit point. 


0 
(4.3) For some 0<2, f exp{(—A)4t}du(A) <exp(t’) for sufficiently 


large positive t. 


(4.4) The integral cos(A4l)da(A) is absolutely convergent for all 
1 


0=t<o and defines a function a(t) with continuous k-+ 3 


derwatives. 


THEOREM OF GELFAND-LEVITAN. If p(A) satisfies the conditions (4.2), 
(4.3), and (4.4;) for some k =0,1,2,--- then p is the Weyl spectral mea- 
sure for a uniquely determined Sturm-Liouville problem —x” + (q—£)« 
=0, 2’(0) =tangaxr(0) where —4dn<a<4n, g(t) has k continuous 
derwwatives and the problem is in the limit-point case. 


Remark 1. From the relation between a(¢) and q(#) (given by Gelfand 
and Levitan [2]) it follows easily that if a(t) is analytic in the real variable 
t for Ot <oo, then so is also the function q(t). 

We can now give sufficient conditions for a measure p to be equivalent 
to a spectral measure of a singular Sturm-Liouville problem in the limit 
point case. 


THEOREM 2. Let p» be a measure satisfying (4.2) and let {&}, 
1=0,1,2,---, be a strictly increasing sequence such that &=—1, 
=0 for and p(Eu1) —p(&)>0 for all l. If for some 
k=0, the condition 


~ 


is satisfied, there exists a measure p equivalent to p such that p is the spectral 
measure pq of a Sturm-Liouville problem in the limit-point case, with p(t) = 1, 
q(t) k times continuously differentiable and —4ixr<a<4n. In addition, 
for each bounded part of a support of p there exist constants C, and C, 
such that 0< Cy < <0, 


| 
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Proof. We construct a measure p equivalent to » and which satifies the 
conditions in the Gelfand-Levitan theorem. Obviously, for every p equiva- 
lent to w (4.2) is satisfied. In order to fulfill condition (4.3) we proceed 
as follows. In each open interval (—n;—n-+1), for n=1,2,- - - we put 
dp(A) = exp(—A?) +1) unless there is no mea- 
sure in this interval, in which case we put dp(A) =0. For each n—1,2,: - ., 
for which p{—n} > 0, we put p{—n} —exp(—n’*) ; if n{—n} —0, we put 
p{—n}=0. It is easy to check that p so defined on the left axis is equiva- 
lent there to p, satisfies condition (4.3), and also the last condition in the 
theorem. 

We define now the measure p on the half axis A2O by putting 
p{0} = ]u{0} and on each interval 


(E13 dp (A) = * — EA] (G1) — (A). 


p(A) defined in this way on the positive axis is obviously equivalent to p 
and satisfies the last condition in the theorem. Also like w(A), p(A) is con- 
tinuous at the points €, 1/= 1. 

To prove condition (4.4,) consider for A20, o(A) =p(A) — 2m". 
Since = p(0) = 0 and p(én1) — p(&) = 277 [4.13 we have =0 
for all 1. 

We show first that the integral defining a(t) is absolutely convergent. 
In fact 


bes 
f | do(a)|— f |doay| +3 | do(A) |, 


* 
e 


& ) 


Condition (4.5) implies that there exists a constant c such that £1 < ¢é&, 
1=1. It follows that the last expression is majorated by 2(1 + c)x? i d7tdy 
and hence 


f A* | do(A)| S f | do(A)| + 2(1 + < 00. 


1 


Next we express a(t) as follows 


head 
a(t) = cos (Abt) dao (A) + ¥ dt cos (A3t) do (A) == Uo (t) + u(t). 
71 é 
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To prove condition (4.4;) it is now sufficient to show that the («+ 3)-th 
derivatives of w,(¢) form an absolutely and uniformly convergent series in 
every finite interval of the variable 7. 

By partial integration and using the fact that o(é) 0, we get 


in 


cos 
| 4 4(k-1) — 14 3% | 


In the interval (£;&41] we have 


| o(A)| = | o(A) —o(€)| 
max {2a [At — &2], [p(A) — ]} S 2a * — 


hence by using &,1 < c& we get the evaluation 
Reference to (4.5) finishes the proof. 


Remark 2. It is clear from the proof that the sum in (4.5) essentially 
bounds the (4+ 3)-th derivative of a(t). Again, by using the relations 
between g(t) and a(t) we obtain the following statements: if the sum is 
finite for all &, a(t) and q(t) are of class C®; if the sums are bounded by 
(M*k!, a(t) and q(t) are analytic. 


Condition (4.5) will be the one to be used in our examples. It is of 


‘interest however to replace it by a condition more directly connected with 


the structure of the measure p. 
Let (A;3A’;) be all the component intervals of (1; 0)—S where S is 
the closed support of yu. 


THEOREM 3. The existence of a sequence {&} satisfying the require- 
ments of Theorem 2 is equivalent to the condition 
(4.6) AED) (AG — AU)? Lo. 
i 
Proof. Necessity of (4.6). Since the intervals (4;;\’;) cannot contain 
any of the intervals (£;&,:], each of the former must be contained in one 
of the latter or in the union of two consecutive intervals of the latter kind. 


denotes summation over all i such that C (é13éu2] we get 


forl>1 (constant satisfying S cé:) 
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DO — i)? S — &)? 
VN; —,)* < : 


By adding up these inequalities we obtain (4.6) from (4.5). 


Sufficiency of (4.6). We choose a sequence {m} satisfying all the con- 
ditions of Theorem 2 (when € is replaced by m) except perhaps the condition 
—p(m)>0. This is obviously always possible.® 


We arrange the sequence of intervals (43 yn+:] into successive groups of 
consecutive intervals so that the total measure » of each group be positive. 
We define these groups successively, each time choosing the smallest group 
with positive total measure. All the groups are finite (because of (4.6)) 
and hence they form consecutive intervals (7,3 n,,], 1=0,1,2,- +, with 
the following properties: 1°: mn; are strictly increasing integers, )=(, 
m1; 2°: if and 1=1, there exists an interval (Aj, 
such that < Ai, Syn, SN now put If 
then the term £24 (&,,—&)? is part of the sum (4.5) 
written for 7 and the sum of these terms is finite. If nj,.—1>m, /=1, 
then by 2°: — 1)? S — Ai)? + — Since 
(4.6) implies that for some constant ¢, A’; ¢,A; it follows that 


hence the sum of these terms is again finite by (4.6) and by (4.5) written 
for 7. Thus (4.5) is proved for {€} and obviously this sequence satisfies 


all the other conditions of Theorem 2. 


Remark 3. The preceding proof can be extended easily to prove that 
the sum (4.6) admits of a majoration CM*k! if and only if there exists a 
sequence €, satisfying the conditions of Theorem 2 such that a similar 


majoration of the sum (4.5) is true. 


5. We construct the first example announced in Section 1. Consider 
a sequence defined for all integers 1 with —N <1<o 


For instance for a suitable 7> (log 2)~, we can put 7, =7log(l+ 1). For this 
choice > 7,2? (9144 — 11)? is finite for all k and of order of magnitude Cce*k! for all 
e>0O and suitable constants Ce. 

° This evaluation is valid for k>1. For k=0 it is obvious how it should be 


changed. 
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We suppose that < &,, for all 1, >1, and that when 00, and 
| finally that 


(5.1) 


In each interval (&; £41) take a closed set S, dense in itself, with | 8,;| = 0. 
We define a Sturm-Liouville problem —2”’ + (q—)x=0 with boundary 
condition 2’(0) —tanga2(0), with continuous q(t), and —4n<a< 4z, 
F such that the spectral measure p, is a pure singular continuous measure with 
| support SUS; This problem will be such that for any other boundary 
| condition with 8=4a%modz, pg will be a pure point measure concentrated 
on isolated points in the complement of S. To this effect we first construct 
for each S; a continuous singular measure p»; with support S; such that for 
; each €€ 8; the upper derivative of p; at € is oo. It is well known that 
such measures exist. 

We then define »= Sp: It is clear that for support, » has the set 
S=U 8S, and that for each €€ S, du(€)/dA=o. If we now construct, as 
in Theorem 2, the measure pp, and the corresponding Sturm-Liouville 
problem, the measure pg will be pure continuous singular with support S 
and dpg(é)/dA=oo for each €€ 8. 

Consider now any 8+4a¢modz and apply statement IIT of Section 2 to 
ma(€) + cotgy, where y==-8B—a. We see that 


lim sup Im[m,(é + ™) + cotg y] =o 

7 No 
for every €€ 8. It follows from formula (3.3) that 

lim inf | mg(é + in) —cotg y | =0 

7 No 

| for €€ 8. By definitions (2.4°) and (2.4') supports S°g and S', are dis- 
joint from S. From Theorem 1 we know that S°s—0 and hence 8‘, is the 
whole support of the measure pg and lies in the complement of 8S. But on 
this complement the function m,(¢) + cotgy is analytic and real with simple 
} zeros, one at most in each of the components of the complement of 8. Hence 


S's is the set of all zeros of m,(£) + cotgy in the complement of 8. This 
proves all our assertions. 


Remark. Tf we choose the sequence é; so that } é2% (£1 — 1)? be finite 
p 


for some k = 1, or finite for all k=0 and majorated by CM*k!, we would 
get in our example q(t) k-times continuously differentiable, or analytic, 
Tespectively. 
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6. Before we construct the second example we prove the following 


theorem 


THEOREM 4. Consider the Sturm-Liouville equation (1.1) and two 
boundary conditions corresponding to aA Bmodz, y—=B—a. In order that 
E be in the point spectrum relative to the boundary condition (1.2g) it is 


necessary and sufficient that f (A — £)-*dpa(A) <0 and that m,(€) + cotgy 
== (), 


Proof. By statement 1V in Section 2 we know that for the point é to 
have a positive mass pg{é} it is necessary and sufficient that 


lim £) [mg (£) —cotg y] = 


when £—€ in any angle. By (3.3) this condition is equivalent to 
lim ({— €)~*[ma(¢) + cotg y] = [sin’ ypp{}]* 


In the last equation put £=£-+ iy, » \0. Using the expression (3.2) we 
obtain 


Re[(t)"*{cotg y + oa + Sta — £—in)* —d(A? + 1)*] dpa(A)}] 
=f + 


The last integrand is a decreasing function of » for each \ and it follows 


that for 7 \,0 the integral converges to f (A—&)-*dpg(A). Thus we get 
It follows further that 
—cotgy+oa+ f + = 0 


This gives the necessity of our conditions. If the conditions are satisfied, 


then by the last equation we can write 
cotgy + ma(t)— Tapa) 
=(¢—8 f 
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In view of our conditions, the quotient of this expression by (€-—&) converges 


to f (A—€&)-*dp.(A) when £—€ in any angle. Then by reversing the 


previous argument we arrive at the conclusion that pg has a positive mass 
at the point é. 

In our next example we choose an arbitrary enumerable set S dense on 
the whole real axis and construct a Sturm-Liouville problem such that for 
one &, pa is a pure point measure with support S, whereas for all 84 amodz, 
pg Will be a pure singular continuous measure. To this effect we will assign 
to each €€ S a positive measure p{é} in such a way that the total measure 
in any finite interval be finite, and for each real é the quotient »(I)/| I |? > 
for at least one sequence of intervals J containing € and converging to é. If 


this condition is satisfied then obviously for each é we have f (A — €)-*dp(A) 


=o and this will be true also for the equivalent measure p= p,q defined in 
Theorem 2 (by virtue of the last assertion in this theorem). Therefore by 
Theorem 4, for all 8A amodz there cannot be any point spectrum. On the 
other hand, there cannot be any absolutely continuous spectrum since there 
is none for pg (see Theorem 1). Hence pg is a pure continuous singular 
measure. 

There remains the construction of the measure p. We define it in each 
of the intervals (J;/-+-1]. Since the construction is completely similar in 
each interval we shall do it only for (0;1]. We consider consecutive 
subdivisions of the interval in 2* subintervals, I,,;— (2*(t—1) ;2*], 
i=1,2,---+,2* k—=1,2,3,---. To each subinterval we assign a point 
&i€ SO I;,; in the following way. We consider the points of 8 as arranged 
in a simple sequence, 41,72," To each of the intervals J,,; we assign the 
first element of the sequence {yn} which lies in this interval. If the & 4 are 
already defined for all k << ko, we define &,,; as the first element in {yn} 
which lies in J;,,,; and which was not assigned to any previous interval. It is 
clear that in this way we will assign points &; to all intervals 4,,; and the 
set of all &; is exactly equal to SM(0;1]. To the points & 4 we assign 
the measure p{&.;}—3-*. The total measure for the interval (0;1] is 


then (2/3)* = 2. 
1 
Consider now any point é with 0 <é=1 and the sequence of intervals 


containing We have p(Iyi,) > =3, | |= 27%, hence 
Dini, |? > (4/3)* > which finishes the proof. 


Remark. Since in the above example, there are no intervals with p- 
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measure 0, the developments of Section 4 allow us to construct a corres- 
ponding Sturm-Liouville problem with an analytic function q(t). 
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CHARACTERIZATION OF POSITIVE REPRODUCING KERNELS. 
APPLICATIONS TO GREEN’S FUNCTIONS.* ? 


By N. Aronszagn and K. T. SmiruH. 


1. Introduction. The object of this paper is to prove a theorem which 
characterizes the proper functional Hilbert spaces whose reproducing kernels 
are positive. Since certain Green’s functions are among the most important 
examples of reproducing kernels, it is natural that the general theorem 
leads to results about the positiveness of Green’s functions. 

Not all Green’s functions are reproducing kernels; those and only those 


are which correspond to positive definite differential problems of sufficiently 
high order. This restriction on the order is avoided by use of the notion 
of pseudo-reproducing kernels for general Hilbert spaces. Details of the 


underlying theory of pseudo-reproducing kernels are not given, except for 
those basic definitions and properties which are necessary to make clear the 
application of the abstract theorem about positiveness. 

toughly speaking*® in the case of a self-adjoint elliptic problem, the 
Green’s function exists if the problem is well posed, i.e., if there exists no 
solution to the homogeneous equation satisfying the homogeneous boundary 
conditions (in other words if 0 is not an eigenvalue of the corresponding 
eigenvalue problem). A Green’s function exists and is a reproducing or 
pseudo-reproducing kernel if and only if the problem is definite positive (i.e., 
if all the eigenvalues are positive). Our abstract theorem about reproducing 
kernels gives necessary and sufficient conditions in order that a Green’s 
function corresponding to a positive definite problem be positive. We do 
not know if there exist positive Green’s functions corresponding to problems 
which are not positive definite. 

In the case of second order problems the question of which Green’s 
functions are positive is answered completely by a proof of the equivalence 
of the following statements: (i) the problem is positive definite and (ii) the 


* Received January 21, 1957. 

‘Paper written under contract with the Office of Naval Research Nonr 583 (04). 

* The additional restrictions under which the following statements can actually be 
proved are stated in Section 4. 

* This excludes from our considerations the Neumann function for Au=0; this 
function actually changes sign in the domain. 
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Green’s function exists and is positive. In the case of higher order problems 
there are examples showing that (ii) does not follow from (i) even in case 
of the square of the Laplacian and the boundary conditions v= du/dn = 0.' 
However, we give examples of fourth order problems where it can be proved 
by the abstract theorem that the Green’s function is positive, and where a 
simple direct proof does not seem to lie near at hand. The results are not 
restricted to problems about domains in Euclidean space. They are stated 
and proved for problems about relatively compact domains in oriented dif- 
ferentiable manifolds. 

The question of positiveness of Green’s functions is a very old one. For 
special cases like the Laplace equation with Dirichlet boundary condition, 
it goes back to the classical papers of C. Neumann and H. A. Schwarz where 
the positiveness of the Green’s function is an important tool in investigations. 
Since then the positiveness of the Green’s function was proved by many 
authors in many special cases of second order problems. Since for such 
problems with Dirichlet boundary condition the positiveness of the Green’s 
function is closely related with the maximum principle, we should mention 
here the work of E. Hopf [12] who investigated this principle for the most 
general second order equations. It would seem that the first formal recog- 
nition of the relation between the positiveness of the Green’s function and 
the positive character of the differential problem of second order with the 
Dirichlet boundary condition can be found in the thesis of Bleuler [13]. 

Our results on second order problems include as quite special cases 
some of the results of Bergman and Schiffer [6],° and can be proved, in a 
heuristic manner at least, by following the lines set forth by Bergman and 
Schiffer in the special cases. The difficulty in this approach lies in the lack 
of general information about the sets of points on which solutions to the 
differential equation are zero. Our method does not require information of 
this kind. 


2. Reproducing kernels. ‘he main theorem of the paper, Theorem 1 
below, gives necessary and sufficient conditions in order that the reproducing 


“The problem of positiveness of the corresponding Green’s function in ease of two 
variables is the famous problem of Hadamard stated in the first decade of this century 
and solved negatively less than ten years ago by Duffin [7] and Garabedian [8]. 

5 These authors consider only the differential operator — A + p, p>0O, and consider 
boundary conditions slightly more special than ours; they consider explicitly only the 
case of 2 variables. However, they treat two questions related to the question treated 
here; when a Green’s function is positive, and when one Green’s function is larger than 
another. The second question is not discussed in this paper, but will be discussed from 
a similar general point of view in another paper. 
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kernel K (x,y) of a proper functional Hilbert space be non-negative.® It is 
proved in [2] that condition (a) in the theorem below is necessary and 
sufficient in order that K(z,y) be real.’ 


THEoreM 1. Jn order that the reproducing kernel K(a,y) of the 
proper functional Hilbert space F be non-negative it is necessary and 
sufficient that F have the two properties 


If we F, then F and |i || ul. 


For each real-valued u€ F there exists TE F such that 


for all x and | S| ul. 


Proof. Assuming that ¥ has the properties (a) and (b), let we &, 
u be real-valued and let & be such that (b) holds, and set ut —4$(a%@-+ wu) and 
}(i—u). Clearly ut and w are both non-negative, and ut + u- 
and u==ut—u. By using (a) it is proved easily that the scalar product of 
real-valued functions is real. Therefore, from || @ || || wu] it follows that 
(u-,u*) = 0, and hence that (w,w) = (w,u*)-— S—]|u|*. By 
virtue of the result from [2] is real- 
valued for every y so that this inequality can be applied to w=K, to give 
0= K,(y) = (K,,K,) =—| K, This is possible only if K, =0 so 
that K, K,* = 
Assuming that K(a,y) 20, for each real-valued we #, let wu’ and 
be the projections of w and of —w on the closed convex cone with vertex 0 
generated by the set {K,}. Then for every p=O and every v in the cone, 
u—u’ ||? = || w—w’ — pv ||*, from which it follows that for every v in the 
cone (w’—u,v) 20. Applying this to v= K,, we obtain w’(y) Zu(y) for 
every y. Similarly, w’(y) 2—-u(y) for every y. Since K(a,y) ’ non- 
negative, both wu’ and w” are non-negative. so that if 7=wu’-+ wu”, then 
u(r) =/u(x)| for all x All that remains is to show that | S| u| 
This was done in another paper [5], but since the proof is very short it 


bears repetition. 


* A proper functional Hilbert space is a Hilbert space whose elements are functions 
on a basie set €, such that the value of a function at any point in € is a continuous 
linear functional. ‘To each proper functional Hilbert space § there corresponds a 
function K(a#,y), called the reproducing kernel of ¥, defined on € x & and having the 
properties: 

(a) for each y € &, the function K,(#) = K(z,y) belongs to €. 

(b) the reproducing property: for iat weF, u(y) = (u, K,) 

*If u is a complex valued function, @ is its tees conjugate; i.e., @(#@) is the 


complex conjugate of u(r). 
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If ¢’, a, and ¢” are the angles between wu and w’, uw’ and w”, and w” 
and —vu, respectively, then, as w—vu’ is orthogonal to wv’ and —u—vw” is 


orthogonal to uw”, the inequality to be proved takes the form 


| (cos* + cos* + 2cos cos cos a) | w 


\ 
\ 


II/ 


which is easy to establish with the aid of the inequalities 0=4¢’ 


Remark 1. If condition (a) holds for a set of functions which is dense 

in #, then condition (a) holds for all function in ¥. If condition (b) holds F . 
' for a set of functions which is dense in the set of all real-valued functions 
in #, then condition (b) holds for all real-valued functions in F. 

Remark 2. The following statement about matrices is a consequence of 
Theorem 1. Let {aij} be a real positive definite matrix. In order that every 
element in {aij} be non-negative it is necessary and sufficient that for each 
real vector u there exist % such that | u;| for all iand > afi; 

3. Pseudo-reproducing kernels. The functional spaces which are oi h 

use in differential problems are proper functional Hilbert spaces in problems a 
, of order larger than the dimension of the underlying Euclidean space. In 

problems of smaller order the spaces are more general functional [ilbert g 

spaces in which the functions are not defined everywhere. p 

A functional space is a normed linear class ¥ of functions on a basic p 
set €, each defined except on some exceptional set belonging to a hereditary . 
o-ring Y% (the exceptional class of sets). It is assumed that the norm in J " 
has the property that if |u,—w||—>0, then, for some subsequence {t,,}. L, 
Un, (2) u(x) except on a set in A complete discussion of functional 
spaces and functional completion can be found in [5]. 

Let » be a o-finite complete measure on a set €. The class of measur- (: 
able subsets of € of finite measure will be denoted by €’, the sets in €’ by It 
x’, y’, ete. A p-measurable functional Hilbert space is a functional [Hilbert . 
space ¥ on the basic set € such that: (a) all the exceptional sets are of ™ 
measure 0, (b) each w€ F is integrable on every 2’€ €’, (c) if |u|! 49, 
then f udp-~0 for some 2’ € €’, and (d) for every w’€ udp is a 

2’ — 
continuous linear functional of w.° 

A p-measurable functional Hilbert space ¥ determines a proper func- ar 
tional Hilbert space ¥’ whose basic set is the class €’. &’ consists of al! Ss 

not 


8 The definition is valid for general incomplete spaces. In case of a complete space. 


in particular in case of a Hilbert space, (d) follows from (a), (b), (ce). 
if 
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functions u’ to which there corresponds some wu € ¥ such that u’(2’) = f dp 


for every 2 € &’. The mapping uw’ is one to one, and when (w’,v’) is 
defined to be (u,v), it becomes a Hilbert space isomorphism between # 
and #’. The reproducing kernel for #’ is the function K’(2’, y’) = (uy, uz’), 


where € ¥ is such that for every &, f v dp = (0, Uz’). 
a’ 


A pseudo-reproducing kernel for a y-measurable functional Hilbert space 
F is a function K(2,y) with the property that for every v and y’ in €’, 


K(2,y) is integrable over 2’ X y’, and K’(a’,y’) = K (a, y)dp(y)dp(a). 


It is clear that this condition determines K(a2,y) a.e. on EX €.° 

Since K’(z’,y’) is an additive function of the rectangle 2 X y’, it can 
be extended to an additive set function on the ring generated by the 
rectangles, so that by the Radon-Nikodym theorem, a necessary and suffi- 
cient condition in order that the p»-measurable functional Hilbert space # 
have a pseudo-reproducing kernel is that the function K’(a’,y’) be an 
absolutely continuous function of the rectangle 2 x 7. 

If a measure and a function K(2,y) integrable over all are 
given, then a necessary and sufficient condition in order that K(z,y) be a 
pseudo-reproducing kernel for some p-measurable functional Hilbert space F 


is that the function K’(2’,y’) K (a, y)dp(y)dp(x) be a positive 


matrix on €’. If K’(2’,y’) is a positive matrix, ¥ is constructed as follows. 
Let ¥, be the class of all linear combinations u—= > au,,, where w,-,(2) 


es K (a, y)du(y), with the norm 


(3.1) | |? = aaj K’ (y’;, 


It can be proved that #, has a functional completion ¥, which is a p- 
measurable functional Hilbert space.’° Obviously, K(a,y) is a pseudo- 
reproducing kernel for #. 

The proper generalization of Theorem 1 to p-measurable functional 


Hilbert spaces and pseudo-reproducing kernels is clear. 


* The beginnings of the theory of measurable spaces and pseudo-reproducing kernels 
are in the notes [1]. These notions can be defined in an absolute way, independent of 
a measure given beforehand. The relative notions defined here are sufficient for our 
needs in the present paper and avoid some of the difficulties inherent in the absolute 
notions, 

‘°The proof is not obvious. It will be given in the development of the general 
theory of measurable spaces and pseudo-reproducing kernels. 
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If we put f= Day, where xy, is the characteristic function of 1/, 
then (3.1) reads 


Thus K(z,y) is a pseudo-reproducing kernel if and only if it is the kernel 
of an integral operator which is positive in the most general sense, i.e., on 
the class of linear combinations of characteristic functions of measurable 
sets of finite measure.** The corresponding p-measurable functional Hilbert 
space is the completion of the range of the integral operator in the norm 
(3.2). Theorem 1 has the following corollary about positive integral 
operators. 

Corotiary 1. If K is a positive integral operator defined on the class 
of linear combinations of characteristic functions of sets of finite measure, 
then the kernel of K is non-negative almost everywhere if and only tf it 1 
real and for each real u in the range of K there exists tu in the completion 
of the range such that &i(x) =|u(x)! almost everywhere and | i||S |u|. 
The norm in question ts that defined in (3.2). 


4. Green’s functions. The kernels in which we are chiefly interested 
are the Green’s functions for differential systems. Let A be a linear elliptic 
self-adjoint differential operator defined in a bounded domain D, and let 
{B;} be a normal system of boundary operators such that the system 
(4;{Bi}) is self-adjoint..* The differential system (A;{Bj;}) defines a 
symmetric operator, which also will be called A, on the Hilbert space L? of 
functions which are square integrable over D. The domain of the operator 
A is the set of all sufficiently regular functions « on D which satisfy the 
boundary conditions Bj 0. If the closure of the operator A has a bounded 
inverse defined everywhere on L*, and if the inverse is an integral operator, 
then the kernel G(x, y) of this integral operator is called the Green’s function 


of the system (A;{B;}). It is clear that if u—Gf, then f Gf (x) f (a)de 
D 

= f u(x)Au(x)dx, so that the quadratic form in (3.2) is non-negative if 

and only 
(4.1) || ||? = f Au(x)u(x) dx, 

11 We treat the complex case. In the real case it must be assumed that K(2,¥) 

= K(y,@). 
12 We use the terminology introduced in Aronszajn and Milgram [4]. 


13 In order to reduce the number of notations we write A instead of the closure of 
A in some of the formulas. 
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is non-negative for all w in the domain of A. Since it is assumed that the 
closure of A has a bounded inverse, if (4.1) is non-negative, there exists 
a constant c > 0 such that 


|| for u in the domain of A; 
D 


that is, the differential system (A;{Bj}) is positive definite. 

In classical usage the term Green’s function is restricted to kernels 
Gi(z,y) which are sufficiently regular: if the order of the operator A is 2m, 
if its coefficients are sufficiently differentiable, and if the boundary 0D is 
sufficiently smooth, then, for fixed y€ D, G(x,y), as a function of z, should 
be at least of class C?" in D— {y}. Recent advances in the theory of elliptic 
partial differential equations have made it possible to prove, in a wide variety 
of cases, not only the existence of the Green’s function as we have defined it, 
but also the regularity required in the classical definition. The proof, 
especially the proof of regularity, is based on the property of coerciveness, 


which has to do with the relation between the quadratic form f Au iti dz and 
/D 


the standard m-norm, defined as follows 


D 


k=0 +hn=k 


The quadratic form f Auiidx is said to be coercive on the domain of A if 
e 
D 
there exist constants c’ 20 and N > 0 such that 


(4.3) f Autida +e’ || XN || wv for all w in the domain of A.™ 
D 


If the quadratic form f Auiide is coercice on the domain of 1, the 
D 


following statement can be proved. 


If the coefficients of A and the boundary of D are of class C?™, then 
the existence of the Green’s function G(a,y) in the sense given above ts 
equivalent to the fact that 0 is not an eigenvalue of the closure of A. 
Furthermore, if G(2x,y) exists, the integral operator with kernel G(zx,y) 
is completely continuous in the space L*."° 

1*The first coerciveness inequality was proved by Garding [9] for the case of 
Dirichlet boundary conditions. The general notion of coerciveness was introduced and 
investigated by Aronszajn [3]. A more complete presentation of the subject will be 
given by the same author in a forthcoming paper. 

5 Actually, the above statement is true even when the coefficients and the boundary 
are only C™-11; however it is necessary then to consider boundary conditions of order 
>m in a suitable generalized sense. If we assume the coefficients of A to be of suffi- 
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If the Green’s function of the system (A; {Bj;}) exists and if the systen 
is positive definite, then we see from the last section that the Green’s 
function is a pseudo-reproducing kernel. The corresponding functional 
Hilbert space is the completion of the domain of A in the norm (4.1). If 
the norm (4.1) is coercive, it can be proved that the domain of A has a 
perfect functional completion, the functions of which have derivatives a... 
in the ordinary sense of orders =m in D and of orders = m—1 on the 
boundary of D. This completion contains all functions of class C("™'” (i.¢. 
functions of class C™* with Lipschitz (m—1)-st derivatives) which satisfy 
the stable boundary conditions, that is those of order =[m—1. Therefore. 
Theorem 1 or Corollary 1 give a necessary and sufficient condition in order 
that the Green’s function be non-negative. 

It is clear that the foregoing considerations are valid for differential 
systems considered in a relatively compact subdomain of a differentiable 


manifold. 


5. Green’s functions for differential problems of order 2. We con- 
sider a real elliptic linear differential operator A of order 2 on an oriented 
differentiable manifold M" of class C*. Such an operator (or its negative) 
is expressible in each coordinate patch in the form 


Au = — > 4+- terms of lower order 


where a‘/ is a real symmetric contravariant tensor of rank 2 which forms a 
positive definite matrix at every point. It is assumed that the tensor a’ 
is of class C*, that the coefficients of the first derivatives of wu (which do not 
form a tensor) are of class C', and that the coefficient of wu is continuous. 
It is assumed further that the operator A is self-adjoint with respect to 
some positive density p(x)dz'- - -dz" of class C?.1® 

If {a;;} denotes the matrix inverse to {a's} and if a denotes the deter- 
minant of {a;;}, then gij—=a-/"p*/"a;; is a Riemannian metric on MW”. Hence- 
forth M” is considered as a Riemannian manifold with this metric." If 9 


ciently high Class C¥, it can be proved that (/(a#,y) exists in the classical sense. A 
proof of this fact will be published elsewhere. For special types of boundary conditions, 
including the Dirichlet boundary conditions, a proof of the regularity was given by 
Nirenberg [10]. A sketchy proof of the statement in the text was given in [11]. 

16 This means that p(x#)da'- - - dz" is an exterior differential form of rank u, that 
in each coordinate patch p(#) is positive and of class C*, and that for every pair of 
functions u and v of class C? and 0 outside a compact set, 

fAwop(a)dat- - - da” = fuAvp(a)da*- + da. 

17 We have assumed that the coefficients of A are somewhat more regular than is 
strictly necessary, in order to be able to use this metric, thereby simplifying a number 
of the formulas considerably. 
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denotes the determinant of gj; then gp, so A is expressible in any coordi- 


nate patch in the form 
Au =— > g40(ghatiou /dax*) /dxi + au 


where «@ is a continuous real valued function. 

Let D be a relatively compact domain in 1", and let WM" be a portion 
of the boundary, 0D, which is a submanifold of 1” of class C?. It can be 
proved that the most general normal system of boundary operators at J/"* 
which is self-adjoint relative to A is a system composed of a single operator, 
either the operator B,yw—vw or the operator Byu = du/dv + bu, where b is an 
arbitrary continuous real valued function on M"-', and where @/dy is the 
interior normal derivative in the metric gjj.'* 

It is assumed that the boundary @D is a submanifold of MW” of class 
(1), and that @D is also the boundary of M@"— D. It is assumed in addition 
that dD is piecewise of class C? in the following sense: there exist a finite 
number of disjoint submanifolds of such that 0D =U M;""'; for 
each i, ;"-1 is contained in a submanifold N;,”"* of M/” of class C?; and in 
the usual measure on M,"-1— has measure 0. 

Let B be a boundary operator at 0D obtained by choosing for each VM," 
either the operator B, or one of the operators B,, (with b continuous on M j"-") 
and consider the bilinear form 


(5.1) Q(u,v) dx +f audg? de— f p(s) kud ds 
D D aD 


where / is the function on 0D which on /;"-" is equal to 0 if the boundary 
operator chosen on I/;"-t is By and is equal to —b if the boundary operator 
chosen on M/;"-1 is B,, and where p(s) is the value of the characteristic poly- 
nomial of A for the unit normal to @D at the point s. If wu and v are 
functions of class C? in a neighborhood of D and if Bu= Bv —0, then 


(5.2) Q (u,v) Autg?* de. 
D 


The quadratic form Q(u,w) is easily proved to be coercive, even on the 
class of all functions, a fortiori on the domain of A. Therefore, if the 
differential system (A ;B) is positive definite, then the Green’s function exists 

8 The terminology used here is that introduced in Aronszajn and Milgram [4]; 
and all of the calculations used in finding the form of self-adjoint systems are based 
on the general theory of differential operators on Riemannian manifolds developed 
there. The operator B, has a particularly simple form because of the special choice 


of the Riemannian metric on M". 
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and is a pseudo-reproducing kernel for the completion of the domain of {ff 
with the norm Q(u,u)*. In view of the statements in the last section about 
this functional space, the scalar product in the complete space is still given 
by (5.1). Furthermore, the class of Lipschitz functions satisfying the stabk 
boundary conditions (i.e. Byw—=0 whenever B=B,) forms a dense sub. 
space of the completion. For a function wu of this class, |u| is clearly als 
of this class, and can be taken as the function @ in condition (b) of Theorem 
1, since Q(|u|,|u|]) —Q(u,u). This leads to 
THEOREM 2. The three statements below are equivalent. 
(i) The system (A;B) is positive definite. 
(ii) The Green’s function for the system (A;B) exists and is a pseudi- 
reproducing kernel. 
(iii) The Green’s function for the system (A;B) exists and is nor- 
negative. 
Proof. The equivalence of statements (i) and (ii) and the fact that 
they imply statement (iii) are already proved. We assume therefore, that 
the system (A;8) is not positive definite, but that the Green’s function 


G(x,y) exists, and we show that G(2,y) cannot be non-negative. 


According to the part of the theorem which is proved, the Green’ 
function Gp(2,y) for the system (A+ p;B) exists and is non-negative, 
provided the number p> 0 is sufficiently large. Gp defines a completely 
continuous integral operator on L?. Let 1/p be its largest eigenvalue. By 
a well-known theorem of Jentsch, 1/u is positive and there exists a non- 
negative corresponding eigenfunction f. It is easily verified that »— p< 
and that f= (u—p)Gf. Obviously, therefore, G cannot be non-negative. 


6. Green’s functions for differential problems of Order 4. The 
examples of Duffin and Garabedian mentioned in the introduction show that 
there is no condition resembling the conditions (i) and (ii) of Theorem ? 
which always will ensure that the Green’s function of a problem of order 4 
is positive. In this section we do not attempt to treat the general question: 
we only present some interesting special cases. 

We assume that 1/” is an oriented differentiable manifold of sufficiently 
high class, that D is a domain in WM” with a sufficiently regular boundary. 
and that A is a second order differential operator of the type considered in 
the last section with sufficiently regular coefficients. MM" is given a Rie 
mannian metric as before. We consider differential system of the form 


(A*;Bo,B.) and (A?;B,,B;), where 
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Bouu=u, 

= 0u/dv + bu, 

=— cp(s)-* du/dv + p(s)-*Au, 
= dp(s)*u + p(s)1B,Au, 


in which 6 c, and d are sufficiently regular functions on 0D. Letting A, be 
the operator on L* corresponding to the first system, and A, be the operator 
| corresponding to the second, we define 


Qo(u,u)— | Au | du/dv |? ds, 
D aD 


Q.(u,u) — | Au f d|w|?ds. 
D aD 


If w belongs to the domain of Ao, then dx =Q o(u,u) and if u 
D 


| belongs to the domain of A,, then f A*ut dx =Q,(u,u). Furthermore, it 
D 


(® is not difficult to prove that Q)(u,w) is coercive on the domain of 1, and 


' Q,(u,w) is coercive on the domain of A,. We get the following 


THEOREM 3. If both systems (A;B,) and (A?;Bo,Bz) are positive 
definite and tf c=0, then the Green’s function for (A*;Bo, Bz) exists and 
ts non-negative. If both systems (A;B,) and (A*;B,,B3) are positive 
definte and if d=0, then the Green’s function for (A?;B,,B;) exists and 
is non-negative. 


Proof. Only the first statement will be proved; the second is proved 
similarly. 

The domain of A, with the norm Q,(u,w)4 has a functional completion 
whose elements are the functions of the form u(x) = Gf (x), where G, is the 
| Green’s function for the system (A;B,) and where f is square integrable. ; 


| Clearly 
Qo (u, u) | f | du/dv |? ds. 


Since Gp=0, 0G,/dv=0. Hence the function =G|f|(x) has the 
Properties =| u(x)| and d%/dv=|du/dv|. Since also c=0 it follows 
that = Q.(u, u). 

Remark. If (A;Bo) is positive definite, then, for sufficiently small c, 


(A?;B,,B,) is also positive definite. If c—0, the statement of the last 
theorem is trivial, since Green’s function for the system (A?; Bo, 1/p(s)A) is 
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Go(x, 2) Go(z,y)g4dz. A similar remark holds for the system (A*; B,, B,) 
/D 


and the function d. 


UNIVERSITY OF KANSAS. 


REFERENCES. 


N. Aronszajn, “ Les noyaux pseudo-reproduisants. Noyaux pseudo-reproduisants 
et complétion des classes hilbertiennes.” “Complétion fonctionnelle de 
certaines classes hilbertiennes.” ‘“ Propriétés de certaines classes hil- 
bertiennes completées,” Comptes Rendus, vol. 226 (1948), pp. 456, 537, 
617, 700. 

———., “ Theory of reproducing kernels,” Transactions of the American Mathe 
matical Society, vol. 68 (1950), pp. 337-404. 

———-, On coercive integro-differential quadratic forms, Conference on Partial 
Differential Equations, University of Kansas, Summer, 1954. 

N. Aronszajn and A. N. Milgram, “ Differential operators on Riemannian mani- 
folds,” Rendiconti del Circolo Matematico di Palermo, ser. 2, vol. 2 
(1953), pp. 1-61. 

N. Aronszajn and K. T. Smith, “ Functional spaces and functional completion,” 
Annales de VInst. Fourier de Grenoble, vol. 6 (1955-56), pp. 125-185. 


S. Bergman and M. Schiffer, ‘‘ Kernel functions in the theory of partial differential 
equations of elliptic type,” Duke Mathematical Journal, vol. 15 (1948), 
pp. 535-566. 

R. J. Duffin, ‘On a question of Hadamard concerning superbiharmonic functions,” 
Journal of Mathematics and Physics, vol. 27 (1949), pp. 253-258. 

P. R. Garabedian, “A partial differential equation arising in conformal mapping,” 
Pacific Journal of Mathematics, vol. 1 (1951), pp. 485-524. 

L. Garding, “ Le probléme de Dirichlet pour les équations aux derivées partielles 
élliptiques dans des domaines bornés,” Comptes Rendus, Paris, vol. 233 
(1951), pp. 1554-1556. 

L. Nirenberg, “ Remarks on strongly elliptic partial differential equations,” Com- 
munications on Pure and Applied Mathematics, vol. 8 (1955), pp. 649-675. 

K. T. Smith, Functional spaces, functional completion, and differential problems, 
Conference on Partial Differential Equations, University of Kansas, 
Summer, 1954. 

E. Hopf, “ Elementare Bemerkungen iiber die Lésungen partieller Differential- 
gleichungen zweiter Ordnung vom elliptischen Typus,” Sitzungsberichte 
der Preussischen Akademie der Wissenschaften, vol. 1927, pp. 147-152. 

K. Bleuler, “ Ueber den Rolle’schen Satz fiir den Operator Au + dru und die damit 
zusammenhdngenden Eigenschaften der Green’schen Funktion,” Ziirich 
(Dissertation), 1941-1942. 


wit 


ord 


the 
Sec 


gro 
unl 
mig 
any 
con 


me! 


may 


ima 


and 
mid 


622 
i 
|_| 
[1] 
[2] 
‘ [3] 
[4] 
[5] 
[6] 
|_| 
[7] 
[8] 
g(a 
[9] pro, 
to f 
[10] 
sim 
[11] 
the 
[12] 
| 
[13] 


GROUPS WHICH ACT ON S* WITHOUT FIXED POINTS.* 


By JoHN MILNoR.' 


We will study the question of which finite groups can act on an n-sphere 
| without fixed points. The main result (Section 1) is that any element of 
order two in such a group must lie in the center. A general survey of 
the problem is given in Section 2. The special case n=3 is considered in 


Section 3. 


An equivalent formulation of the problem is the following. Which 
groups can occur as the fundamental groups of manifolds 1/" for which the 


universal covering space M" is homeomorphic to 8". More generally one 
might only require that 1" have the homotopy type of 8". For example, 
any 3-manifold with a finite fundamental group satisfies this more general 
condition. (Such manifolds are classified up to homotopy type by the funda- 
mental group together with the k-invariant (see Olum [3] Theorem IV.)) 


The author is indebted to helpful discussions with A. Shapiro. 


1, Elements of order 2. A known theorem asserts that, for every 
| map f: S"— 8" of odd degree, there exists a pair of antipodal points whose 
images under f are also antipodal. (Proof. Let 7 denote the antipodal map, 
suppose that f(a), are never antipodal. Let g(2) denote the 
midpoint of the shortest great circle arc joining f(x) to f(Tz). Since 
g(x) =9(Tx), the map g: S"—> 8" can be factored through n-dimensional 
projective space, and therefore has even degree. But since g is homotopic 
to f, this contradicts the assumption that f has odd degree.) 

We will need the following generalization, which will be proved by a 


similar method. 


THEOREM 1. Let M” be a manifold having the mod two homology of 
the n-sphere, and let T: M"—>M*" be a map of period two without fixed 
points. Then for every map f: M"—> M" of odd degree there exists a point 
t€M" such that Tf(x) =fT(z). 


* Received April 2, 1957. 
* The author holds an Alfred P. Sloan fellowship. 


ts | 
9 
al 
), 

| 
| 

| 

| 
es 
33 
m- 
18, 
q 
te 
‘it 

623 


JOHN MILNOR. 


As an immediate consequence we have: 


H Corottary 1. Suppose that the group G acts without fixed points on 
a manifold M” having the mod two homology of the n-sphere. Then any 
element of order two in G belongs to the center. 


Proof. Let T € G have order two, and let U be any other element of 6. 
Then Theorem 1 implies that we can find a point z € M" with TU(z) = UT(z), 
Since G acts without fixed points, this implies that TU = UT, which proves 
the corollary. 


As an example we have 


CoroLLaRY 2. The symmetric group on three elements cannot operate 


on the n-sphere without fixed points. 


Remark. It is known that the group Z,.-+ Z. cannot operate on §" 
without fixed points. (See Section 2.) Therefore Corollary 1 implies that 
the group G can have at most one element of order 2. Conversely if @ has 
only one element of order 2, then this element clearly belongs to the center. 


Proof of Theorem 1. Let A denote the set of all points (7,7'x) in 
M"x< M". Let M"* M™" denote the symmetric product, and let A’ denote 


for all z, then there is a commutative diagram 


fi 


| 
fe Vv 


M*/T ————> M*« M»— A’ 


P1 


where 7, and 7, are the natural identification maps, and where 


fi(z) = (f(t), f(Tr)), Tr} = {f(a),f(Tx)}, = 2. 


Thus we are almost able to factor f through the “ projective space” M"/T, 
except that the map i, goes in the wrong direction. 


the set of points {z,Tr} in M"™*M". If f: satisfies Tf(x) 
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LemMA 1. The homomorphism 
low: Hy, (M" K M"— A) * M"— A’) 
| isan tsomorphism for all dimensions k. 
(Singular homology with the coefficient group Z. is to be understood.) 


Proof. 1t will first be shown that the projection p,: M" & M"—A— M" 
is a locally trivial fibre map with fibre py*(7) = M"—Tz. Given any 
closed n-cell C in J” with interior C, choose a homeomorphism g of TC 
onto the unit ball B in euclidean n-space. Define the map A: BX BB 


by 
A(v,w) =w+(1— | w 
where B denotes the interior of B. Note that for each fixed vector v€ B the 


> 
correspondence w—>2A(v,w) defines a homeomorphism of B onto itself leaving 


> > 
| the boundary fixed and carrying the center 0 into v. The required local 


product structure 
. is now defined by 
= (x,y) if TC, $(x,y) = (a, g*A(gT x, gy)) if ye TC. 
It is not hard to show that ¢ is a homeomorphism. 


Thus p, is a fibre map. According to the Lefschetz duality theorem, 
' the fibre 1/"— Ta has the homology of a point. Therefore the induced 


homomorbphism 
Pix: Hy (M" M"—A) (M") 


is an isomorphism. Let A denote the diagonal in M" kK M"—A and let 
4’ denote its image in M"*M"— A’. Since the diagonal map M"—>A 
CM" xX M"—A is a cross-section of the fibre map p,, it follows that the 
group H,(M" M"—A mod A) is zero. 

Next we will show that the “relative” 2-fold covering map 


Cc 
(M" x Mn — A, A) ——> (M"« M"—A’, A’) 


| has a Gysin cohomology sequence. The difficulty lies in the fact that this 


12 
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map is a covering only in the complement of the diagonal A. If U denotes 
any symmetric neighborhood of A, and U”’ denotes its image in the collapsed 
space, consider the diagram 


é 
(M" x M»—A—a,U —a) (" Me" — A, 0) & M"— A, A) 


(Mn * A’ — a’, U’ — a’) M"— A’, U’) — (M"* M"— A’, 0). 


Since ¢, is a true 2-fold covering, it has a Gysin sequence. Since e and ¢ 
are excisions, the map c, also has a Gysin sequence. But since A and 
M" X M"—A are both absolute neighborhood retricts, the cohomology group 
H*(M" M"— A mod 4) is the direct limit of the groups H*(M" M"—A 
mod U) as U ranges over all symmetric neighborhoods. A similar description 
holds for H*(M" * M"— A’ mod A’). Since the direct limit of exact sequences 
is again an exact sequence, this gives us the required Gysin sequence 


— H*(M" x nA, A) — H*(M" M*— A’, 4’) 


— Hk (M* x — A’, A’) x M*— A, A) 


Since the left and right hand groups in this sequence are known to be 
zero, induction shows that the middle groups are also zero. Therefore the 
corresponding homology groups M"— A’modA’) are zero. This 
implies that the inclusion homomorphism H,,(A’) — H,,(M/" * M" — A’) is an 
isomorphism. It has already been shown that the inclusion homomorphism 
H,(4) H,(M" X M"— A) is an isomorphism. Since the map i.|A: A> A’ 


is a homeomorphism, this implies that 
tog: H,(M" M"— A)—> H,,(M" M" — A’) 


is an isomorphism; which completes the proof of Lemma 1. 


Consider the diagram 
H,(M*) 


Pix 


= fis 
H,(M") ————> H, Mn—A) 


f 


H, (M"/T) ————> H, (M"* M"—A’). 
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It is clear that i,,—0. Since ti, is an isomorphism, this implies that 
fig=0, and hence f,—=0. This contradicts the hypothesis of Theorem 1, 


and completes the proof. 


2. A survey of the problem. We will say that a group @ has property 
'[ if every abelian subgroup is cyclic. This is equivalent to the condition 
that every p-subgroup is either cyclic or, for p= 2, a generalized quaternion 
group.” 

According to P. Smith [5], every group which acts on a homology 
sphere without fixed points has property J. This result can be given more 
} precision by noting that if @ acts on S" without fixed points then? the 
cohomology ring //*(G,Z) has period n+ 1. According to Artin and Tate 
a group has property 7 if and only if it has periodic cohomology.” 

An enumeration of all groups having property J has been given by 
Jassenhaus ({8| Theorem 7) in the solvable case, and by M. Suzuki ([6] 

Theorem FE) in the non-solvable case. 

Corollary 1 gives a further restriction which the group G must satisfy. 
(For example the non-abelian group of order 2p has property J and yet 
cannot act on a sphere without fixed points.) However it seems likely that 
| more restrictions are still needed. 

If @ is required to act orthogonally on S", then the problem has been 
solved by Zassenhaus. ([8] Theorems 3, 8, 11, 16. See also Vincent [7].) 
At present, every group which is known to act on S”" without fixed points 

can actually act orthogonally. 

The following two results of Zassenhaus are especially striking. We 
}will say that G has property II if every subgroup of order pq is cyclic. 
| Here p and qg range over not necessarily distinct primes. 


(a) Every group which acts orthogonally on 8” without fixed points 


property 


(b) Every solvable group with property ZZ can act orthogonally on 


some S" without fixed points. 


Evidently the major unsolved problem is the following. Does every 
group which acts on S" without fixed points have property JJ? Smith’s 
result implies that every subgroup of order p? is cyclic, and Corollary 1 
implies that every subgroup of order 2p is cyclic. The first unsolved case 
is therefore the following. Can the non-abelian group of order 21 act on 


a sphere without fixed points? 


* See Cartan and Kilenberg [1], Chapters XII, Section 11 and XVI, Section 9. 
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3. The caseen=3. The main object of this section will be to sum. 
marize the gap in our knowledge concerning groups which act on the 3-sphere 
without fixed points (or concerning finite fundamental groups of closed 
3-manifolds). This will be done by enumerating those groups which satisfy 
the known restrictions, but which cannot act orthogonally on S* without fixed 
points. (Theorem 3.) It is interesting to note that the groups in question 
are all solvable, and are all known to act on higher dimensional spheres 
without fixed points. The proofs are routine, and will be largely omitted. 

The sphere S* is itself a topological group, isomorphic to the two-fold 
covering space of the rotation group SO(3). Let h: S*— SO(3) denote the 
covering. Then each finite subgroup G of SO(3) determines a subgroup 
h-*(G) of S* with twice as many elements. Corresponding to the dihedral 
group with 2n elements, n= 2, we obtain a subgroup Qn of S* with pre 
sentation (x,y: (ry)? =y"). (If n is a power of 2, then Q4n is the 
generalized quaternion group.) Corresponding to the tetrahedral, octahedral, 
and icosohedral groups, we obtain subgroups Ps, Py, and Py.) of S* with 
presentations (x,y: 2? = (ry)*=y",a*=1), where n=3,4,5 respectively. 

The next theorem is essentially due to Hopf [2]. For a detailed study 
of the quotient manifolds see Seifert and Threlfall [4]. 


THEOREM 2. The following is a list of all finite groups which acl 
orthogonally on S? without fixed points. 

1) The groups 1, Qsn, Pas, and P29. 

2) The groups Dorion) with presentation 

(2,9: el, 1, where k= 2,1 

3) The groups P’s.3* with presentation 

(x, y,2: = (ry)? == = y, zy, z™ =1) where kz 

4) The direct product of any of these groups with a cyclic group of 
relatively prime order. 

(Note that the groups Qs, with n odd are isomorphic to D,,. ‘The 
group P., is isomorphic to P’s,.) 

For a sketch of the proof we refer to Hopf’s paper. 

Given relatively prime positive integers 8n, k, 1 let Q(8n,h,1) denote 


the group with presentation 


tool 
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where r==—1(modk), r=+1(modl). Thus for k=1—1 we have the 
group Yen Note that Q(8n,%,1) is isomorphic to Q(8n,1,%). For n odd, 
the three integers n, k,l may be permuted without changing the group. 

For any odd integer r let Ps, denote the group extension with sub- 
croup Z, and factor group P,s such that the 3-Sylow subgroup is cyclic, and 
such that Py, acts on Z, as follows. Elements in the commutator subgroup 
P,, act trivially, while the remaining elements of P,, carry each element of 


7, into its inverse. 

THEOREM 3. The following is a list of all finite groups which (a) have 
| cohomology of period 4, (b) have at most one element of order 2, and (c) 
bare not listed in Theorem 2. 

1) The groups Q(8n,k,1) with 8n,k,l pairwise relatively prime and 
either a) n odd andn>k>lZ1 orb) n even and nZ=2,k>121. 


The groups Pgs, with r odd, r= 3. 
grou} 4 , r= 


*) 
3) The product of any of these groups with a cyclic group of relatively 


prime order. 


Thus the smallest group which may or may not be the fundamental 
sroup of a 3-manifold is Q(16,3,1) with 48 elements. 
A few of these groups can be eliminated by a different argument: 


LEMMA 2. Jf r is not a power of 3, then P42, cannot be the funda- 
9, ] 


nwental group of a 3-manifold. 


Proof. Let with (s,6)=1, s25. Then contains a 
normal subgroup isomorphic to P’s.,x, the factor group being isomorphic 
to Dog. 

Now given a manifold with = let denote the 2s- 
covering with fundamental group 7, (1/,°) =P’s.3%. The first homology 
group of W,° is the abelianized group, which turns out to be Z;.  There- 
iore M,° has the mod two homology of the 3-sphere. But the group D., of 
covering transformations acts on J/,* without fixed points. Since D,, has 
an element of order two which is not in the center, this contradicts Corollary 
l,and completes the proof. 

The proof of Theorem 3 consists in going over the groups listed by 
/assenhaus and Suzuki, eliminating those which do not have cohomology 
of period four. The spectral sequence of a group extension is the main 


tool needed. 
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ON A CLASS OF TRANSFORMATION GROUPS.* 


By AnpREwW M. GLEAson and RicHarp 8. PAtats. 


In order to apply our rather deep understanding of the structure of Lie 
groups to the study of transformation groups it is natural to try to single 
out a class of transformation groups which are in some sense naturally Lie 


groups. In this paper we introduce such a class and commence their study. 


In Section 1 the notion of a Lie transformation group is introduced. 
oughly, these are groups #1 of homeomorphisms of a space XY which admit 
a Lie group topology which is strong enough to make the evaluation mapping 
(h,v) >h(ax) of HX X into Y continuous, yet weak enough so that i gets 
all the one-parameter subgroups it deserves by virtue of the way it acts on X 
(see the definition of admissibly weak below). Such a topology is uniquely 
determined if it exists and our efforts are in the main concerned with the 
question of when it exists and how one may effectively put one’s hands on it 
when it does. A natural candidate for this so-called Lie topology is of 
course the compact-open topology for H. However, if one considers the 
example of a dense one-parameter subgroup H of the torus X acting on 1 
by translation, it appears that this is not the general answer. In this example 
if we modify the compact-open topology by adding to the open sets all their 
are components (getting in this way what we call the modified compact-open 
topology), we get the Lie topology of H. That this is a fairly general fact 
is one of our main results (Theorem 5.14). The latter theorem moreover 
shows that the reason that the compact-open topology was not good enough 
in the above example is connected with the fact that H was not closed in 
the group of all homeomorphisms of 1, relative to the compact-open topology. 
Theorem 5.14 also states that for a large class of interesting cases the weak- 
ness condition for a Lie topology is redundant. 

The remainder of the paper is concerned with developing a certain 
criterion for deciding when a topological group is a Lie group and applying 
this criterion to derive a general necessary and sufficient condition for groups 
of homeomorphisms of locally compact, locally connected finite dimensional 
metrie spaces to be Lie transformation groups. The criterion is remarkable 
in that loval compactness is not one of the assumptions. It states in fact 
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that a locally arewise connected topological group is a Lie group provided 
that its compact metrizable subspaces are of bounded dimension. 


1. Lie transformation groups. Let G be a topological group and Y 
a topological space. By an action of G on X we mean a homomorphism 
$: 9g > $, of G into the group of homeomorphisms of XY such that the map 
(9,%) > ¢,(x) of GX X into X is continuous. If H is a group of homeo- 
morphisms of X, then a topology for H will be called admissibly strong it it 
renders the map (h,z) of HX X—JX continuous. We note that 
we do not demand of an admissibly strong topology that it make H a 
topological group; however if H is a topological group in a given topology, 
then clearly that topology is admissibly strong if and only if it makes the 
identity map of H on itself an action of H on Y. Moreover if we denote 
by R the additive group of real numbers then: 


1.1. Proposition. Let H be a topological group whose underlying 
group is a group of homeomorphisms of a space X. If the topology of H 1s 
admissibly strong, then each one-parameter subgroup of H 1s an action of 
R on X. 


We shall call a topology for a group H of homeomorphisms of a space 
X admissibly weak if every action of & on Y whose range is in H isa 
continuous map of # into H with respect to this topology. Again we note 
that an admissibly weak topology for H is not required to make H a 
topological group. However from 1.1 and the definition of admissibly weak 


we clearly have: 


1.2. Proposition. Let H be a topological group whose underlying 
group is a group of homeomorphisms of a space X. If the topology for H 
is both admissibly weak and admissibly strong then the one-parameter sub- 
groups of H are exactly the actions of R on X whose ranges lie in H. 


The terminology ‘admissibly strong’ and ‘admissibly weak’ is justified 
by the following trivial observation. 


1.3. Propvosirion. Let H be a group of homeomorphisms of a space X. 
A topology for H which is stronger (weaker) than an admissibly strong 
(weak) topology is itself admissibly strong (weak). 

Some authors use the term admissible for topologies that we call admis- 
sibly strong. For this reason we shall not succumb to the temptation of 
calling admissible those topologies which are at once admissibly strong and 


admissibly weak. 
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1.4. Definition. Let H be a group of homeomorphisms of a space X. 
A Lie topology for H is a topology for H which is both admissiblly strong 
and admissibly weak and which furthermore makes H a Lie group. 


The following well-known fact is an immediate consequence of the exis- 
tence of canonical coordinate systems of the second kind in Lie groups. 


1.5. Lemma. Let G and H be Lie groups and h a homomorphism of 
the underlying group of G into the underlying group of H. A necessary 
and sufficient condition for h to be continuous is that ho@ be a one parameter 
subgroup of H whenever ¢ ts a one-parameter subgroup of G. In particular, 
if G and H have the same underlying group and the same one-parameter 


subgroups, they are identical. 

The following proposition follows directly from 1,2, 1.5, and the 
definition of a Lie topology. 

1.6. Proposition. A group of homeomorphisms of a topological space 


admits at most one Ine topology. 


1.7%. Definition. A group of homeomorphisms of a topological space 1 
will be called a Lie transformation group of X if it admits a Lie topology. 


The unique Lie topology for a Lie transformation group G will be called 
the Lie topology for G and properties meaningful for a Lie group when 
used in reference to G are to be interpreted relative to its Lie topology. 


2. A theorem on arcwise connected spaces. A theorem somewhat more 
general than the next lemma is proved on page 115 of [6], and a still more 
general result is indicated in exercise 7, page 80 of [8]. 


2.1. Lemma. A partitioning of the unit interval into at most count- 
ably many disjoint closed sets is trivial, t.e., contains only one element. 


THEOREM. A partitioning of an arcwise connected space X into 
at most countably many disjoint closed sets is trivial. 


Proof. Let {H£,} be such a partitioning and let p,qeX. We must 
show that p and g are in the same #,. Let f be a continuous map of the 
unit interval into XY such that f(0) =p and f(1) —g. Applying the lemma 
to the partitioning {f-*(H#,)} of the unit interval we see that for some n 
f?(E,) is the entire unit interval. Hence p—f(0) and g=f(1) belong 
to 
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3. Making a topology locally arcwise connected. Most, if not all, of 
the results of this section are known, but they belong to the realm of folk- 
theorems and are apparently not easily available in the literature. 

Let (X, 7) be a topological space (i.e., X a set and J a topology for 
X) and let @ be the set of arc components of all open subspaces of (X, 7). 
Suppose B, and B, are elements of @ and let B; be an are component of 
6:¢€ 9. Then if pe the are component of p in 6:2, which 
belongs to @, is clearly a subset of B,M B,. Thus B,N B, is a union of 
sets from @ and hence @ is a base for a new topology 9N(J) for VY which 


is clearly stronger than 7. 


3.1. Definition. We define an operation 9% on topologies as follows: 
if J is a topology for a set XY then 9(J) is the topology for VY which has 
as a base all arc components of open subspaces of (X,7). 


The following theorem summarizes some of the most important prop- 


erties of the operation 9. 
THeoREM. Let (X,J) be a topological space. 
If F satisfies the first axiom of countability, so does N(T). 


(2) If Z ws a locally arcwise connected space and f is a function from 
Z into X continuous relative to the topology JF, then f ts also continuous 
relative to M(J). In particular (X,F) and (X,M(TF)) have the same 


arcs. 


(3) (X,M(F)) ts locally arcwise connected, and in fact M(T) can 
be characterized as the weakest locally arcwise connected topology for X 
which is stronger than J. Hence IM is idempotent. 


(4) The components of an open subset of (X,M(T)) are just tts are 
components when regarded as a subspace of (X,J). In particular the com- 
ponents of (X,M(J)) are the arc components of (X,7). 


(5) If X isa group and (X,J) a topological group, then (X, M(T)) 
is also a topological group and it has the same one-parameter subgroups as 


(X,7). 


Proof. Given x€ X and a countable base {@,} for the J-neighborhoods 
of x we get a countable base {@,’} for the %(J)-neighborhoods of x by 
taking @,’ to be the are component of x in 6, (relative to the topology 


J, of course). This proves (1). 
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Let @ be the set of all are components of open subspaces of (XY, 7) 
so that by definition @ is a base for In(Z). 

Suppose f is a function from the locally arcwise connected space Z into 
X which is continuous relative to J. Given Bé€ B we will show that 
f*(B) is open in Z which will prove (2). By definition of @ we can choose 
6¢€ J such that B is an are component of @. Given pe f*(B) let W be 
the are component of p in f*(@). Then f(W) is arcwise connected, 
included in @, and meets B at f(p); hence f(W)CB. Since Z is locally 
arewise connected and f-*(@) is open, W is open. Thus a neighborhood of 
p is included in f-'(B) so f*(B) is open. 

Next let BE B. By definition of @, B is arcwise connected when 
regarded as a subspace of (X,7). Hence by (2) B is an arewise connected 


subspace of (1,9n(J)). Thus M(JF) has a base consisting of arcwise 


connected sets so, by definition, 9(J) is locally arewise connected. Since 
every O € J is the union of its are components and hence belongs to 9 (J) 
it follows that 92(J) is stronger than J. Suppose J’ is a locally arewise 
topology for V stronger than J. Then the identity mapping f of Z=(X, J’) 
into (X,7) is continuous and hence, by (2), f is a continuous map of Z 
into (X, M(JT)), ie., F’ is stronger that IN(F). This proves (3). 

If @ is an open subspace of (X,9n(J)) then, since M(J) is locally 
arewise connected, the components of @ are the same as the arc components 
of ©. On the other hand, by (2), the are components of @ are the same 
whether @ is regarded as a subspace of (X,J7) or (X,M(J)). This 
proves (4). 

Finally, suppose that XY is a group and let f be the map (2,y) > xy" of 
AXX—-X. If (1,7) is a topological group then f is a continuous map 
of (X, 7d) and a fortiori (since is stronger than 
J) f is a continuous map of (X,Mm(JF))x(X,M(T)) > (X,F). Since 
by (3) (X,m(T7))XK(X, M(F)) is locally arewise connected, it follows 


from (2) that f is a continuous map of 
(VY, Mm (F))X(X, M(T)) > (X, M(T)), 


ie., that (Y,9n(J)) is a topological group. It also follows from (2) that 
(X,F7) and (X,9%(J)) have the same ares and hence the same one- 
parameter subgroups. This proves (5). 


3.3. Definition. If & =(G,I) is a topological group, then we call 
(G,m(F)) the associated locally arcwise connected group of &. 


of 
lk- 
ror 
of 
ch 
of 
ch 
as 
)- 
m 
us 
mn 
A 
rc 
) 
18 
ls 


636 ANDREW M. GLEASON AND RICHARD S. PALAIS. 


4. Weakening the topology of a Lie group. 


4.1. Turorem. Let & be a one-to-one representation of a locally com- 
y 


pact group G satisfying the second axiom of countability onto a locally 
arcwise connected group H. Then ts continuous, 1. ts an isomorphism 
of G with H. 


Proof. Let V be a compact neighborhood of eg, the identity of G. It 
will suffice to show that ¢(V) is a neighborhood of ey, the identity of H. 
Choose an open, symmetric neighborhood U of eg such that U? CV. Then 
V—U is compact, so ¢(V—U) is compact and hence that complement of 


¢(V—U) is a neighborhood of ey. Let X be an arewise connected neighbor- 
hood of ey such that YX-' does not meet ¢(V—U). 


Given g, and g. in ¢@'(X) we put g:~gz if and only in gig." € U. 
Since U is a symmetric neighborhood of eg, it follows that ~ is a 
symmetric, reflexive relation on If gi~mg. and then 
9:93 = (9:92) (gogs*) € SV. But = $(91) * € XX and 
since YX"! is disjoint from ¢(V—U), it follows that gigz'€ UCU so 
g1~g:. Hence ~ is also transitive and hence is an equivalence relation on 
Let be a complete set of representatives of ¢*(X) under ~, 
one of which we can take to be eg. Given g€¢*(X) we can find a gq 
such that gz~g so g€ Ugg. Thus {Ugg} is a covering of ¢7°(X). If 
g€ Ugg, then gag? € Ut=U and gggt€ U, so gagg*€ U? CV. But 
$(ga9pt) € XX which is disjoint from ¢(V—U) so gagg*€ UCU 
Ja~ gp and «=~. Hence the Ug, are disjoint and therefore, since they 
have non-empty interiors and @ satisfies the second axiom of countability, it 
follows that {(g,} is a countable set. Now since ¢ is one-to-one, {XY 1 ¢(Uga)} 
is a countable disjoint covering of Y. Moreover since U is closed and included 


in V it is compact. Hence each Ug, is compact, so each ¢(Ugqa) is compact, 
so each YN ¢(Uga) is closed in X. Now YN ¢$(Ueg) is not empty, and 
in fact contains ey. Since Y is arewise connected it follows from (2.2) 
that YN ¢(U) =X. Thus C¢(UV)C ¢4(U?)C so 6(V) is a neigh- 
borhood of ey as was to be proved. 


4.2. TuroreM. Let § be a locally arcwise connected, locally compact 
group satisfying the second axiom of countability. If the underlying group 
of & is a topological group &* in a topology weaker than the topology of &, 
then & is the associated locally arcwise connected group of &*. In particular, 
&* is locally arcwise connected, then § =G*. In any case the arc com- 
ponents of open subspaces of &* form a base for the topology of & and both 
& and &* have the same one-parameter subgroups. 
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Proof. Let &** be the associated locally arewise connected group of §*. 
Since, by definition, the topology of §** is the weakest locally arcwise con- 
nected topology stronger than the topology of §*, it follows that the topology 
of % is stronger than the topology of 9**, i.e., the identity map ¢ is a 
representation of § on &**. It follows from (4.1) that ¢ is an isomorphism 


of & with i.e. G**. 


4.3. Corotuary. If § =(G,J) is a Lie group satisfying the second 
axiom of countability, then the topology F of & is minimal in the set of 
all locally arcwise connected group topologies for G. 


5. The compact-open and modified compact-open topologies. Let Y 
be a topological space and let &#(X) denote the group of all homeomorphisms 
of X on itself. Given subsets of V K,,---,K, and @,,- --,@n with the 


K, compact and the @; open define 
(Ki,° On) = {he W(X): h(K,)C O,1—1,: - -, n}. 


The compact-open topology for &(X) is by definition the topology in 
which sets of the above form are a basis. If H is a subgroup of #(X), 
then the compact-open topology for H is the topology induced on H by the 


compact-open topology for &(X) ; equivalently it is the topology which has 
as a basis sets of the form 


(K,,- Ga: On) n= {he h(Ki)C 6,,1—1,: 


We refer the reader to [1] for details concerning the compact-open topology 
(it is called the k-topology there). We will need the following facts proved 
in [1]. 

5.1. If X ws locally compact, then the compact-open topology for a 
group of homeomorphisms of X is admissibly strong and is weaker than 


any other admissibly strong topology. 


If X is locally compact and locally connected, then every group 
of homeomorphisms of X is a topological group in its compact-open topology. 


Immediate from the definition of the compact-open topology is 


5.3. Propvosition. If H ts a group of homeomorphisms of a space 
and Ga subgroup of H, then the compact-open topology for H induces on G 


the compact-open topology for G. 


Another fact we will need is 
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5.4. Proposition. If X ts a locally compact space satisfying the 
second axiom of countability, then the compact-open topology for any group 
H of homeomorphisms of X also satisfies the second axiom of countability. 


Proof. Choose a basis for the topology of X consisting of a sequence 
{6;} such that each @; is compact. Then sets of the form (6:,,- - -, 0i,; 
6;,.: - -,6;,)n give a countable base for the compact-open topology for H. 


If & is a topological group, then the bilateral uniform structure 
for & is that uniform structure generated by uniformities of the form 
{(g,h)€ & X& G&: gh" and g*h€ V} for some neighborhood V of the inden- 
tity in §. Like the left and right uniform structures for § the bilateral 
uniform structure is compatible with the topology of 9. It has a countable 
base, and is hence equivalent to a metric, if and only if 9 satisfies the first 
axiom of countability. Now in [1] Arens shows that if Y is a locally 
compact, locally connected space and &#(X) is the group of all homeomor- 
phisms of X made into a topological group (5.2) by giving it its compact- 
open topology, then #(X) is complete in its bilateral uniform structure 
(but not generally in its left and right uniform structures). If we now 
assume that Y satisfies the second axiom of countability and use (5.4), 


we get a fact mentioned in a footnote of [1]. 


5.5. Proposition. Let X be a locally compact, locally connected space 
satisfying the second axiom of countability and let H be a group of homeo- 
morphisms of X which is closed, relative to the compact-open topology, in 
the group of all homeomorphism of X. Then the compact-open topology 
for H can be derived from a complete metric, hence H is of the second 
category in its compact-open topology. 

Now it is a well-known fact that a continuous one-to-one homomorphism 
of a locally compact topological group G satisfying the second axiom of 
countability onto a topological group H of the second category is necessarily 
bicontinuous (see, for example, Theorem XIII, page 65 of Pontrjagin’s 
Topological Groups, where the proof is given under the assumption that / 
is locally compact, but only the consequence, that H is of the second category, 
is actually used). Using this result together with (5.1) and (5.5) we get: 

5.6. Proposition. Let X be a locally compact, locally connected space 
satisfying the second axiom of countability and let H be a group of homeo- 
morphisms of X which is closed, relative to the compact-open topology, in 
the group of all homeomorphisms of X. If H is a topological group in an 
admissibly strong, locally compact topology J which satisfies the second 
axiom of countability, then J is the compact-open topology for H. 
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5.7. Proposition. et X be a locally compact space, G a topological 
group, and an action of G on X whose range lies in a group H of 
homeomorphisms of X. Then ¢ is a continuous map of G into H when the 
latter is given its compact-open topology. 


Proof. Let K be the kernel of ¢. It follows from the fact that ¢ is 
an action that K is closed in G. Let h be the canonical homomorphism 
of G on G/K and ¢=@ech the canonical factoring of ¢. Since h is 
continuous, it will suffice to show that ¢ is continuous when H is given its 
compact-open topology. Now it follows from the fact that h is an open 
mapping that @ is an action of G/K on X and of course @ is one-to-one. 
Thus it suffices to prove the theorem when ¢ is one-to-one (i.e., effective in 
the usual terminology). It is then no loss of generality to assume that G 
is a subgroup of H and that @ is the injection mapping. We can then 
restate the proposition as follows: if the topology of @ is admissibly strong 
it is stronger than the topology induced on @ by the compact-open topology 
of H. Since by (5.3) H induces the compact-open topology on G, this 
restatement is a consequence of (5.1). 

Taking @—F in (5.7) and recalling the definition of admissibly weak 


we have 


5.8. Corotuary. If X is a locally compact space, then the compact- 
open topology for a group of homeomorphisms of X 1s always admissibly 


weak. 


5.9. Definition. Let G be a group of homeomorphisms of a space 1. 
the modified compact-open topology for G@ is the topology resulting from 
applying the operation 9m (3.1) to the compact-open topology for G. In 
other words it is the topology for G in which the are components of open 
subspaces of G (relative to the compact-open topology) form a base. — 


A word of caution: since the operation 97 does not in general commute 
with the operation of inducing a topology on a subspace, there is no analogue 
of (5.3) for the modified compact-open topology, i.e., the modified compact- 
open topology for a group H of homeomorphisms des not in general induce 
on a subgroup @ of H the modified compact-open topology for G. 


5.10. Proposition. If X is a locally compact space and G ts a group 
of homeomorphisms of X, then the modified compact-open topology for G 
can be characterized as the weakest admissibly strong topology for G which 
is locally arcwise connected. Moreover, the modified compact-open topology 
for @ is also admissibly weak. 
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Proof. The first conclusion follows from (5.1) and (3.2(3)). If ¢ is 
an action of R on V with range in G, then by (5.7) ¢ is continuous when 
( is given its compact-open topology and hence by (3.2(2)) when @ is 
given its modified compact-open topology, i.e., the modified compact-open 


topology for G@ is admissibly weak. 


5.11. Proposition. Let X be a locally compact space and G a group 
of homeomorphisms of X. Then the modified compact-open topology is a 
Lie topology for G tf and only if it makes Ga Lie group. The same its true 


of the compact-open topology. 
Proof. This follows directly from the definition of a Lie topology (1. 4) 
since we have seen (5.1, 5.8, 5.10) that both the compact-open and modified 


compact-open topologies are admissibly strong and admissibly weak. 


5.12. Proprosirion. Lel G be a group of homeomorphisms of a locally 
compact, locally connected space X. Then G is a locally arewise connected 
topological group in its modified compact-open topology. Moreover, G has 
the same one-parameter subgroups when given either its compact-open topology 
or its modified compact-open topology, in fact, in each case they are exactly 


the actions of R on X with range in G. 


Proof. The first conclusion follows from (5.2) and (3.2(5)). Since 
we have seen that both the compact-open and modified compact-open topologies 
are admissibly weak and admissibly strong, the final conclusion follows from 
(1.2). 

5.13. Proposition. If Y is a locally compact space satisfying the 
second axiom of countabilily, then the modified compact-open topology for 
any group of homeomorphisms of X satisfies the first axiom of countability. 


Proof. (5.4) and (3.2(1)). 


In general, however, it will not be true in the above case that the 
modified compact-open topology, like the compact-open topology, satisfies the 
second axiom of countability. 

The following is one of our main results concerning Lie transformation 


groups. 


5.14. Tueorem. Let § = (G,7) bea Lie group satisfying the second 
axiom of countability whose underlying group G ts a group of homeomor- 
phisms of a locally compact, locally connected space X. If the topology J 
of & is admissibly strong. then it is automatically admissibly weak and hence 
Gis a Lie transformation group of X and J its Lie topology. Moreover J 


640 


TRANSFORMATION GROUPS. 641 


is the modified compact-open topology for G and if X satisfies the second 
axiom of countability and G 1s closed, relative to the compact-open topology, 
in the group of all homeomorphisms of X, then J is the compact-open 
topology for G. 

Proof. Since by (5.10) the modified compact-open topology for @ is 
admissibly weak, everything will follow once we show that J is the modified 
compact-open topology (the final conclusion is a consequence of (5.6)). 


Let &* denote G taken with the modified compact-open topology. By 
(5.12) &* is a locally arewise connected topological group. Since § is 
locally arcwise connected and has an admissibly strong topology, it follows 
from (5.10) that the topology of is stronger than the topology of §*. 
Then by (4.3) &§ = §*, i.e., J is the modified compact-open topology for G.' 


5.15. Corotiary. If a Lie topology for a group G of homeomorphisms 
of a locally compact, locally connected space satisfies the second axiom of 
countability, then it is the modified compact-open topology for G. 


5.16. Coronary. If X ws a locally compact, locally connected space, 
then the connected Lie transformation groups of X are precisely the groups 
of homeomorphisms of X which are connected Lie groups in their modified 


compact-open topology. 


Proof. (5.11) gives one part of the equivalence and, since a connected 
Lie group satisfies the second axiom of countability, (5.15) gives the other. 


It is not possible in (5.14) to drop the assumption that 9 satisfies 
the second axiom of countability. For example, if G is a non-trivial con- 
nected Lie transformation group of a locally compact, locally connected 
space Y, then in the discrete topology G would satisfy the hypotheses, but 
not the conclusion of (5.14). This shows that Theorem 9 of [1] is false 
as stated. The latter states a result similar to part of (5.14) in a special 
case. It is probably true when the second axiom of countabiilty is added as 
an assumption on the group G, however, the simple (but invalid) analytical 
proof given seems irreparable and topological arguments of the type we have 


used Seem necessa ry. 


6. Some dimension theory. In what follows a space stated to have 
dimension, finite or infinite, is assumed to have a separable metric topology. 
This is so that all the theorems of [3] will be valid. If XY is a compact 
space and C' a closed subset of Y, then H2(X,C) will denote the g-dimen- 
sional Céch cohomology group of Y modulo C, and 117(¥,.C) will denote 
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the g-dimensional cohomotopy classes of \ relative to C, i.e., the homotopy 
classes of mappings of X into the qg-sphere S4 which carry C into the north 
pole po. We wish first to show that if dim X —q>0, then these two sets 
are in one-to-one correspondence. Recall first that if c€ X and g > 0, then 
H4(X,{c}) is isomorphic to =H4(Y,0) and that W(X, {c}) is 
clearly in one-to-one correspondence with =17(X,0). Now let ¥ 
be the space formed by identifying the closed subset C of the compact space 
X to a single point c, and let f be the natural projection of X on J, 
Then f is a relative homeomorphism of (X,C) on (X,{c}), so, by 
Theorem 5.4, pages 266 of [2], f* is an isomorphism of H4(X, {s}) with 
H4(X,C). It is also clear that T¢(X,{C}) is in natural one-to-one 
correspondence with T7(X, {c}). Now suppose dim Y =n < o. Then 
“dim (XY — {c}) =dim (Y—C)<n so, by Corollary 2, page 32 of [3]. 
dim X¥ <n. Now if dimX¥ <n, both H"(X) and 1”(X) contain just one 
point, while if dim X =n, then H"(X) and I"(X) are in one-to-one corres- 
pondence by Theorem VIII 2, page 149 of [3]. Suppose now that n>0 
and let us put all these one-to-one correspondences together: 


{c}) o o W(X, {c})o W(X, C). 


6.1. Lemma. Jf X is a compact space of dimension n (0<n<o), 
then there is a one-to-one correspondence between H"(X,C) and II"(X,C). 


6.2. TrrtorreM. Let X be a compact space of finite dimension n> 0. 
Then there is a closed subset C of X for which there exists an essential map 
of the pair (X,C) into (S8*, po). 


Proof. Since the inessential maps of (X,C) into (S",p,) are just 
those in the same homotopy class as the constant map j,, it suffices to show 
that II"(XY,C) contains more than one element for some closed subset @ 
of X. In view of the lemma it suffices to find a closed subset C of X for 
which H"(X,C) +0. But if on the contrary H"(X,C) =0 for all closed 
subsets C of XY, then it would follow from Theorem VIII 4, page 152 of [3] 


that dim Y = n—1, a contradiction. 


6.3. Borsux’s TuroreM. Let Y be a closed subspace of a space X 
and C a closed subspace of Y. Let f and g be homotopic mappings of (Y,C) 
into (S", po). If f has an extension F over X relative to 8", then there 1s 
an extension G of g over X such that F and G are homotopic mappings of 
(X,C) into (8", po). 


Proof. This is stated and proved as Theorem VI 5, page 86 of [3] ior 
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the case C= (. However the proof given actually proves the more general 
relativized form stated above. 


6.4. Lemma. Let Y be a closed subset of a space X and C a closed 
subset of VY. Let F be a map of (Y,C) into (S", po) such that f, the 
restriction of F to Y, is an inessential map of (Y,C) into (S", po). Then 
there is a neighborhood V of Y such that the restriction of F to V is an 


inessential map of (V.C) into (S", po). 


Proof. Let g be the constant map yp, of (¥,C) into (S8", p,). 
By assumption f and g are homotopic mappings of (Y,C) into (8", po), 
hence by (6.3) there is an extension G of g over Y such that F and G are 
in the same homotopy class as mappings of (Y,C) into (S",p,). A fortiori 
if V is any neighborhood of Y, then the restrictions of F and G to V are 
homotopic maps of (VC) into (S",p.), hence it suffices to find a neighbor- 
hood V of ¥ for which G restricted to V is an inessential map of (V,C) 
into (S".p,). But clearly if U is any contractible neighborhood of p, on 
8* then G-?(U) = V works. 


The following result, or at least closely related ones, are known. How- 


ever the proof is short and we include it for completeness. 


6.5. TrroremM. Let C be a closed subspace of a compact space X and 
lel f be an essential map of the pair (X,C) into (S8",p.). Then the family 
F of closed subsets Y of X which include C and for which the restriction 
of f to Y is an essential map of (Y,C) into (S8",p,) contains a minimal 


element. 


Proof. By Zorn’s lemma it suffices to show that the ordering of ¥ by 
inclusion is inductive, i.e., if I is a chain in ¥ and F is the intersection of 
the elements of T, then we must show that F € ¥. Suppose on the contrary 
that ’'¢ F. Since clearly CCF this means that f restricted to F is an 
inessential map of (#°,C) into (S",p.) and hence by (6.4) there is an open 
et V including F such that f restricted to V is an inessential map of (V,C) 
into (S".p,). Now {¥—V: Y€T} is a chain of compact sets with empty 
intersection and hence Y—V is empty for some Y€IL. But then YCV 
and hence the restriction of f to Y is an inessential map of (Y,C) into 
(S".p,) so ¥ contradicting TC 


“7. A criterion for Lie groups. This section contains the proof of a 
theorem reported by one of the authors in [4]. 
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7.1. TueoreM. Let G be a locally arcwise connected topological group. 
If X is a non-void compact, metrizable subspace of G of dimension n <a, 
Y 


then either X has an interior point or else there is an arc A in G such that 


AX is compact, metrizable and of dimension greater than n. 


Proof. We note first that if A is any arc in G, then AX is compact and 
metrizable. In fact, A is the continuous image of the unit interval J under 
some map o so that AY is the continuous image of the compact, metrizable 
space I< X under the continuous map (f,2)—>o(t).. The desired result 
now follows from Satz IX, §3, Chapter II of [7]. 


If n=O then either (@ is discrete, in which case every point of V is an 
interior point, or else G has a non-trivial are A in which case AX has a non- 
trivial are and therefore is of dimension greater than or equal to one. 

Now suppose n>0. By (6.2) we can find a closed subset C of X for 
which there exists an essential map f of the pair (X,C) into (S",p,). By 
(6.5) there is a closed subset X’ of X including C’ such that f restricted 
to X’ is an essential map of the pair (X’,C) into (S", p,), but for any non- 
void open subset U of X’ disjoint from C the restriction of f to A’ —U is 
an inessential map of (X’—U,C) onto (8",p,). Without loss of generality 
we can assume that e€ 1’—C, for in any case this can be arranged by a 
translation. 

Let V be an arewise connected neighborhood of e such that V-'V is 
disjoint from C. Suppose now that \ has no interior points. Then certainly 
V- is not included in X’, so we can find a continuous map o of the unit 
interval into such that o(0) =e, A—range of oCV, and o(1)*¢ X. 
Then ega(1)X’, hence since X’ is compact, we can find an open neighbor- 
hood U of e with UC V and U disjoint from o(1)’. By the choice of 1 
the restriction of f to V’—-U is homotopic, as a map of the pair (.V’ —U.C) 
into (S",p,), to the constant mapping t—>p,. By (6.3) it follows that 
there is a map g of the pair (X’,C) into (S",p,) such that g() =p, for 
x€ X’—U which is homotopic to the restriction of f to V’ and therefore 
is essential. 

Now note that AC U o(1).\” is disjoint from (. In fact, ( was chosen 
disjoint from o(1)X’ while, since ACV and V"'V is disjoint from (@, it 
follows that AC is disjoint from V and a fortiori from (. Then since 
g(r) =p, for r€ —U, it follows that the defining conditions =) 
for r€ ACUe(1)X", h(x) =g(xr) for are non-contradictory and 
define a continuous mapping fh of V’U AC Uo(1)NX’ into 8”. It follows 


from the essentiality of g that h does not have a continuous extension over 
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AX’ relative to S". In fact, if h were such an extension of h, then 
H: 1X X’—> 8", defined by H(t,z) =h(o(t)x) would be a homotopy of g 
(considered as a map of the pair (X’,C@) into (8",p,)) with the constant 
map £—> po. It follows a fortiori that h does not have a continuous extension 
over AX relative to S”. Since as we have already seen AX is metrizable, 
we can apply the theorems of [3]. In particular, by Theorem VI 4, page 83 
of [3], the existence of a continuous mapping of a closed subspace of AX 
into S" which does not admit a continuous extension over all of AY implies 


that dim (AXY)>n. 


7.2. Turorem. A locally arcwise connected topological group G in 
which the compact metrizable subspaces are of bounded dimension ts a Lie 


group. 


Proof. Let n be the least upper bound of the dimensions of the compact, 
metrizable subspaces of G and let X be a compact metrizable subspace of G 
of dimension n. By (7.1) X has an interior point g. Then V—g"X isa 
compact n-dimensional neighborhood of the identity in G. Hence G is a 
locally connected, locally compact, n-dimensional topological group and, by 
the theorem on page 185 of [5], G is a Lie group. 


7.3. Corotuary. If G is a topological group in which the compact, 
metrizable subspaces are of bounded dimension, then the associated locally 
arcwise connected group of G (Definition 3.3) is a Lie group. 


Proof. Since the topology of G*, the associated locally arcwise con- 
nected group of G, is stronger than the topology of G, the compact metrizable 
subspaces of G@* are also compact metrizable subspaces of G and hence have 


hounded dimension. 


7.4. Corotiary. Let G be a topological group in which some neigh- 
borhood of the identity admits a continuous one-to-one map into a finite 
dimensional metric space. Then the associated locally arcwise connected 
group of Gis a Lie group and in particular if G is locally arcwise connected, 
then G is a Lie group. 


Proof. Let f be a continuous one-to-one map of a closed neighborhood 
V of the identity into a finite dimensional metric space Y. Given. a compact 
subspace K of G and k€ K, kV NK is a compact neighborhood of & in K. 
The map h—>f(k-*h) maps kV M K homeomorphically onto a compact sub- 
space of XY. It follows that kV M K is of dimension less than or equal to n. 
Since each pdint of K has a neighborhood of dimension less than or equal 
to n, it follows that dim (K) =n and (7.4) now follows from (7.3). 
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‘ 8. A criterion for Lie transformation groups. 


8.1. Definition. A set & of homeomorphisms of a space Y will be said 
to be faithfully represented by a subset F of X if $€ @ and ¢(x) — = for all 
«€ F implies ¢ is the identity map of YX. 


8.2. THrorem. Let §=(G,I) be a Lie group whose underlying 
group G is a group of homeomorphism of a space X and whose topology J 
is admissibly strong. Then some neighborhood of the identity in § is 
faithfully repersented by a finite subset F of X. In fact, if dim§Y =n 
then F can be taken to have n or fewer points. 


Proof. Given a finite subset F of X, let 
Gr={g¢€ G: g(x) for all F}. 


Each Gy is a closed subgroup of § and hence a Lie group. It will suffice 
to prove that for some F' containing n or fewer points, Gr is zero-dimensional 
and hence discrete. We prove this by showing that if dim Gr > 0, then for 
some X we have dim << dimGy. In fact, let ¢: ¢; be a non- 
trivial one-parameter subgroup of G,» and let ¢ be a real number such that 
¢:~e. Choose X such that Ax. Then is a subgroup of 
Gy and ¢ is a one-parameter subgroup of Gr but not of Gpy;.). 


There is a partial converse to (8.2), namely, 


8.3. THroremM. Let § =(G,7) be a topological group whose under- 
lying group G is a group of homeomorphisms of a finite dimensional metric 
space X and whose topology J is admissibly strong. If some neighborhood | 
of the identity in & is faithfully represented by a fintie subset of X, then | 
the associated locally arcwise connected group of & is a Lie group, and in | 
particular if & is locally arcwise connected, it is a Lie group. 


Proof. Let U be a neighborhood of the identity in 9 faithfully 
represented by a finite subset 2,,- - -,x, of X and choose a neighborhood V 
of the identity with V*VCU. Then f: is 4 
continuous map of V into X". Moreover, if f(g) =f(h) for g,h€ V then 
= 2, 1=1,2,---,n; since g*he U, it follows. that 
gth=e or g=h. Thus f is one-to-one and since dim <~, b 
the proposition follows from (7.4). 

8.4. THrorEM. Let X be a locally compact, locally connected, finite ¢ 


dimensional metric space. A necessary and sufficient condition for a group — 2 
G of homeomorphisms of X to be a Lie transformation group of X with the 
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modified compact-open topology as its Lie topology is that some modified 
compact-open neighborhood of the identity in G be faithfully represented by 
a finite subset of X. 


Proof. Necessity follows from (8.2). Since the modified compact-open 
topology for G is admissibly strong (5.10) and makes G@ a locally arcwise 
connected topological group (5.12), sufficiency follows from (8.3). 

Since the modified compact-open neighborhoods of the identity are 
generally impossible to determine while the compact-open neighborhoods of 
the identity are explicitly given, the following corollary to (8.4) is a more 


useful criterion than the theorem itself. 


8.5. Coronnary. Let G be a group of homeomorphisms of a locally 


compact, locally connected, finite dimensional metric space X. If some 


compact-open neighborhood of the identily in G ts faithfully represented by 
a finite subset of X, then G is a Lie transformation group of X and the 
modified compact-open topology for G@ is its Lie topology. In particular, 
if G itself is faithfully represented by a finite subset of X, tt ws a Ine 
transformation group of X with the modified compact-open topology as its 


Lie topology. 


Proof. A compact-open neighborhood of the identity in @ is a fortiori 
a modified compact-open neighborhood of the identity. 


It is perhaps in order here to remark on the relevance (or rather irrele- 
vance) of the various metrizability assumptions we have made in Section 6 
and thereafter. In general these have been made to justify the use made of 
theorems proved in [3], where all spaces are taken to be separable metric. 
However, since all the spaces to which dimension arguments are directly 
applied are, in this paper, compact, it is possible as the referee suggests to 
use the Lebesque definition of dimension in terms of the minimum number 
of interesecting sets in small open coverings, and drop all references to 
metrizability. For the results in Section 6 and for Theorem 7.1 this would 
strengthen our results. However for the main theorem, Theorem 7. 2, 
dropping the reference to metrizability would at least formally weaken the 
theorem. Using the referee’s suggestion, Corollary 7.4 can be strengthened 
by replacing metric by compact in its statement. That this gives a really 
stronger result follows from the fact that a finite dimensional metric space 
can be imbedded in a finite dimensional compact space. In fact the referee 
notes that locally compact can replace metric in Corollary 7.4, provided the 
dimension of a locally compact space is defined as the supremum of the 
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dimensions of its compact subspaces. This is immediate from the proof of 
this corollary. Having noted this last fact it follows that in Theorems 8.3 
and 8.4 and in Corollary 8.5 we can drop the assumption that X is metric. 


9. A conjecture. Let X be a connected manifold satisfying the second 
axiom of countability. Let G be a connected Lie transformation group of J, 
or what is the same (5.16), a group of homeomorphisms of X that is a 
connected Lie group in its modified compact-open topology. Let @ be the 
closure of G, relative to the compact-open topology, in the group of all homeo- 
morphisms of X. Then we conjecture that @ is also a Lie transformation 
group of X and that the Lie topology of G is its compact-open topology. 

If this is so, then the structure of the class of connected Lie transforma- 
tion groups of X is very clear. On the one hand, there are those groups 
of homeomorphisms of XY which are connected Lie groups in their compact- 
open topology, and all others are analytic subgroups of these. The validity 
of this structure theorem would have many interesting consequences. 

If M is a differentiable manifold with XY as its underlying topological 
manifold, then we define a Lie transformation group of M to be a Lie 
transformation group of X consisting entirely of differentiable homeomor- 
phisms. The differentiable structure of M allows one to develop an infinitesi- 
mal characterization of Lie transformation groups of \/ in terms of vector 
fields on M. This is carried out by one of the authors in a recent Memoir 


of the American Mathematical Society [6]. 


HARVARD UNIVERSITY. 
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ON THE BIRATIONAL EQUIVALENCE OF CURVES UNDER 
SPECIALIZATION.* 


By We1-Lianc CHow? and Serce Lana. 


Let & be a field with a discrete valuation, let p be the maximal prime 
ideal in the valuation ring on k, and let & be the residue field of k. Let 
S" be the projective space of dimension n in the algebraic geometry over a 
universal domain containing k, and denote by S” the projective space of 
dimension n over a universal domain containing &; if Z is any cycle in 8, 
rational over k, we shall denote by Z the cycle obtained from Z by reduction 
modulo p, in the sense of Shimura [4], and we shall call Z the specialization 
of Z (with respect to the given valuation of &). This definition applies also 
in case Z is a variety, which is then to be considered as a prime cycle; the 
the specialization Z is then a positive cycle, but in general not necessarily 
a variety. According to the generalization of the Principle of Degeneration 
recently proved by Chow, the specialization of a variety is always connected, 
but we shall not need this fact here. 

Consider now two non-singular curves C, and (, in 8", both defined 
over k, and assume that they are birationally equivalent over k. A theorem 
of Deuring ([2], Satz 3) can be expressed geometrically by saying that if 
(, and C, have genus 1 and if the cycles C, and C, are also non-singular 
curves of genus 1, then C, and C, are birationally equivalent &. In this note 
we shall generalize this result to non-singular curves of arbitrary genus and 
also to abelian varieties; in fact, we shall first prove the result for abelian 
varieties, and then deduce the result for curves by embedding them in their 
Jacobians. Our method is quite different from Deuring’s, and is based on 
the “compatibility” of the Chow construction of the Jacobian and the 
canonical mapping. 

Let A be an abelian variety in 8”, defined over k. We shall say that 
the specialization A of A is non-degenerate if A is an abelian variety defined 
over & and if the law of composition in A is the specialization of the law of 


sceived January 24, 1957. 
* Work of W. L. Chow was supported in part by a National Science Foundation 
Grant, NSF-3022. 
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composition in A. Specifically, this means the following. Let @ be the 
graph of the law of composition in A, so that G is a subvariety in A K A X A; 
then our condition can be expressed by saying that both A and G are varieties 
(in S" and 8" x 8" X 8" respectively) and that G defines an abelian law of 
composition in A. We observe that if e is the unit element in A, then é is 
the unit element in A; in fact, e is characterized by the condition that 
prse(e X A X A)) is contained in the diagonal in A X A, and this condition 
is evidently preserved under the specialization. 


THeorEM 1. Let A and B be abelian varieties in 8S", and let T be a 
birational isomorphism between A and B; we assume that A, B, and T are 
all defined over k. If the specializations A and B are non-degenerate, then 
the specialization T is a variety and defines a birational isomorphism 
between A and B. 


Proof. It is clear that A XB is the specialization of A X B and is 
non-degenerate. If we denote the graph of T by the same symbol, then the 
support |7| of T is an algebraic subgroup in A X B; this follows from the 
fact that T is an abelian subvariety in A X B, and the fact that the law of 
composition in 1 XB is the specialization of the law of composition in 
AX B. Let T, be a component in T which contains the unit element; then 
T, is an abelian subvariety in 1 X B, and every component in | 7 | and hence 
also every component in 7 is obtained from TY, by a translation. By 
assumption, we have pr, 7’ and pr. 7’=B; hence, by specialization, we 
have pr, 7 =A and pr.7=—B. Since all cycles obtained from 7, by trans- 
lations must have the same projections on A and B, we conclude readily 
that pr; 7) =A and pr. T= B, and that T, is the only component in 7 and 
has the coefficient 1. This shows that 7 —T, defines a birational trans- 
formation between A and B, which, since it preserves the unit elements, 
must be an isomorphism. 

We turn now to the case of the curves C, and C, considered at the 
beginning of this note. Let C be a non-singular curve of genus g(C) in 8", 


defined over k; we shall say that the specialization O is non-degenerate if 0 


is a non-singular curve and hence has the same genus g(C) as C. We assume 
that there exists a birational correspondence F between C, and C2, defined 
over k, and that the specialization C, and CO, are both non-degenerate. Since 
the conditions pr, F = C, and pr. F = C, imply by specialization the conditions 
pr, F = C, and pr. F = C,, we conclude that F is either a birational correspon- 
dence between C, and C,, or has the form xz X C.+ ©, X y, for some points 
and y in C, and C, respectively. In case g(C,) =g(C.) =0, it can be easily 
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seen by examples that both possibilities can occur; however, in this case 
the assertion of Deuring is trivially true. In the next theorem we shall 
show that, except in this trivial case, the second possibility cannot occur; 
this implies that the specialization /# is itself already such a birational 


correspondence. 


TrreorEM 2. Let C, and C, be non-singular curves of genus > 0 in S8*, 
and let F be a birational correspondence between C, and C,; we assume that 
(,, Co, and F are all defined over k. If the specializations C, and C, are 
non-degenerate, then the specialization F is a birational correspondance be- 


tween C, and Co». 


Proof. The theorem being “ geometric,” we may assume that the curves 
(, and C, have rational points over &, and hence the curves C, and Cz have 
rational points over /*. In fact, we can enlarge k by a finite algebraic extension 
if necessary, and extend the discrete valuation in & to a discrete valuation 
of this extension ; it is easily seen that the validity of our theorem over this 
extension will imply its validity in the original form. 

For i= 1, 2, we consider the Jacobian J; of C; and the canonical mapping 
f; of C; into J; with reference to a rational point p; in C; (i.e., fi(pi) = ei, 
e; being the unit element in J;), both J; and f; being constructed as in Chow 
[1]. It is essential for our purpose that J; and f; are constructed in this 
particular way, which we shall call the Chow construction, not just some 
arbitrarily chosen projective models of J; and the corresponding mapping fi. 
The reason lies in the fact that the Chow construction is “compatible” with 
specializations, at least when they are non-degenerate. Specifically, this 
means that if the specialization C; is non-degenerate, then the specialization 
J; (which is a cycle in St: if St: is the ambient projective space of J;) of the 
abelian variety /; is also non-degenerate, and J; and f; are respectively the 
Jacobian and the canonical mapping of C;. This fact is a special case of a 
more general “compatibility ” theorem of Igusa [3] (Igusa treats only the 
aleebro-geometric specializations, but it is easily seen that his proof is also 
valid for the more general specializations considered here at least in the 
non-degenerate case). For the sake of convenience, we shall assume that 
F (p,) ; then there exists a birational isomorphism 7 between J, and J», 
defined over &, such that Tof,—f,oF. If we denote by f the mapping 
fi X fe of C: X C. into J; X Jz, and if we denote the graphs of F and T by 
the same symbols, then the above relation implies that f(F) is contained in T. 
Since the specialization f =f, Xf. is a rational mapping of C, XC, into 
J, XJ», it follows that the cycle 7(#) is defined and is contained in | TI. 
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By Theorem 1, 7 is an abelian subvariety in J; X J2 (it is in fact sufficient 
to know that | 7| is an algebraic group in J; X Jz) and is a proper subset in 
J, X<J.. If F is not a birational correspondence between C, and C,, then 
by a previous remark we must have F = p, X C2-+ Ci X poo (we observe that 
|#| must contain the point j: X j2) and hence 


= 4 X f2(C2) + X 


This shows that | f7(#)| generates the entire variety J; X J2, in contradic- 
tion to the fact that f(#) is contained in T. This proves our theorem. 


THE JoHNS HopkKINs UNIVERSITY, 
COLUMBIA UNIVERSITY. 


REFERENCES. 


[1] W. L. Chow, “ The Jacobian variety of an algebraic curve,’ American Journal of 
Mathematics, vol. 76 (1954), pp. 453-476. 

[2] M. Deuring, “ Die Zetafunktion einer algebraischen Kurve vom Geschlechte Eins 
(II) ,” Nachrichten der Akademie der Wissenschaften in Géttingen, 1955, 
pp. 13-42. 

[3] J. Igusa, “ Fibre systems of Jacobian varieties,” American Journal of Mathematics, 
vol. 78 (1956), pp. 171-199. 

[4] G. Shimura, “ Reduction of algebraic varieties with respect to a discrete valuation 

of the basic field,” ibid., vol. 77 (1955), pp. 131-176. 


( 


hat 


lic- 


8, 


FOURIER TRANSFORMS ON A SEMISIMPLE LIE ALGEBRA II.* 


By HarisH-CHANDRA. 


1. Introduction. The purpose of this paper is to complete the proofs 
of two results (Theorems 2 and 3) which have already heen mentioned in 
[4(e),§1]. For the first one, the problem reduces to showing that the 
constants of the Corollary to Lemma 29 of [4(e)] are all equal. It is 
obvious that this can be done only by taking the singular elements of go 
into account. However, as we shall see, it is enough to consider only the 
best among these, namely, the semiregular ones (see Section 2). Let go’ be 
the set of all regular elements in go. We first show that a given semiregular 
element H, of g) can lie in the closure of at most three distinct connected 
components of go’. Let {, be the real semisimple Lie algebra of dimension 3 
spanned by the elements H, X, Y satisfying the relations [H,X]—2JX, 
[H,Y]——2Y, [X,¥]—H. Then zero is the only semiregular element 
in I, and certain computations on go around H, can be reduced to similar 
computations on [, around zero (see Lemma 8 and its Corollary). Now the 
distribution 7” of [4(e),§7] satisfies certain differential equations [4(e), 
Lemma 30]. If we transcribe these equations on [o, they become simple 
enough to be handled directly (see Lemma 12). In this way, one proves 
that 7” coincides with a constant on some neighborhood of Hy. Theorem 2 
now follows from the fact that the union of regular and semiregular elements 
of go is connected (Lemma 13). Once Theorem 2 is proved, Theorem 3 can 
he obtained without much difficulty from Lemma 41 of [4(e) |. 

For the convenience of the reader all calculations on [, have been col- 
lected together in the Appendix (Section 6). 

The main results of this paper have been announced in a short note 


[4(f) ]. 


2. Transformation of certain integrals. We keep to the notation of 
[4(d), (e)]. Call an element X € gq semiregular if (1) adX is semisimple 
and (2) the centralizer of Y in g is of dimension 1+ 2 (where 1 rank g). 
Let hy) be a Cartan subalgebra of g such that 6(§o) =}, and let Hy be a 
semiregular element in ho. Define P, P,, Py and P_ as in Section 5 of [4(e) ]. 


* Received July 30, 1956. 
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Then since H, is semiregular, it is obvious that a#).(H,.) 0 for exactly one 
root « € P, and the centralizer of Hy in g is 3=h+CX,,+CX,. Let Q 
be the set of those roots a€ P for which a? takes only real values on fp. 
We claim a, € QY. For otherwise, suppose ¢ Q and put B=—6a). Then 
B is also a root and B(H) =conja.(H) (H€.). This implies that 
B(H,) =0, and therefore Yg€ 3. On the other hand BA a since % ¢ Q. 
Therefore it is obvious that Xg ¢ 3, and we get a contradiction. Hence a € Q. 
Moreover, it is clear that 9(3) = %, and therefore (see [4(e), Lemma 10]) 
3 is reductive in g and 3=o+T/, where o is the center and [= [3,4] 
= CH,,+ CX, +CX_«, the derived algebra of 3. Obviously o is the set of 
all H€h, where Put ho. Then lh, 
where =[M go. Now dime 2 and dimga, 1. Hence 
dime [, = 3, and this shows that [, is a real form of the complex semisimple 
Lie algebra [. Put Hog,’ and define Q, as in [4(e), § 12]. 
We select X,, and X_,, in accordance with Corollary 1 of Lemma 46 of [4(e) ]. 
Then = + + if a € Q, and 


In the latter case, [, is compact (see Section 6). Finally, 
o = + + B(Xa, + X-c,) if € Po. 


Let I’ be the set of those points in [ which are regular (with respect to [). 
Let q be the orthogonal complement of 3 in g. Then q= > (CX, + CX-«) 


aeP 


and [3,q|Cq. Let £(Z) (Z€ 3) denote the determinant of the restriction 
of adZ on gq. Then ¢ is a polynomial function on 3 which takes only real 
values on 3, and £(H) = (—1)""" JJ «(H)? (H€4), where r is the number 
of roots in P. This shows that £(H,) 40. Let 4.’ be the set of those points 
Z€ 3. where £(Z) 40. Select an open connected neighborhood U of H, 
in 30 and consider the factor space G* = G/Z, where G is the (connected) 
adjoint group of g) and = is the centralizer of H, in G. We denote by 
a—a* (x€ G@) the natural mapping G on G*. Choose an open connected 
neighborhood V* of 1* in G*. Then if V* is sufficiently small, we can 
define (see Chevalley [2, p. 111]) an analytic mapping ¢ of V* into G 
with the following properties: (1) (¢(z*))*—2* («c*€ V*) and (2) ¢ is 
regular on V*. Put V =¢(V*) and consider the mapping y: Z) > ¢(2*)Z 
(c*€ V*,Z€U) of V* XU into go. We shall prove that y is regular. For 
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and X*¢€ V*, put? —dr,(Y), where r—¢(z*) and is the 


j natural mapping of G on G*. Identify the tangent space of V* XU at 


(«*,Z) with under the linear isomorphism 


Y+Xoy,z* XX (Y € qo, X E go)- 


Then a simple calculation shows that 


+X) = $(2*)X —$(a*) ad 
sut since is the identity mapping on V*, if 


and therefore = Y mod go. Hence if Dze,z = ($(2*)) 
it is clear that 


© and so we conclude that | det (diz*,z) | == | det Dz,z | os | £(Z) | ~0, since 


UC 30... This proves that y is everywhere regular on V* XU. Therefore, 


» since the dimensions of the two manifolds V* XU and gp» are equal, it 


follows that w is also open and univalent provided V* and U are sufficiently 


small. Put N=y(V* XU). Then N is an open connected neighborhood 
| of 7, in go and y defines an analytic isomorphism of V* X U with N. 


Since 3. is reductive, the group = is unimodular, and therefore (see Weil 
(8, p. 45]) there exists an invariant measure dx* on G*. Let dX and dZ 
denote the Euclidean measures on go and 40, respectively. Then the above 
calculation shows that dz* can be so normalized that 


N V*XU 


Select once for all an element a, € C,*(V*) such that da* == 1, 


and for any y€ C.*(U) define fy€C.”(N) by fy(y(x*, Z) ) = ao(z*) y(Z) 


(x*€ V*,ZEU). Then the following result is obvious. 


Lemma 1. Let ‘U be any open subset of U and put ‘N=y(V* XU). 
Then 


fy(X)aX—m for all y¢C."(‘U). 


On the other hand, it is clear that o) and I, are mutually orthogonal. 
Let Us and U;, respectively, denote the orthogonal projections of U in a» 
and [,. Then by replacing U, if necessary, by a smaller open connected 


* We follow here the terminology of Chevalley [2]. The present computation is 
very similar to the one performed during the proof of Lemma 39 of [4(c)]. 
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neighborhood of Hy in jo’, we can assume that (1) U=Us+ U,, (2) Uo is 
convex and a(H) ~0 for any H€ Ue and «Aa, in P, (3) if ZE VU; then 
(Z (0St=1) is also in U;. Define the polynomial y as in [4(e), $6] and 
let go’ be the set of all regular elements in go. Put U’ =U q)’ and U/ 
=U,N1,’. Then we claim that U’—=Uc+Uy/. This is seen as follows, 
Let A be an indeterminate and J the identity maping of g. Then it is 


obvious that 


det (AJ — ad Z) = det (AJ —ad Z)q det(AI —adZ), (Z € 3), 
where the subscripts signify restrictions on the corresponding subspaces. Now 


suppose Z€ U and Z=H + Y, where HE Uc and YE U;. Then it is evident 
that 
det (AJ — ad Z), det (AJ —ad Y ),, 


and therefore det(Al —ad Z) =A!" det (AJ —ad Z)qdet(AJ —ad Y);. The 
coefficient of A’ on the left side is (—1)"(Z), where 7 is the number of 
roots in P. On the other hand, the constant term in det(AJ —adZ)q is 
(—1)%(Z), where g—dimg. Moreover, since [ is of rank 1, A divides 
det(AJ —ad Y);, and the coefficient of A in it is —40Q(Y), where Q is the 
Casimir polynomial of [ (see Section 6). This means that 


(—1)"9(Z) = 3(—1)E(Z)Q(Y). 


Therefore, since £ is never zero on U, Z€ U’ if and only if Y € [,’, and this 
proves that U’=U.,a+U;’. In view of the above condition imposed on U, 
it follows (see Appendix, §6) that U/’ is connected or it has exactly three 
connected components according as [, is compact or not. Put N’=NN q’. 
Then N’=y(V* X U’), and therefore we get the following result. 


LemMMA 2. If a € P_ then [, is compact and N11 q)’ is connected. On 
the other hand, if a€Q,U Po, {, is not compact and NN qo’ has exactly 


three connected components. 


From now on we shall assume that a€ Q,U Po. Call an element Z € [,’ 
hyperbolic or elliptic according as Q(Z) is positive or negative. Let |; 
(t= 1,2,3) denote the three connected components of I)’. We assume that 
© is positive on I, and negative on [, and [, (see Appendix, §6). Put 
H’ = H,,’, X’=Xq,, Y’ if a €Q, and H’ = (—1)4(X_,— X-«,), 

if Then [,=RH’+ RX’+ RY’ and [H’,X’]=2X’ [H’,Y’] 
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+ is =— 2Y’, [X’, Y’] =H’. Moreover H’ is hyperbolic while XY’ — Y’ is elliptic. 

hen — We shall suppose that X’—Y’€[,. Let duo and dy, denote the Euclidean 

ind measures On og» and Io, respectively. Every element in [, can be written in 

Uy the form tH’ +-27X’+ yY’ (t,2,y€ R). We normalize dy, in such a way 

WS. that? duy = Then since is the orthogonal sum of op and Ip, 
is we can assume that dZ—=dyodp. Put 


=o, + RH’ and bo =o, + h(X’—Y’). 


Then a, and 6, are Cartan subalgebras of 3) (and also of go) which are 
ow invariant under 6. Let ZL be the analytic subgroup of @ corresponding to [. 
ent and let K, be the connected component of 1 in KNL. Since [,N fp 
—Rh(\’—Y’), K, is the one-parameter subgroup corresponding to X’ — Y’. 


Moreover K, is compact. For any f€ C,*(%), put 
he y(t, Ho) }(Ho + tH’ + 2X’) de (t> 0), 
of 
is 
¥,(¢, Ho) =| f(Ho (e'—e')dt (p€ 

0 

he 

for Ho€ oo. Here f(Z) = { f(kiz)dk, (Z€ 3.) and dk, is the normalized 

Ki 
Haar measure on K, so that dk,—=1. Let R* and R- denote the sets 

iis of all positive and negative real numbers, respectively, and put R’=R*UR-. 
of Also let a,, 62, bs, respectively, denote the sets of all elements of the form 


ee Ho He t(xX’ — ¥’) and Ho— t(X’ — (t € Put bo’ = be U bs. 
nf We can also regard @, and Wy as functions on a; and b,’, respectively, as 


follows : 
+ tH’) =9)(t,He), % (Ho + 6(X’—¥")) 
l 
R’). Let a, b be the complexifications of ao, by in g. 
Consider the complex analytic subgroup ZL, corresponding to I in the (con- 
Io, nected) complex adjoint group G, of g. Define two elements vq and vg in L, 
as follows. va—=1, if? a€Q, and 
at va = exp{— + X-«,)}, if € Po. Then (see §6) 


ut H’ = vaH,,’, (X’ —Y’) = (—1)*vgHa,’, and therefore vah =a, =b. For 
any root « of g with respect to , we define a root %q with respect to a by 
ta(H) (Hé€a). Similarly, define a root with respect to 
by a3(H) (H€b). We shall say that a and ap correspond to 


* Here mw denotes, as usual, the smallest positive root of the equation sin t = 0. 
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under yg and vg, respectively. Put r=(@)q and A=(@)5. Then 7(H’) 
and A(X’ — Y’) =2(—1)#. Let Pq and Py, be the sets of roots with respect 
to a and 6 corresponding to P under vq and vg, respectively. Define the 
Euclidean measures dug, dug on a, b by dug=dyodt, dug—dpodd corres- 
ponding to H=Ho+tH’ and H—=Ho+¢(X’—Y’) HED; 
Ho€ oo; t,¢ER). Put (*—1,2,3). 


LeMMA 3. For any f € C.* (30) define ®;, ¥; as above. Then ®, and ¥, 
lie in @(a,) and 6(b,’), respectively, and 


a, b; 


Since o is the center of 3, it follows without difficulty that 0(p)®; = 2,5). 
= for (see [4(d),§2] for notation). Therefore since 
the carrier of f is compact, our statement follows from the work of the 
Appendix, especially Lemma 16. 

Let =’ be the normalizer of ao) in G and =, the analytic subgroup of G 
corresponding to 4o. 


Lemma 4. &’ is also the normalizer of 3. in G and every element of = 


leaves 1) invariant. Moreover, =’ D =D =, and E, ts of finite index in =’. 


Since o, is the center of 3) and 3 the centralizer of a» in go, it is obvious 
that =’ is also the normalizer of 3. in G. Moreover, since [, is the derived 
algebra of 40, =I, for =’. Finally, since 3, is the centralizer of H, 
in Qo, it is clear that 2 C=C’. The finiteness of =’/E, is a consequence 
of Lemma 15 of the Appendix (Section 6). 

We shall now show that if U is sufficiently small, cUNU=®@ (z€ G) 
unless r€ =. This is done as follows. Since S({) C S(g), we can regard 2 
as a polynomial function on g. But then, since o and [ are orthogonal, 
(H€o,Z€1), and therefore Q(H,) =0. Choose a 
positive number 8. Then we may assume that U is so small that | 2(Z)! 
< 8&|a(Ho(Z))|? (ZEU) for all «a in P. Here Ho(Z) denotes the 
orthogonal projection of Z in o for any Z€3. Since [o,I] = {0}, it is 
clear that Ho(yZ) =Ho(Z) (y€ L..Z€ 3). Hence 


min | @(Ho(Z))| =min | ¢(He(Z)) | =min| «(Ho(Z))|. 
aX~ao a+r 
Pp 


Moreover, if Z€ a, 2(Z) =2r(Z)? (see Section 6). Let U=UyU. Then 
ye L 
it follows that if Z€ UN a, 


|7(Z)| <8|a(Ho(Z))| for all a Az in Po. 


rr 
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Similarly, if Z€ UA bo, then |A(Z)| <<8|a(Ho(Z))| for all aA in Py. 
Now suppose 6 is so small that = 4 and 


8|a(H’)|S1 (a€ Pa), (BE 


Then since Z—Ho(Z) +47(Z)H’ for Z€EUNa, it follows that a(Z) 
=4a(Ho(Z)) + 47(Z)a(H’) for «€ Pag. Therefore if «rx, 
a(Z)| 28| a(Z)| = 28{| a(Ho(Z))|—4| +(Z)| | |} 

> (2—8| «(H’)|)| +(Z)| =| 7(Z)|. 
This proves that | «(Z)| > |7(Z)| for Z€ U Na, and ar in Py. Similarly, 
a(Z)| > |A(Z)| € for ZEUMb. Moreover, we have the 
following result. 

LemMA 5. The two Cartan subalgebras a) and by are not conjugate 
under G. 

Since 6(0 H’€ py and X’— Y’€ £, (see [4(e),§$12]), it is clear 
that ag N fp =o, Nf while Hence I(bo) 
=1(a)) +1 in the notation of [4(e),§8]. Therefore a, and by cannot be 
conjugate. 

Put (4—1,2,38). 

Corotuary. Suppose Z,€ U, and Z,€ UzU U3. Then Z, and Z, cannot 


be conjugate under G. 


For otherwise suppose Z,—2Z, (x€G). Since U; Co o+, we can 
select (see Section 6) y,€ LZ such that Z,’—y,Z,€a,. Similarly, we can 
choose y.€ L such that 7.’ =y.Z2€ by’. Obviously Z,, Z, are regular in Qo, 
and therefore the same holds for Z,’, Z.’.. Hence ay and bo, respectively, are 
the centralizers of Z,’ and Z,’ in go. Moreover, =y2try,"), 


and therefore by) 2’a,. As this contradicts Lemma 5, the corollary follows. 
Now suppose rZ€ U for some x€G and ZEU. First, let us assume 
that Z€ U,. Then obviously 7Z is regular in go, and so it follows from the 


Corollary to Lemma 5 that aZ€U,. Hence y,Z, are in R*H’ 

for some y;.y.€ L. Put Z,=y,Z and Then since ao is the 

centralizer in g) both of Z, and 2,Z,, we conclude that 27,@)— >. Let Wa be 

the Weyl group of g with respect to a. Then 2, defines an element s€ Wa. 

Put sr—7’ and Z.—2,Z,. It is clear that 7’(Z.)—7(Z,). On the 

other hand, since Z,€ UN a, |7(Z:)| |a(Z,)|. Therefore | 7’(Z2)| 


=min|2(Z.)|. But since Z, is also in TN a, we know that | 7(Z.) 
a€ Pq 
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<|a(Z.)| for any root in Pa. Hence Now is the set 
of all H€a, where 7(H)=0. Therefore Since L js 
contained in =, this proves that x€ =’. 

Similarly, if U.U Us, we can choose y, € L such that Z,=y,Z € 
+ R’(xX’—Y’). Again it follows from the Corollary to Lemma 5 that 
cZ € U.U Us, and therefore y.7Z € Uc + R’(X’ — Y’) for some L. Hence 
= by = and the corresponding element s of the Weyl group 
W, (of g with respect to b) maps A into +A, and therefore again v€ =’. 

Finally suppose Z is singular. For any X € go, let nx denote the set of 
all Y€g) such that (adX)?Y —0 for some integer g=1. We call ny 
the null space of X. It is obvious that if X is a singular element in U, 
=}. Hence 3 is the null space of both Z and 2Z, and therefore 


X 
Tio 


= 


go. In view of Lemma 4 this implies again that 7€ 2’. 


Now from Lemma 4, we can select a finite number of elements u. =], 
= such that the cosets are distinct and their 
union is =’. Suppose u;€ = for0 Sim and = form<iSM. Then 
wH, AH, (m<iSM), and we may assume that Uo is so small that 
(m<iS=M). Select such that r€ Then we claim 
that i= _m. For otherwise, suppose i> m. Since U—U.c-+ U,, it follows 
that =2Uo+2U;. On the other hand, from Lemma 4, and 
are contained in o, and [y, respectively, and since o is the center of 3, 
and therefore But obviously, this implies that 
U = Q@, and we get a contradiction with our assumption that € U N20. 
Hence and therefore x€ 

Put Uc= [) éU; and Since Uc is con- 


1SiSm 
vex, the same holds for U«. Moreover, in view of its definition, 2 is invariant 
under any automorphism of [. Hence if Z€ U;, it is clear that | 2(Z)| 
<8 |a(Ho(Z))|* for all roots «Aa, in P. Therefore it follows from the 


above proof that U=@ G@) unless =. 


Lemma 6. It is possible to select U in Lemma 1 so that tt satisfies the 


following two further conditions. 


(1) (é€&), 


Il 


(2) UnaU=@ for any x€ G which is not in 


\ 
As we have already seen, U satisfies the above two conditions. The 


univalence of the mapping (2*,Z) > ¢(a*)Z of V* X U into gy is an imme- 
diate consequence of the second condition. Since the earlier conditions 
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imposed on U (see p. 656) are obviously fulfilled by U, the statement of the 
lemma follows. 

Let A and B be the Cartan subgroups of G@ corresponding to ay and bo, 
respectively. Since Z is a normal subgroup of =’ (see Lemma 4), AL and 
BL are subgroups of = and AL=LA, BL=LB. Let [=: LB] denote the 
index of LB in =. 


Lemma 7%. and LB) S2. Let denote the Weyl reflexion 


in Wy corresponding to the root AE Py. Then [2: LB] =2 if and only tf 
there exists an element €€ & which coincides with s, on Bb. 


Let x be any element in =. Then z[,—T{, from Lemma 4, and therefore 
Q(2H’) =2(H’), A(a(X’—Y’)) =2(X’—Y’). This shows that cH’ € |, 
and a(X’—Y’) €{,UI;. Hence we can select y:, y2 € such that y,"2H’ € R+H’ 
and y.ta(X’— Y’) € R’(X’—Y’). But since sp(ad(zX))?—sp(adX)? 
(2€ G,X € q) this implies that y.1¢H’ =H’ and y.-1a(X’— Y’) = +(X’—Y’). 
Now if ¢ is sufficiently small and positive, H, + tH’ is nonsingular and so its 
centralizer in Gis A (see [4(c), Lemma 3]). Hence y,t#€ A, and so ave€ LA. 
This proves that 2— ZA. On the other hand, choose, if possible, an element 
€€ such that — Y’) = — (X’— Y’). In ease y.“ta(X’— = X’— Y’, 
the above argument applied to 7, + ¢(X’—Y’) (t€ R’) shows that xe LB. 
So now suppose =— (X’—Y’). Then Y’) 
= (X’—Y’), and therefore B. This proves that LEB=€ELB 
in this case. Hence ZLB] =2. Moreover, it is obvious that LB] —1 
if € does not exist. So let us assume that € exists. We claim é¢ LB. For 
otherwise, €—yb (y¢€L,b€B), and therefore y(X’—Y’) =é(X’—Y’) 
=—(X’—Y’). But this is impossible (see Section 6), and therefore 
[=: LB] =2 in this case. Since éo =a, it is clear that £6—b. Let s be 


the element of W, corresponding to é. Then 
+ ¢(X’— Y’)) + t(xX’— Y’)) 
= T,—t(X’— Y’) (t€#). 


But if ¢ is suitably chosen, H, +t¢(X’—Y’) is regular in go. Then since 
s*s, leaves it fixed, we can conclude (see [4(c), Lemma 4]) that ss). 
his completes the proof of the lemma. 

Now select U once for all according to Lemma 6. 


CorotnaRy. Let x be an element in G such that r(a,NU) meets 
Thenxe A. Similarly, if U) meets (ye G,t—2, 3), 
then ye B. 
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Select H,€a,NU such that cH,€a,NU. Then since ay is the cen- 
tralizer in gy of both H, and H,—2H,, a9 =a. Hence zx defines an element 
s€ Wg. But za—a, since r€ = from Lemma 6. Therefore it is clear that 
St==+7. But r(s*H.) =7(H,) >0 and H.€a,. So we conclude that 
Str = 7, and therefore sH’—H’. This proves that x(H,+ tH’) =H,-+ tH’ 
(t€ #), and therefore from [4(c), Lemma 3] x€ A. The proof in the other 
case is quite similar. 

Define N=y(V*XU) as in Lemma 1, and put U;=UN}, 
Ni=y(V* X Ui) (t=1,2,3). Moreover, let b+ —b., b- N*—N,, 
N-=N, if (2: LB] and if 
[=: LB] =2. Let p be any polynomial in S(g) which is invariant under L. 
Then we denote by pa and pz its restrictions on a and Jb, respectively. The 
following lemma contains the main result of this section. 


Lemma 8. For any y€C.*(U), define fy€EC.°(N) as in Lemma 1. 
Then 


for p,q€I(g) and yEC,.*(U). 


If Uo is the orthogonal projection of U in o, UNa, CUc+R,H’ 
CaM go where R, is an open interval in Therefore, since Ue is 
connected, U Ma, is contained in a connected component of aM Qo’. Put 


tma= [[ a. Then z,q? takes only real values on ao, and so we can select a 
complex number such that and emg is everywhere positive on U 


Since U,C Uc+1,, it is obvious that VN, C U z(a,nU). We claim 
N,=NN U z(ainU). For suppose zH € N for some z€ Gand HE a, NU. 


Then zH = ¢(2z*)Z for some V* and ZEU. It follows from the 


Corollary to Lemma 5 that Z € U, and therefore Z = yH, (y€ L,H,€a,NU). 
But then we conclude from Lemma 6 that z1%¢(z*)y€ =, and therefore 
z€¢(z*)=. Since =H CU, (by the Corollary to Lemma 5), it follows 
that zH € ¢(2*)U, C Nj, and this proves our assertion. Moreover, the above 
argument shows that if zHE N (z€G,H€Ea,NU), then z*€ V*. We shall 
need this fact presently. 

Put G=G/A and define ZH =zH (r€ G,H€ a), where r—Z is the 
natural mapping of G onto G. Then in view of the above result and the 
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Corollary to Lemma 7, we can normalize the invariant measure dZ on G in 
such a way (see [4(a), p. 501]) that 
J g(X)ax (era(H))*dua (g€C.(Ni)). 
Ni G 


Put ===/A and let dé denote the invariant measure on =. Then it is 
clear that if dé is suitably normalized, 


g(x(EH))dE (go), HE ao N go’): 
/ZG = 


Now put |_9(fH)dt (HE aNg’) for gE C.* (go). (It 
JG 

follows from Theorem 3 of [4(e)] that the above integral is convergent.) 

Then if g=f, (yEC."(U)), 


We have seen above that if zH€ N for some z€G and H€a,NU, then 
V*. Therefore 


= f de® (HE GN). 


But f.,,(¢(z*)Z) =ao(x*)y(Z) V*,ZE€U) from the definition of fy. 


— 


Therefore, since U is invariant under =, we get P 


(Héa,NU). 


Moreover, since == LA it is obvious (see Section 6) that 


where c is a positive number independent of H or y. Therefore 
Wry(H) = cma’ (H)®,(H) 


where zq’ is the product of all roots «Ar in Pg. On the other hand, ¢ is 
invariant under L and since +r is everywhere positive on a, it is clear that 
[fa ema’ on a, NU. Hence yy, on U. Now suppose 
Then 
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(era (HZ) )* p(H) dpa J. fy(@H ;0(q) 
J G 


a,nU 


from Theorem 3 of [4(e)]. But 
(Ja) Pry = Cema’rd (a) = | Ga) 


on a, U. Therefore since ®);)3, is zero on a, outside a, U, it follows 
that 


Ni 


In order to determine c, we put p=q=—1. Then 


a ay 1 


from Lemma 3. Therefore we conclude from Lemma 1 that c=}. 
Now we come to the second formula. Since U; C Uc+I; (t=2,3), 


we prove as before that V; C LJ) (6; NU). Moreover, by the same argument 


as used above, we show that V,UN;=NN( U z(b’NU)). Now first 


suppose [=: LB]—1. Then no point in N, can be conjugate (under () 
to a point in Nz. For otherwise, we could choose H;€6;0 U (t= 2,3) and 
x€ G such that rH,—H;. But as we have seen during the proof of Lemma 
%, this implies that z coincides with s, on b, which is impossible since 
[=: LB] =1. Hence U x(6;N U)) is empty if 2, j = 3 or 1 =3, 


j=2. This shows that Vi=NN U x(6inU) (t= 2,3) in this case, and 


e Ni 


the proof of the second formula now proceeds in the same way as that of 
the first. 


So let us now assume that [=: LB] 2 and select an element z¢€= 
which coincides with s, on b. Then zb,—b; and therefore NUN; 


=Nn( U z(b.NU)). Define = and choose, as before, a complex 
Pp 


number such that «* and ez,” is everywhere positive on UM by. We use 
our earlier notation except that now G=G/B, 2==/B and 


di (H€ by go’, g € (Go) 
G 
Then again 


Wyy(H) |_ y (EH) dé (H € go’, y€ (U)). 


= 
= 
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Let L=(LB)/B. Then since =—LBU(LB)z, it follows that 


Moreover it is clear (see Section 6) that there exists a positive number c 
such that 


fy @H) (H) (H € U bs, y € Ce (U)). 
For any function g on b,Ubs, let g*\ denote the function H—>g(s,H) 
(H€6.Ub;). Then since =| |2|/A| on U, we conclude 
that 


on 6, U. Now suppose p,qg€I(g). Then since 


N+=N,UN,=NN LJ 2(b2M U), 


it follows that 


{ (H) p(H) Wy(H as before. Furthermore, 


1 
2 


95) ty = ¢ | | A] O( 96) (Wy + (Ly >} 


onb,U. Therefore, since bt = b, U bs, it is clear that 


N+ b+ 


In order to determine c, we again put p=q=—1. Then 


N+ b+ U2U Us 


from Lemma 3. Therefore c=4 from Lemma 1. This completes the proof 
of Lemma 8. 

Define the polynomial 7€ I(g) as in [4(e),§6] and put | 7a", 
6= on and by’ NU, respectively. Then as we have seen 
above, eg and e are constant on a,NU and bhNU (i1=—2,3), respectively. 


Moreover since = — 7p, it is clear that e5(H.) =—«5(H3) if 


(i= 2,3). 
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Corotuary. Let k be any integer =0. Then for any €€I(g), 
1 ay 


for y€ C,*(U). 


This follows immediately from Lemma 8 if we observe that =>’, 
and lq =eara, |A|| on aL NU and 
bo’ N U, respectively. 


3. Proof of Theorem 1. Since h ~o + CH,,, it is clear that every poly- 
nomial in S(h) can be written uniquely in the form p = > p,%o* where p; € S(o). 
k=0 


Let s, denote the Weyl reflexion in § corresponding to %. Then since H,, 
is orthogonal to o, it is obvious that == and 9% Therefore 
if p= p, we can conclude that pp 0 if k is odd. Now let € be a homo- 
geneous element in I(g) of positive degree and r an irteger =0. Then if; 
is the restriction of € on h, it follows that (see [4(d), Lemma 9]) that 


2r+2 
r 2% r+ 


where g,€ S(o). Similarly, 


2r+1 __ 2r+1+2m_y 
m=0 


where again gm € S(c). Put 


Pr > (Qms1+k) (k = 0) 
m=o 


in the notation of [4(d),§2]. Let d°(p) denote the degree of any poly- 
nomial p€ S(g). Then it is obvious that g, and qm’ are homogeneous and 


d° (qx) = d°(E) + 2rd°(x) — (2r + 2k), 
d? (qm’) = (27 +1) — (2r +14 2m). 
Therefore p; is also homogeneous and 
d°(p,) = d°(x) —d°(€) + 2k +1 (k= 0). 


LemMa 9. For any given integer r=0, we can choose a homogeneous 
element £€I(q) of positive degree such that the corresponding polynomial 
0 for some k. 


us 


FOURIER TRANSFORMS ON A SEMISIMPLE LIE ALGEBRA II. 667 


Put «1 or (—1) according as a lies in Q, or in Py. Then a* = ea 
takes only real values on hy. Let h, denote the set of all H€h, where 
a*(H) >0. Similarly, let h_- be the set of those H € h) where a*(H) <0. 
We call h, and h_, respectively, the upper and lower halves of fp. 

Let du denote the Euclidean measure on f, and € the distribution on hy 
given by 

E(g) = f 9% (9 € Ce* (Ho) ). 


+ 


Put €,=0(2°") (x*"**€). We shall first prove the following result. 


Lemma 10. There exists a homogenous element €€1(h) of positive 
degree such that H, lies in the carrier of 0(é)6&,. 


Let © denote the polynomial function on § defined by O(/) 
=—B(H,6(H)) (HE). Let W be the Weyl group of g with respect to 
h, and consider the polynomial 

TT (t— = (q€ 8(5)) 
ge 
in the indeterminate ¢ with coefficients in S(h). It is obvious that q 
(1=i=w) are homogeneous elements in J(h) of positive degree. Replacing 
t by O we get, 
Og, +: + = IT 
Be 


Now if our assertion is false, we can choose an open connected neighborhood 
V of H, in such that 0(qi)E-—=0 on V (1 Siw). Therefore since 


we conclude that 0(0”)&-—0 on V. But CO is obviously a positive-definite 
yuadratic form in ,, and therefore this differential equation is of the 
elliptic type (see Garding [3]). Hence it follows (see [7, p. 136] and [6]) 
that €, must coincide on V with an analytic function. But €=0 on §, 
and therefore €-—0 on VM. Moreover, VM b-_ is open and not empty 
since %(H,) —0. Therefore we conclude that €,==0 on V. On the other 
hand, VM, is also not empty and E€=1 on VN5,. Therefore d(7)€, 
= — on VOH,. But we know from the Corollary 
to Lemma 18 of [4(d)] that ¢x?"*1,7?’*!» is a positive constant. This con- 
tradiction proves the lemma. 

Now in order to prove Lemma 9, we select (see Lemma 9 of [4(d)]) a 
homogeneous element €€ I(g) of positive degree such that its restriction € 


7", 
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on §) fulfills the condition of Lemma 10. It is obvious that 6(H)€=0 for 
Hé€«o. Moreover, 


and therefore a@(a,)E—0. We claim that 
O(a") = (0( a") E (m=k=0). 


This is obviously true for k—0. So we assume &=1 and use induction 
on k. Then 0(a@*") = (0(a*1) ao") E, and therefore 


since m >k—1 and Hence if k>m, 
Now consider 6(€)€,. Then if 
m=o 
(9ks Gm € S(o)) as before, it is clear that 


k 


k,m=0 


k,m= 


+ (8( qx) qm’ )<%7"*2*2™, 


since o and H,, are orthogonal. Now the first sum is obviously equal to 
(0(Ex*")x?"*2)E. But 0(Er*")x*"*! is a homogeneous polynomial in S(h) of 
degree d°(x) —d°(é) which is skew-invariant under W. Therefore it follows 
from Lemma 10 of [4(d)] that it is zero. Put (k20). Then 


x=o 
where the polynomials p,€ S(o) are defined as before by 


0 


m= 


On the other hand, since @(€)€, 0, not every p; can be zero. This completes 
the proof of Lemma 9. 

Now fix r and € once for all as in Lemma 9 and let k, be an integer 
such that p,,540. As before, let duc denote the Euclidean measure on ay. 


| 


( 
| 

e 


for 


on 
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LemMA 11. If Uc 1s any open neighborhood of Hy in oo, we can select 
a function f€ C.*(Uc) such that 


if 
J) — if k =k, (k=0). 


Let ky << kz < km be all the values of & for which p,~0. Then 
as we have seen px, is a homogeneous polynomial in S(c) of degree 
—d@°(€) +1 (151m). Therefore, regarded as functions on 
Uo, Pks° * *>Pkm are linearly independent over C, and our assertion follows 
from Lemma 20 of the Appendix (Section 6). 

Now let a; =o, + RtH’ and by)’ =a + R’(X’ — Y’) as before. We define 
the @-distributions (see [4(d),§2]) €, and €5* on a, and b,’, respectively, 
as follows: 


9: Ata (91 € B(a:)), 


J gedus, Ex (2) = J € B 


Let 59%) and (K20). For any automor- 
phism y of g and p€ S(q), let p¥ denote the polynomial function XY > p(y?X) 
(X€g). Then it is clear that and p’a=—p%—p for 
p€S(a). Moreover, and (€)"%%—& in 
the notation of Lemma 8. Therefore 


k20 m=o 


2 2r+2k 2 2 2 , 


k=0 m=o 


Moreover, it again follows without difficulty that 0(H)€.:=0, 0(H)&) =0 
for H€o and 70(r)Eq—0, = 0. Therefore we conclude in the 
same way as before, that 


k20 
0 ( E575" ) pr dp?). 
k=0 
Now U being defined as in Lemma 8, let Uc and U; denote the orthogonal 


projections of U in o, and Io, respectively. Select g,€ C.* (Uc) according to 
Lemma 11, and for any B€ C,*(U;), define C.”(U) by 


yp(Ho+Z) =9o(Ho)B(Z)| (Ho€ Us, Z€ Uj). 


t 

of 
er 
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Moreover, let Fg =f, (in the notation of Lemmas 1 and 8) and 
$a(t) B(tH’ + 2X’) dz (1€ 
vo(s)—=|s| f (et 
70 


—Lim R*), ye"(0) —Limya(s) (s€ and yg (0) 
> 
(s€ R-). All these limits exist (see Section 6). Also let x’ denote the prod- 
uct of all roots a Aa, in P. Then x’(H,) 40. We set e=| (Hy) |/n’(H,). 


LemMa 12. Let g=d°(é) and where 
ky has the same meaning as in Lemma 11. Then for any BEC.” (U;), 


J ) F'gdX = adg,(0), 


1 


where Bo =0(Q”)B. Similarly, 


PgdX = — apg, (0) 


if (=: LB] =1, and, if [=: LB] =2, 


Define and es on a, MU and bo’ as in the Corollary to Lemma 8. 
Then is constant on a, NU and on NU (1—2,3), and it is obvious 
that =7’(Ho) #0, where aq’ = mp’ = (2’)”. 
Therefore since tq = 77a’, by making H tend to H, (H€a,NU), we conclude 
immediately that «g=«. Similarly, «5 (—1)% and (—1)%e on b, and 
bs, respectively. Hence it follows from the Corollary to Lemma 8 that 


k20 
in view of our result above. But it is clear that 
P| (Ho + tH’) = go(Ho) (Ho€ Uc, t€ R*). 


Let H, denote the element in a such that B(H,H,) =7(H) for all H€a. 
Then it is clear that r(H+) = = %>, and hence = $¢a%, %>H’. 
Therefore 
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Eq ( pd (77***) 
Uc 0 
On the other hand, we know from Lemma 17 (Appendix, Section 6) that 


So it follows from the definition of g, that 


Fe aX — eco, 2*(— 1) 


and this proves the first formula. 
Now suppose [=: LB] 1. Then it follows again from the Corollary 
to Lemma 8 that 


=0 


Let H, denote the element in b such that B(H,H,) =A(H) (H€6). Then 
= &(Ha,) = %> and Hy = vpHa, = — $(—1) &>(X’ — Y’). 


Therefore 


(px0 ) WV) 


= (Go, (— PrJodpo dt 
Uc 
and 


(A7**2) 
On the other hand, 
Yoram p= 

from Lemma 17 (Section 6). Therefore 

= (— 1) 324-1 (0) paged, 


and by taking into account the definition of go we get, 


Fg dX = —eC a, (— 1) = (0). 
Ne 
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Finally, suppose [=: LB| 2. Then again from the Corollary to Lemma §. 


N2UN3 


where &€5*— and we conclude from the above caluculation that 


Fg = — %, (— 1) (0) + (0) J. 


JoU Ng 


This completes the proof of Lemma 12. 
We are now in a position to prove the main result of this section. 


THEOREM 1. Let r and é be defined as in Lemma 9 and let ¢4, C2, cz be 
three complex numbers. We assume that c.—=cz in case [E: LB] =2. 
Let Ny be an open neighborhood of Hy in N and let T be the distribution 
on N, defined as follows: 

T(f)= (f€ C."(No)). 
1 Ni 


Then 0(€)T =0 implies that c,=¢. 


Let ,.U be an open neighborhood of H, in U and ,V* an open neighbor- 
hood of 1* in V* (see Lemma 1 for the definition of V*). We can choose 
oV* and .U so small that ¢(2*)Z¢€ Ny for c*€,.V*, ZE QU. Let Uo and 
oU, be the orthogonal projections of ,U in a» and [y, respectively. We may 
further assume that .U = .Uc-+ U;. Moreover, we can suppose that the 
carriers of the functions a, and gy (used in the definitions of f,, and /’g in 
Lemmas 1 and 12, respectively) are contained in ,.V* and Uo, respectively. 
Then it is clear that Fg¢C,*(N.) for any BEC.*(oU;), and therefore 
T(0(€)Fg) =0 by our hypothesis. On the other hand, it follows from 
Lemma 12 that 


T (0(€) = (9%) — p(0) — (0) } 


since when [=: LB] =2. Now put and 
Yo = Then it is clear that 


Cipy (0) — Copy." (0) — (0) = 0 


for all y€ C.*(oUV,). On the other hand if c= + tt 
follows from the Corollary of Lemma 18 (Section 6) that ¢,,(0) = c¢,(0), 
Wy (0) =cyy*(0). Therefore, since ¢ is positive, we conclude that 


Cipy (0) — Copy* (0) — (0) =0 
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‘for all y€ C.* (oU,), and now it follows from Lemma 19 (Seciion 6) that 


4. Proof of Theorem 2. We shall now apply Theorem 1 to prove that 
Pihe constants ¢,,- - -,¢y of Lemma 29 of [4(e)] are all equal. But first 


we need one additional fact. 


Lemma 13. Let S denote the set of those elements in gy which are 


‘either regular or semiregular. Then S is connected. 


Suppose V,, Vs are two closed subsets of g) such that V,U V.= qo 
Then we have to show that S is contained in one 

of the two sets Vy, Vo. Let §) be a Cartan subalgebra of g, such that 
= Ho. We use the notation of Section 2. For any root P, let oq 
denote the set of those where a(H) Moreover, let U be the 
complement in of the union of the sets ogMog (4,8€P; «~B). Then 
| U is connected (see the Corollary to Lemma 42 of [4(e)]), and it is obvious 
' that U C 8S. Therefore U is contained in one of the two sets V,, V2. But 
since (7 is dense in hy, we conclude that either V, or V. contains po. 


Let X be an element in S. Then since G is connected, J rX is a 


connected subset of S. Then if X € Vi, it follows that 2X € V; for every 
r€G (t=1,2). Now select such that §, CV;. Then qo’) C Vi 
(c€ G), and therefore since M go’ is dense in fo, rho C Vi. 

Let a) be a fundamental Cartan subalgebra (see [4(e),§$8]) of go such 
that a7 = @(a,). We may assume that aj C V;. For any Cartan subalgebra 
I, of go, define /_(T)) as in [4(e),§8]. We shall prove by induction on 
(ao) that C Vy. If l-(ao) =l_(Ho), Ho is also fundamental and 
therefore conjugate to a) under @ (see the Corollary to Lemma 82 of [4(e) ]). 
Hence it follows from what has been said above that hy) C V;. So let us 
now suppose that Since K is compact and a, Mf, is a 
maximal abelian subalgebra of £, (Corollary to Lemma 31 of [4(e)]), we 
may assume (by replacing }) by a conjugate Cartan subalgebra) that 
NE, Let qo be the centralizer of hyo in go. Then obviously 
§(q)) = qo and therefore qo is reductive in gy (Lemma 10 of [4(e)]). More- 
over, since h, is maximal abelian in go, it is clear that hy M p> is a maximal 
abelian subspace of GoM Po. Let LZ be the connected component of 1 in the 
centralizer of hy) Nf, in K. Then LZ is compact and its Lie algebra is qo fo. 
Moreover, since qo is reductive and @(qo) =o, any two maximal abelian sub- 
spaces of qo Mo are conjugate under LZ (see Cartan [1] or Lemma 39 of 
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[4(b)]). Therefore since a9M Po C qoM Yo, we can select k€ L such that 
AND Ck(hoNp,). Then by replacing hy) by kh, we can assume that 
Ho AN Po DaoN Po and Ho A fy, CayN Now since is not fundamental, 
there exists a root a#,€P which takes only real values on hy (se 
Lemma 33 of [4(e)]), and we can assume that Yq,,¥-a,€ go and 
Xa,— X-a,€ (Lemma 46 of [4(e)]). Then R(Xa,—X-«,) is 
a Cartan subalgebra of g. and 6(§,) =}. Since a is identically zero o 
hy £,, it follows that o,, D oN fo, and therefore +1. Hence 
h, C V, by our induction hypothesis. On the other hand, we can obviously 
choose a point H € og, such that «(H) ~0 for any root «a, in P. Then 
is semiregular and therefore SAY. But since 
we conclude that §) must also be contained in V,. 

Now let XY be any element in g.’ and let Hy denote its centralizer in q,. 
Then hy is a Cartan subalgebra of g, and some conjugate of hy (under G) 
is invariant under @ (see [4(c), Corollary to Lemma 1]). Hence it follows 
from our result that hy C V;. Therefore, since X € hx and g,’ is dense in q, 
we conclude that V;— gp». This proves that § C Vj. 

Define §, and 7” as in Lemma 27 of [4(e)]. Then 7” is a distribution 


ON Qo. 


LemMMA 14. There exists an open neighborhood V of S in Qo and 
constant c’ such that T’=c' on V. 


Since S is connected, it would be sufficient to prove that 7” coincides 


with a constant on some open neighborhood (in go) of any point X,€8. 
If Y, is regular, this follows from Lemma 27 of [4(e)]. So now suppose 
that is semiregular. Then since is semisimple, is contained 
in some Cartan subalgebra ay of go. Select 2€ G such that 6(za,.) = 
(see the Corollary to Lemma 1 of [4(c)]), and put Hp 2X, ra,=—b. 
Then since 7” is invariant under G, it would be sufficient to prove that T’ 
coincides with a constant on some neighborhood of Hy. On the other hand, 
we know from Lemma 30 of [4(e)] that 0(é)7’ 0 for any homogeneous 
element €€I(g) of positive degree. Now select a neighborhood N of A 
corresponding to Lemmas 1 and 2, and let g; (11k) be all the distinct 
connected components of go’ which meet N. Then &k=83 from Lemma ?. 
Moreover, it follows from Lemma 29 of [4(e)] that there exists an open 
neighborhood N, of H, in N, an integer r2=0 and complex numbers 6 
(171k) such that 
1 
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for all f€ C.* (No). Now the set of singular elements of g, obviously has 
Euclidean measure zero. Therefore if k 1, it is obvious that 


=e; f f AX 9") f aX, 


since 7 is @ homogeneous polynomial of even degree. Moreover, <n‘, 7"> 0 
(Corollary to Lemma 18 of [4(d)]). Therefore 7’ == c, on N, in this case. 
So let us now assume that k=2. Then we may obviously suppose that NV 
is chosen in accordance with Lemma 8. Select é corresponding to Lemma 9 
and let us use the notation of Theorem 1. If [2: LB] 2, we know from 
Lemma 7% that there exists an element «€2 such that «(X’—Y’) 
=— (\’— J’). On the other hand, if ¢ is positive and sufficiently small, 
H,+-t(X’— Y’) € Ny while «(H, + t(X’ —Y’)) =H,—t(X’— Y’) € N3. 
Moreover, since G is connected, the points y(H,+¢(X’—Y’)) (y€ G@) are 
all contained in the same connected component of g,’.. Therefore it is clear 
that both NV. and N; lie in the same connected component of g,’. Hence 
2 in this case. This shows that 


of J, f dX (f€ (No)) 


15153 


’ are certain constants and 


(in the notation of Theorem 1) where ¢,’, C2’, Cs 
2 =C;’ in case LB] Furthermore, 0(€)T’ =0 as we have already 
observed above. Hence it follows from Theorem 1 that c,’ = c.,’—c,’, and 


therefore 


<n’, (f) = f fax = f dX 


for all fe C.”(N,). This proves that 7’ coincides with c,’ on Np. 


We can now prove the following theorem. 


THEOREM 2. Let hy be a Cartan subalgebra of go such that* = Ho 
and a connected component of ho =HoN go. For any f€ B(go), put 


¢;(H) f(a*H) dx* (H€ hy’) 
G* 
im the notation of Theorem 3 of [4(e)]. Then there exists a real number c 
such that 


Lim ¢;(H ;4(7)) =cf(0) (H € 
H-0 


for all FE B(qo). Moreover c=0 if hy is not fundamental. 


*In view of the Corollary to Lemma 1 of [4(c)], the assumption 6(fo) = fo is 
obviously unnecessary. However, we make it here for convenience. 
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Since g.’ C S, it follows from Lemma 14 that 7’—c’ on gq)’. Hence 
we conclude from the Corollary to Lemma 29 of [4(e)] that 7’—c’ on q. 
In view of the definition of 7’, this implies that 


= cf (0) (f€ B(Go)), 


where c is a complex number independent of f. We know that » takes only 
real values on go (see [4(e),§6]). Select an element H,€ §.’ and put 
e==|2(H,)|/x(H,). Then it is clear that ex takes only real values on hy’. 
Let us choose a real-valued function f€ @(qo). such that f(0) 1. Then 
obviously = takes only real values on hy’. Since = +1, 
it follows that edie $;(0;0(7)) is real. Finally we know from the 


1 
Corollary to Lemma 34 of [4(e)] that c—0 if }, is not fundamental. 


5. Proof of Theorem 3. Our next object is to prove the following 
theorem. 


THEOREM 3. Let hy be a fundamental Cartan subalgebra of go such 
that* Let be all the distinct connected components 
Of Ho’ Go’ and ¢,,- +, Cq the corresponding real numbers of Theorem 


2 Then 


If the ranks of g and £ are equal, this follows immediately from Lemma 
41 of [4(e)] and Theorem 2. So let us now suppose that rank g > rankf. 


We use the notation of [4(e),§5] and put gi:— [LJ 2h’. Then if the 
zeéG 


invariant measure dz* on G/A is suitably normalized, 


f(X)dX f(x*H)| |? dx*dH 
G1 G*Xbo' 


XH 
for f€C.(qg:). Here d¥ and dH are the regular Kuclidean measures on 
G and ho, respectively. On the other hand, it follows from the Corollary 
to Lemma 15 of [4(e)] that 


f f(a*H) = | f(k(mH +. Z))dkdmaZ 
G* a 


for HE h,’ and f€ @(go). Here z,— J] a, dk, dm are the Haar measures 


ae P, 
on K and M, respectively, and dZ is the Euclidean measure on ty. More- 


over f dk =1. Since hy is fundamental, no root in P can vanish identically 
K 


on Mf, (see Lemma 33 of [4(e)]). Therefore «—62 for a€/’,. 
On the other hand, since « and — 62 coincide on hy,, it follows from the 


| 
: 
| 
is 
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definition of P and P, (see [4(e),§5]) that —-@a€ P, whenever a€ P,. 


Moreover, since conj «(H) =—a(0(H)) («€ it is clear that z, 
a takes only nonnegative real values on Hp. 
A being the Cartan subgroup of G@ corresponding to ho, let A’ denote 
the normalizer of A in G. Then if W is the Weyl group of g with respect 
to h, W’ = A’/A can be regarded as a subgroup* of W. Thus W’ is a finite 
J group which operates on G* = G/A on the right and leaves the measure dz* 
t invariant. Now select two functions a, B) in C.”(G*) and (h’), 
respectively, such that 
(2*) f Bo(H)| |? dH =1. 
Let w’ denote the order of W’ and put 
= (w’)* a(ats), B= (w')* Bot, 

se W’ se W’ 

where B,*(/1) = Bo(s'H) (H€%,). Then it is clear (see [4(e),§11]) that 

there exists a function such that F(2*H) 
(x* € G*, ho’). Moreover, 
F(X)dX = F(2*H)| «(H)|? 

Bo G*XDo’ 


Let # denote the Fourier transform of F' and put 


f P(2*H) de* (IT € 
G* 
Then in view of what we have seen above, 
$i (IL) F(k(mH + Z))dkdmdZ, 


where 7 = JJ «2 and P’=P,UP-_. Define ¢, [, ete. as in Lemma 15 of 


a€ P’ 
[4(e)] and let §,” be the set of all points H€ where x’ (H)~0. Then 
it follows from the Corollary of Lemma 42 of [4(e)] that .” and h,’ have 
the same number of connected components. Let §,i)” denote the connected 
component of containing Then - -;6¢q)” are all the distinct 
connected components of fo”. For any g€ @(I[o), put 


=2!(H) g (mH) dm (€ 


‘See Sections 6, 8 and 11 of [4(e)] for the proof of these facts. 
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Then it follows from Lemma 19 of [4(e)] that ¥,€ @(Ho”) and d(x,)y, 
=wYaiz)g. On the other hand, we know from Theorem 2 (applied to [,) 
that there exist constants such that 


Wo(H ;0(x’)) (IZ € 
for every g€ @(I,). Moreover, since §)M £) is maximal abelian in mo, we 


conclude from Lemma 41 of [4(e)] (applied to [fo,[,]) that ¢’+---+e,' 
~0. Now put 


P(X) FX) al (X€qo) and =f F\(L4+2Z)dZ (L€1,). 
No 


Then and therefore 0(7)¢7 On Hy’. Hence 
(H ;0(z)) Yarra. (H =e (HE Dw). 


Now put F,(X) = {. F(kX)dk (X € qo). Then since go is the orthogonal 


sum of to, [p and 6(1.), we conclude from the theory of Fourier transforms 
that 


gi(L’) = | F,(L'+2Z)dZ 
No 


exp{(—1)#B(L’, L)}F,(L + Z)dLdZ (L’ € 
Mo 


Here dL is the (suitably normalized) Kuclidean measure on [5. Hence it 


follows easily that 
g:(038(£)) (—1) t(L)F,(L + Z)dLaZ, 
To 


where r, is the number of roots in P,. Select LE, and ZE€E ny, such 
that €(L)F,(L1+2Z) 40. Then it follows from Lemma 16 of [4(e)]| that 
for some n€N, and HEf,’. Hence L~yH if 
y==ntz. Let denote the centralizer of Z in go. Then h,— and 
therefore h; is a fundamental Cartan subalgebra of g). On the other hand, 
since the ranks of I, and gy are the same, it is evident that h, C {), and 
therefore, obviously, both h, and 6, are fundamental Cartan subalgebras’ 
of the reductive algebra [,. Hence it follows from the Corollary to Lemma 
32 off 4(e)] that h.—mbh, for some m€ M. Since LZ is a regular element 


‘The notion of a fundamental Cartan subalgebra is extended to reductive Lie 
algebras over FR in the obvious way. 


' 
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of hz, we conclude that L—mH, for some H,€ hy’, and therefore ¢(L) 
={((H,) =7.(H,) >0. This shows that 


g:(030(£) ) —<f fi (nL) dLdn 


from Lemma 15 of [4(e)]. (Here «= (—1)"/*.) Now put l= U m(h,’). 
méeM 


Then as we have seen above, £(1)F,(nL) =0 (n€ N,LE,) unless LE 
© Moreover, it is clear that there exists a positive constant a such that 


f f f | (H)|? 


for all f€ C.”(1,). Hence 


) = ae |? Fy (nmi) | x’ (HL) |? dmdHdn 
—ac f | |? F(knmH )dkdmdHdn 
| |? F(a*H) de*dH 


= ile F(X)dX = ae 


from the Corollary to Lemma 14 of [4(e)]. This proves that 


Lim $7 (H ;6(7) ) = aec,’ (H € Huy). 
H-0 
But since F(0) —1, this implies that c; = aec;’, and therefore c,+---+c¢, 
= de(C,’ ) 0. 


6. Appendix. Let 3) be a subalgebra of g, and =, the analytic sub- 
group of @ corresponding to 3. We assume that 3, is reductive in go. Let 
= be the normalizer of 35 in G. 


— 


LemMA 15. Suppose rank 3o—=rank go. Then the factor group 
is finite. 


Since 3, is reductive, we can select (see the Corollary to Lemma 2 of 
[4(c)]) a finite number of Cartan subalgebras §,,- - -,§, of 3. such that 
every Cartan subalgebra of 3, is of the form 2h; for some x€ E, and some 1 
(lSi<r). Suppose §, is conjugate to h; (1Si<k) under Z but not 
toh; (k<isr). Select &€ =’ such that 1SisSk (&=—1). 


Now let r€ =’. Then it is clear that 2b, = yh; = yéih, for some y€ E, and 


0) 
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some Since rank rank go and 3o is reductive in go, is 
also a Cartan subalgebra of go. Let A’ be the normalizer of , in G and 4 
the Cartan subgroup of @ corresponding to },. Then A’/A is a finite group 
(see [4(c), Lemma 10]). On the other hand, if A, is the analytic subgroup 
of G corresponding to §,, AMZ) D Ao. Moreover, from Lemma 7 of [4(e)], 
A/A, is both compact and discrete and hence finite. This proves that 
&’)/A, is a finite group. Select elements a;€ A’ M =’ such that A’? 
is the union of a4jAg (1 Then it is clear that for 


some j, and therefore yéA,a;* C since EZ, is normal 
in =’. This shows that the order of the group 2’/Z, cannot exceed ri. 
Let [ be the semisimple Lie algebra of dimension 3 spanned over by the 
three elements H, VY, Y which satisfy the relations [H7,X]—2.Y, [H,Y| 
—=—2Y, [Y,Y]—H. Let © denote the Casimir polynomial of [. Then 


Q(tH +aX¥ + cy) (t,2,y€C). 


Moreover, § = CH is a Cartan subalgebra of [ and there are only two roots 
2 and —a given by «(H) 2H. We take «@ as the positive root. Then 0 
coincides with 22? on §. Hence an element Z€[ is regular if and only ii 
2(Z)~0. Let {’ denote the set of regular elements in [. 


Consider the automorphism v of [ given by? 
v= exp{— + 


A simple calculation shows that = (-—1)X — Y), — Y) = (— 
and (4+ Y)—X+Y. Therefore RH + RX + RY and (RH + RX + FY) 
= R(—1)4H + R(—1)3(Y¥—Y)+R(X+Y) are two isomorphic real 
forms of [. Since Q(H) 8 > 0, they are not compact. On the other hand 
R(—1)#H + R(X¥—Y) + R(—1)2(X +L) is also a real form of { which 
is compact since Q is negative definite on it. We shall denote by [, either 
one of the two® real forms RH+RXY+ RY and R(—1)!H+R(X¥—Y) 
+ R(—1)(X+Y). Put A. If {, is compact, zero is the onl 
singular point in I), and therefore [,’ is connected. On the other hand, if! 
is noncompact, the singular set of consists of all points tH + aX +4! 
(t,2.y€ R) satisfying the equation 2y=0. In this case has three 


connected components [,,1..[, given as follows: 
L:@+tay>0; L:fP+ay<0,¢>y; +2y<0,¢<y. 
Notice that HEI, and Y—Y€lI,. Let U be a neighborhood of zero in [i. 


*It is not difficult to see that apart from isomorphism these are the only two 
real forms of [. However, we do not need this fact. 
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We assume that (Z7Z€U (OSt=1) whenever ZEU. Then it is obvious 
that U1,’ is connected if [, is compact and consists of three connected 
components UN (t=1,2,3) if [, is not compact. 


From now on we consider only the noncompact case. The mapping 
(tH+2X¥+yVY) > (t,2,y€C) is an isomorphism of [ onto the 


Lie algebra of all 2X2 complex matrices with trace zero and we may 
identify the two under this isomorphism. ‘Then [, becomes the real sub- 
algebra of { consisting of the real matrices. It is clear that Q(Z) ==—8 det Z 
and the two eigenvalues of Z are + (-—detZ)* (Ze). Call an element 
Z€1,’ hyperbolic or elliptic according as these eigenvalues are real or pure 
imaginary. Then [, consists of hyperbolic and [,U[, of elliptic elements. 
Let L be the (connected) adjoint group of [). It is easily seen that every 
hyperbolic element is conjugate under L to tH for some real ¢40. Moreover, 
since exp53ad(X —Y) maps H into —H, we can always assume that ¢ > 0. 
Let #* and R- be the set of all positive and negative real numbers, respectively, 
and put k’=R*+*UR-. Then we prove similarly that every element in I, 
and [;, respectively, is conjugate to 6(X-——Y) for some 6 in f&* and Ff. 
[t is easy to check that there exists no element ..¢€ Z such that «(X —Y) 

Let dZ denote the Euclidean measure on [, given by? dZ = (27)-'dtdady, 
where Z=tH+2aX+yY (t,2,y€R). Consider the one parameter sub- 
group K in L corresponding to (XY —Y). Then K is compact. Let dk denote 


the normalized Haar measure on K so that f die = 1. 
SK 


LemMA 16. For any put 
+ 2X) (t€ R*) 
=|6| f —e¥)) (et dt R’), 
where F(Z) f(kZ)dk (ZEl>). Then 


Since f vanishes outside a compact set, it is seen without difficulty 
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that @; and W; are well defined. Put k,—exp{@ad(Y¥—Y)} (@€ RF) and 
consider the mapping (6,t,x) — (?’,2’,y’) given by 


ky (tH +2X) =H +7X+YY, 


where and fh. It follows from general considerations 
(see [4(a), Lemma 9]) that 


| a(t’, y’) /0(9, t, x) | = ct, 


where c is a constant. To obtain its value we compute the Jacobian at 6 = 0. 
Now 


{ (0/00) ky (tH + [X —Y, tH + 2X] — 2X 


Hence 
z —R2Rt 
0 1 0 


Therefore c—=2. Let A, N be the one-parameter subgroups of L corresponding 
to H and X, respectively. Then we know from general considerations (see 
Iwasawa [5]) that L—KNA. Therefore every element in [, can be written 
in the form t(knH) K,n€ N,t€ Rt). Since kr —1, it follows that 
eyery point of [, is obtained under our mapping (6,¢,2) ~k,(tH + 2X). 
Moreover, a direct computation shows that this mapping is univalent. Hence 


J, — 2020)" (tH + 2X) 


{ tat + 2X) dam t,(t) dt. 
70 0 


Moreover, if L*=L/A and d.z* is the invariant measure on L*, it follows 
from the Corollary to Lemma 15 of [4(e)] that 


®,(t) (f€ Co(Io), R*) 


provided dzx* is suitably normalized. 


Now put a,—exp{tadH} (t¢€ R) and consider the mapping (4, ¢, 4) 
— (t’,2’,y’) given by 


kya, (0(X —Y)) +yY 


| 

( 

T 

| 
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(0<¢<7,t¢€ R*,0¢€ Rh’). Then again it follows by general considerations * 
(or by actual computation) that 


| 2, y’) t, 0) | = (e* —e**), 


where ¢ is a constant. In order to obtain c we evaluate the left side at 6 =0. 
Then 6a,(¥ —Y) ~0(e*X —e*tY). Hence 


(0 (X —Y))}] — OLX — Y, e*X —e*¥] —6(e% —e*t) H. 


Therefore 
t’, 2’, 
— det 0 260% 266-2 
(¢, 0 e2t ——¢-2t 


) =—46*(e**—e*), and soc=4. A, be the set of all a, with {20. It is 


easy to see that L = KA,K. Therefore every element in [,({;) can be written 


in the form kga;(0(X —Y)) with OZ £20, Rt respec- 
| tively). Moreover, if #40, this can be done only in one way since the 


normalizer of ?(..—Y) in L is exactly K. Hence 


J, a8. 


Similarly, 


f f "dy f —¥))) —e*)at 


— 


On the other hand, if dz is the Haar measure on JL, it follows from [4(b), 


Ay 


Iemma 38] that 
= |0| de (7 € Co(lo)) 


if dz is suitably normalized. 


Now suppose f€ C,*(I,). Then we can conclude from Theorem 3 of 
[4(e)] that @(R*) and 6(R’). 


"See [4(a), p. 501] and Lemma 38 of [4(b) ]. 
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Lemma 17. Let f be a function in C.*({o). Then 


= 1 d*,(t) /dt? (t€ Rt) 
=— 4 (0) PR’). 
Since 0(H) =8 and 2(X —Y) =—8, this is an immediate conse 


quence of Theorem 3 of [4(e) ]. 
Put —Lim@,(t) (¢¢€ (@€ Rt) and 
t-0 


(0) —Lim¥,(6) (6€R-) for fEC.* (th). (We know from Lemma 
6>0 
25 of [4(e)] that all these limits exist). Then it is obvious that 


©;(0) = { f(aX)dr. So now let us consider ¥;*(0). It is obvious that 


Limo 7(@(e*X —e“Y) )et dt =0. 


60 


On the other hand, if 6€ R*, 


H(O(tX yet F(tX — dt. 
6 


Moreover, if Jf is an upper bound for | 6(Y¥)f |, it is clear that | f(¢#X + sY) 
—f(tX)|=|s|M (sé), and since f vanishes outside a compact set, we 
can select € Rt such that f(t{¥ +s¥) =0 for all se Rif t=T. Then 
if 6< T, it follows that 


if 
6 « 6 


Hence 


Lim f 7(tX) dt R*). 
0 0 


§>0 
This proves that ,*(0) —{ f(tX)dt. Similarly one shows that ¥, (0) 
0 
0 
oss 4 f(tX)dt. Thus we have obtained the following result. 


Lemma 18. For any (I), 


Put fm=0(2")(Q"f) (FE Then 
By,,(0) = (0) = (0), 


where Cm=4"m!T(m + $)/T(4). 
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It is obvious that the differential operator 0(Q”) 00” is invariant under 


Land therefore also under K. Moreover Hence our assertion 


is an immediate consequence of the Corollary to Lemma 19 of [4(d) ]. 


Let U be an open neighborhood of zero in [p. 
LeMMA 19. Suppose ¢1,C2,¢; are three constants and 
(0) = (0) + (0) 
for all f€ C.7(U). Then 


Let [* be the set of all points of the form tH + aX + yY (t,y€ R;,xve€ RP’). 
We can obviously choose a positive number x, and a real-valued nonnegative 
function f€ C.”(U such that A simple calculation shows 
that 
kgX = (cos 6sin 6)H +- (cos 6)?X — (sin R). 


Hence it is clear from Lemma 18 that 6;(0) = ¥,*(0) > 0 while (0) =0. 
Therefore it follows from our hypothesis that c,—c,. Similarly we prove 
that c, = C3. 

Let LH be a vector space over R of dimension n and let dy denote the 
Euclidean measure on L. 


Lemma 20. Let U bea nonempty open set in E and p,,: - -, pr @ finite 
number of continuous functions on U. Suppose p,,: + *,pr are linearly 
independent over C. Then we can select a function f€ C.*(U) such that 


1 if 
J, feed (lstSr). 


Let 7; denote the distribution on U given by 


(9 € C.*(U)). 
Let V be a vector space over C of dimension r and let 1,- - -,v,- be a base 
for V. For any g€C.”(U), put 7(g) = Szi(g)v;i and let V, be the sub- 
1Si=r 


space of V consisting of all elements of the form 7(g). We claim V,=V. 
For otherwise, we could select a linear function 40 on V such that 
M(r(g)) =0 for all gE Put 1SisSr. Then not every 
A; is zero and 

A(r(g)) = Ari(g) =0 (gE C."(U)). 


1SiSr 


nd 
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Let p= > Api. Since p; are linearly independent, p~0, and therefore 


1SiSr 


it is obvious that pg du for some g€C,*(U). However 


f pg dp 2 diri(9) =(z(g)) =0, 


and so we get a contradiction. This proves that V,—V, and therefore we 
can choose f€ C.*(U) such that +(f) =v:;. Then obviously f fulfills the 
desired condition. 
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LOCAL CHARACTERIZATION OF INTEGRAL QUADRATIC 
FORMS BY GAUSS SUMS.* 


By O. T. O’MEara. 


This paper is concerned with the existence of a solution XY to the n Xn 
matrix equation X¥7HXY = G, with H and G symmetric. When the coefficient 
field has characteristic 42, this is the same as determining the equivalence 
class of a quadratic form. Invariants for the equivalence class of H under 
the transformation Y7HX have been given over certain arithmetical fields 
and a discussion of these results can be found, for instance, in Witt’s work 
on quadratic forms [11]. The problem of finding when there is a unimodular 
solution Y has been solved over local fields by Durfee, Jones, Minkowski and 
the author. As far as the known results go, the general solution to this 
problem is in terms of Hasse symbols. There is another characterization 
due to Minkowski which involves Gauss sums but, to use the language of 
valuation theory, this has been proved over the p-adic numbers only. We 
shall extend this result to local fields with finite residue class field. 

There are three levels of difficulty in the local theory and they are deter- 
mined by the way in which 2 splits in the coefficient field. Thus we shall 
find that the Gauss sums alone characterize the integral equivalence class 
of IT when ord2 0, while one must include the type as an invariant in 
the unramified case. This much is in agreement with the rational p-adic 
results of Minkowski. In the ramified theory further conditions must be 
imposed and these will be given in terms of the invariants a;, v(7) introduced 
in [8]; however, we shall see that the Gauss sums alone form a complete 
set of invariants for a unitary HT over any of these fields. 


1. Group characters. We consider a local field F with ring of integers 
0 and prime ideal zo. We assume that the residue class field 0/(z0) is finite 
of characteristic 2, while F itself has characteristic 0. Thus the number of 
elements in 9/(zo) is of the form 2/. Define the ramification index e by 
the relation e ord2; under these restrictions we see that 1 Se<o. It 
follows [1] from these assumptions that F’ must be a finite extension of the 
?-adic numbers, the degree of the extension being ef. The o-ideal o(r) is 
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defined by o(7) for r=0. If then o(q) Co(r). If %,-- is 
a complete set of representatives of o/o(r) and if B,,- - - is a complete set 
for o/o(¢g—r), then it is easily seen that a;-+ "8; form a complete set for 
o/o(q). We shall write [z‘| to denote an element of ordinal ¢; {x} will 
denote an element of ordinal =#. The relation «= 8 means that there is 
a unit in o whose square in #/f. If « is a unit, then «=1modz since 
o/(zo) is a finite field. Consider the greatest value of & for which 
e=14 If &k>2e, then k=co by Hensel’s lemma. On the other 
hand, 

(1) k<2e—>k odd. 


A mapping x of o into the multiplicative group of complex numbers is 
called a character if y(a + 8B) = x(a)x(f) for all «, 8 in o, and if y(o(r)) = 
for some r<oo. Any ideal o(r) for which x(o(r)) 1 is called a support 
of x; the largest ideal in o which supports x is called the mazimal support 
of x; o(m(x)), or simply o(m), will be used to denote the maximal support 
of x; then we have O=m(x) <oo. For example, m(x) 0 means that x 
is the identity character taking the value 1 for all a€ 0. Note that x(0) = 
for any x. 

We define the character group © of o as the set of all characters on 9, 


the group structure being defined by 
x9 (a) == y(%)0(a) for all 


the identity of © is the identity character. If O(r)CS® consists of all x€D 
for which x(o(r)) —1, then O(7) is a subgroup of ©. And any character 
x€O(r) can be interpreted as a character on 0/o(1r) since x is supported 
by o(r). Conversely, every character on o0/o(r) can be interpreted as a 
character in O(r). Since o/o(7) is a finite abelian group of order 2/’, it 
follows from the theory of characters [1] that O(7) contains 2/7 elements. 


We have the reverse order relations 
o—0(0) Do(1)---Do(r) Do(r+1)---D0, 
1—(0) CH(1)---CO(r) 
From the theory of characters on a finite abelian group [10] we get 


if x1, x€ O(r) 
= opr it 1. 


amod 0(r) 


Consider a character y with maximal support o(m). For fixed integers 
A and B define 


6(a%) =y(Az). W(a) = y(Bz) for all v. 


t 
a 
= 
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Then 6€ D(m), WE D(m). It is easy to see that 


. Thus 2/" characters can be obtained by allowing A to vary through 0; in 
| other words, we then get all O(m). If A=Ex* (0SkS™m) and if £ is 
' allowed to vary through all units modz”*, the dependent variable 6 ranges 


through all those characters with maximal support 0(m—k). We define 
x) a8 the character given by 


(3) (%) = x for all 0. 


Now let 6 be any character with maximal support o(m—k); then 0(a) 
= ,(z*Ha) for some fixed unit #; so putting y(«) = x(Ha) we see that 


| Yay =6(a) for all a€ 0. So we have proved that every with 
maximal support o(m—k) is a x) for some py with maximal support o(m). 
We shall need the dual of (2): 


x(a) if a¢ o(r) 


if a€ o(r). 


Remark. Our given local field must contain a replica of the 2-adic 


/ numbers Q.; in fact assume that Q,.C F. Any A€Q, can be put in the 


form A = A2““-+ A,, where A, are rational integers and |A,|<1. Define 
exp(2m7iA ) = exp 


where + and i are the complex numbers usually denoted by these letters. It 
is easy to see that this is well-defined and that 


exp(2mt(A + B)) =exp(2miA) exp(2mB). 
Now put 
(a) = exp (wa) ) 


for w€ F, a€ 0, where 7’ denotes the trace from F to Q. Then 6,4 is a 
character defined on o. Let 6 be the different [1] of the extension F'/Q:. 
It is easily seen that all wt¢ d give trivial characters 0,.. So we can assume 
that 5. Then 6, has maximal support In particular, given 
any pCo, there is a 6) having p as maximal support. Taking 6.., | «| —=1, 
instead of 6, gives all characters with maximal support p. Thus every 
character of D can be obtained as a 6, for some w' € d. 


2. The Gauss sums of a lattice. V denotes a non-degenerate n-dimen- 


| sional vector space with scalar product r-y; and L is a lattice on V. For 
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a fixed a€ F, denote by aL the set of vectors az with z€ L; let a°V be the 
vector space V provided with the new metric roy=a(zr-y); let aoL be 
the point set Z in the space 20° V. It is assumed that V(L)Co;1.e., L will 
be integral. These concepts are defined in [8]; we use the same notation 
here as in the introduction of [8]. 

For r=0, put L(r) e.g., L(0) =L. Call - - a complete 
set of representatives of L modulo x” if 


(ii) for each «€ L there is an a; such that r—a;,€ L(r). 


In effect, the z; are any set of representative vectors of L/ZL(r). It y,-- 


is another complete set of representatives of L modulo 7’, then the y; ean | 
be reordered in such a way that 2,—y,€L(r). In particular, these two | 
sets have the same number of elements. By expressing Z in a minimal basis 
we see that any such set of representatives contains 2”/" vectors. Now let 
be a complete set for ZL modulo with g=r. Then it is easy 
to prove that 2;-+-7"z; is a complete set for ZL modulo x4. 

We define the Gauss sum 
(5) x(L327)— for x€ O(r). 


a mod L(r) 

For short, put 
(6) x(L) = x(L3 2%), 
‘he definitions are independent of the choice of representatives of L/L(r). 

Proposition 1. If L=J@K, then x(L) = x(J)x(K). 

Proof. x(L) =33x((@+ y)?) = x(2? + = x(2*)x(y’) 
= 3 x(y?) =x(J)x(K) 
with emodJ(m), ymod K(m). q.e.d. 

PROPOSITION 2. x(L327) = 

Proof. x(L37") = x(a? + + 


with emodLZ(m) and ymodL(r—m). q.e.d. 


For r=0, let the representation number L(h;x") be defined as thi 


number of times h€ 0 is represented modulo 2” by a complete set of repre: | 
sentative vectors of L/L(r). This quantity is well-defined. 


3 
| 
a 
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the 4 Proposition 3. Land K have the same dimension. Then x(L) = x(K) 
be for all y€ O(r) tf and only tf L(h;a") = for all h€o. 


will 
4 Proof. Put dmL=n=—dimK. The condition x(Z) y(K) can be 


‘lon 

replaced by x(L;7") = x(K;7") in virtue of Proposition 2. In general 
lete we have 

(7) x(L327) = SS 

hmod 0(r) 
In particular, this proves the sufficiency. We now prove the necessity. 
For a fixed ho, (7) implies that 
x (ho) x(L32") = ZS + 2"), 

call where the summation extends over hmodo(r), h=4hyomodo(r). Now 
two |} summing both sides of this equation over x€ O(1r), we see that (4) implies 
let x€D(r) 


This also holds for K. Hence L(ho327") =K(ho;2"). q.e.d. 
Let Z be an integral lattice and consider +*o LZ with k a non-negative 
integer. It is easy to see that 


). x (ato 2") = (L52") if O(r). 
For all y€ we therefore have 
x(a = (L) if OSkSm( x), 
x (nko L) if m(x) Sk. 
Now consider x€ O(r+k) with r=0, k=0 fixed; let L and K be 
n-dimensional integral lattices. Then it follows from (9) that 
(10) €> (L) =x (K). 


If 6€ OD(r). then 6=y x) for some y€ O(r+k). So L and K have the 
same Gauss sums modulo x" if and only if r*oL and r*oK have the same 


Gauss sums modulo 
3. Fundamental invariants of a lattice. Let LZ and K be two lattices 
in the same space V. We put 
[? = {2?|re L}, L = { |x € L}, 


the 

# 
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Thus «€ Z? means that ZL represents a; and «€ L?modz* means that 
z?—a€o(k), forsome r€L. If is a canonical decom- 
position of L, we put L;-L;—0(s(j)) and we define N =0(u(j)) 
where L;;)) is the invariant substructure given by 


= L and «-LCo(s(j))}. 


Define o(v(j)) = + where with orda* and u(j) of 
opposite parity. Then for any a;€ L,s(;))?mod2’9 with orda;—u(7), it is 
true that 

(11) ajo” + 5 


and ajo? + 7")9 is an additive group. If L is big, there is equality in (11). 
We shall call the quantities a; and v(j) the fundamental invarunts of L. 
Then v(j) is unique; while a; is fixed modulo x"), but for a factor which 
is the square of a unit. Every lattice Z has a saturated decomposition 
L=XI, in which N(L;) —o(u(j)), 1Sjst. If L is big, it has a 
supersaturated decomposition L Ly in which = a,0? + = 
for 1=jSt. For a detailed discussion, see Sections 1-4 of [8]. 


4. Unitary lattices. Throughout this section ZL and K will be n-dimen- 
sional 7°-unitary lattices with the same fundamental invariants vy, =v = vx 
and a(L) =a=a(K)modz’. We write w—orda; assume that 
=N(L)=—N(K). Using results in [8] we shall characterize L in terms 
of its fundamental invariants and its Gauss sums. 

Suppose that n is even and d(L) = (—1)#"(1-+ [x**]). We contend 
that 


2) 


If n= 2 this follows by a determinantal consideration. So take n= 4 and 
express J in the semi-canonical decomposition 


given in (12)-(14) of [8]. If w and v have the same parity, again we are | 


through. So take n=4 with w+v odd. Let the basis corresponding to 
(13) be <z>. Then we can assume that ordz,2—v since 


d(L) = (—1)#"(1+4 


By successively applying op(z;—> 2; -+ and op(z;—>23-+ we get 
the desired result (12). 


| 
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Now consider the (n-+ 2)-dimensional lattices J @ L, J @ K where 


ConTENTION. If p is any ideal, OC pCo(v), then 
(14) modp. 


Proof. Clearly J@L, L, K, J @®K all have the same fundamental 
invariants. Then J @L and J @K satisfy the condition of Theorem 1 [8], 
hence L and K satisfy these conditions, hence L = Kmodp. q.e.d. 

Let H be a x*-hyperbolic plane, k 20; let x be any character in ©. 
Then 


amod0(m) Bmod 0(m) 
But x(2r*#B) —6(8) is a character for each fixed a. Hence it follows 
from (2) that 


x(2rkap) = 0, 
Bmod 0(m) 


with strict inequality occurring for at least one value of « Hence 
(15) x(H) > 0. 


THrorEM 1. L and K are x°-unitary lattices of the same dimension 
such that and a(L) =a=a(K)modr’. If then 
L=K mod p if and only if (i) d(L) =d(K) modap, (ii) x(L) =x(K) for 
all y supported by p. 


Proof. The necessity follows at once from Theorem 1 of [8]. We 
now prove the sufficiency. 
If |p| = |42-°|, we are through by Theorem 1 of [8]. Hence assume 


that |p| <]4x-°| for the rest of the proof. By Proposition 9 of [8] we 
can assume that Z and K are big. Since both Z and K now represent a, 
it suffices to prove that (a2) ®@ L= (a) ® Kmodp when u=0, in virtue of 
Corollary 9 of [8]. In other words, we can assume that n is even. We 
have | ap |< | | =| and so d(L) =d(K) mod Thus we 
either have 


(16) d(L) =  d(K) = (—1)*(1 


or 


(17) d(L) = (—1)8" (14 (K) = (—1) "(1+ 


In the latter case adjoin * a to LZ and K; then the enlarged lattices 
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satisfy (16); and it suffices to prove the isometry of the new lattices modulo 
p by (14). In effect we can therefore assume that (16) holds for L and K. 


By (12) and (15) the problem reduces to the case n=2. We assume [> 


that this is so. 
Since Z and K represent the same numbers modulo p we can write 


fer*+{p} 1 
Le K=( 1 


with « a unit, « and @ integers. Define 


K* = ey 1 
pee +r 


where T is chosen in p so that d(L) =d(K*). Then L=K* by Theorem | 


14.3 of [7], hence L=Kmodp. q.e.d. 


Note. We use the Hasse symbol S(Z) in references to [8]. This is 


defined for the space V by Witt [11] and we put S(ZL)—S(V). For the 
general laws obeyed by S(L) see [11]. In addition we have seen in [8] 
that over fields of our type, 


(18) (1+ =1, 
(19) (1+ 4¢,er) (1+ 42)5€ 
where a€ 0 and |e|=—1. Also | 
(20) (A,B) =(1+4C,7) for some C€o. 


And since o0/(7o) is a finite field it has a quadratic extension, hence there | 


is a unit #€ o such that 

(21) (1+ F. 
Now let Z and K be x°-unitary lattices of the same odd dimension such | 

that x(L) = x(K) for all y€ O(2e+1). We shall prove 

(22) d(L) =d(K). 

Assume that this equation is false for given ZL and K. Put L’= (1) @ (xroeL) | 

and K’= (1) (ro K). Then x(L’) =y(K’) for all y€ O(2e 4+ 2). Using | 

the “op” transformations and the operator fe of [8], or otherwise, it 1s | 

easily seen that 


3). 


And similarly with KX’. By (15) we can therefore assume that L’=[1]® [x] 


| 
| | 
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and K’=[1]@[7]. By a suitable change of metric on L’ and K’, we can 
take L’=1@ [7]; by a suitable choice of prime a we can take L’=1@7. 
Now K’(1;42*) = L’(1;42?). By Hensel’s lemma we therefore have 


(23) K’=1O2(14+ Gr) 


where G is a unit and either (i) k= 2e, or (ii) k < 2e with k odd. (i) 

Since k = 2e with (1+ Gr) ¢ F, it is easily seen that (1+ Ga)a¢ (L’)?, 

which is impossible since L’ and K’ represent the same numbers modulo 47’. 

(ii) If k <2e with k odd, we choose a unit YZ for which (1+ 42)'¢ F. 

Then there is a unit such that «G=Hmodz. Put Then 
e€ (L’)?, e(1+4F) =e+ (K’)?. 

But this implies that «(1 + 42) € (L’)*, which is impossible since L’ =e ® [7]. 


TuHeorEM 2. Land K are x°-unitary lattices of the same dimension. 
Then L=K if and only tf x(L) = x(K) for all y€ O(2e +1). 


Proof. Adjoin a r°-unitary lattice to both Z and K so that the enlarged 
lattices have odd dimension. Then the enlarged lattices have the same 
determinant by (22). Hence d(L) =d(K). 

Now L*=K*?mod4z, hence Z and K have the same fundamental 
invariants, hence L = K mod 4x by Theorem 1, hence L = K by Theorem 15. 1 
of [7]. This proves the sufficiency. The necessity is obvious. q.e.d. 


5. The zeros of the Gauss sums. We have seen in (15) that the Gauss 
sums of a hyperbolic plane never vanish. Thus, for example, it follows that 


‘ 
(24) x(J) £0 if 


since J @ J is the orthogonal sum of two hyperbolic planes. In this section 


we solve for y the equation 


(25) x(L) =0, L fixed and unitary. 


LemMA 1. JZ is a x°-unitary lattice with norm o(u). The character x 
has maximal support o(m) Thenyx(L) 


Proof. If this is true for an enlargement of ZL it is true for L by 
Proposition 1. Hence assume dim Z even. Since Z is now an orthogonal 
sum of binary lattices of normo(u) it suffices to assume that Z is binary, 


again by Proposition 1. Suppose 


(26) (7 ) 


the 
[8] 

| 

| 
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where v is the second fundamental invariant of L. Using the “op” trans. | 
formations of [8] we see that ba 


ex* 1 — en" 1\ 1 1 
1 =( 1 ») @( 1 
Hence the problem reduces to the case where L has the form (26) with a=0, 
If 0=msu, then L is a hyperbolic plane modulo o(m) and 
x(L) #0 by (15). So assume that m=2e—wu. Then 
(27) x(L)= & xX 


amod0(m) Bmod 0(m) 


Now 
if a¢ 40(m) 

(28) x ) =) otm it dot) 
by (2). Hence x(L) >0. q.e.d. 

Consider the lattices 

and the character xy with m(xy) =m==e-+h. Using (27) and (28) we see 


that 
x(L) == >> x ) x (27*aB) == >> X(k) y (2ay) 


with «modvo(m—k), Bmodo(m), ymodo(m—k). Hence 
(30) x(L) = (K). 


Lemma 2. Let L have the form (29) withu<m<e—u. If u+m 
is even, then (i) x(L) 0 and (ii) x(L) =0 have solutions with m(y) =m. 
(iii) If m ts odd, then x(L) =0 for all xy with m(yx) =m. 


Proof. (i) Suppose if possible that y(Z) for all with =m. 


Define 
em" 1 F 


In virtue of the isometry /@H=L@--- we have x(J)—0. Hence 
x(J) = x(L) when m(x) =m. But x(J) = y(L) when x € O(m—1) C O(m). 
Hence L(2”-1;2”) This is impossible since ¢ L? mod x". 


(ii) Suppose if possible that y(Z) 0 for all y with m(x) =m. First 


take me. Define 
1 
1), 3). 
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In virtue of the relation L@L=L@H we have x(L) = x(H). Since 
y(L) £0 for all x with maximal support o(m), it follows that x(80L) 40 
for any unit 6. In particular, x(J) ~0 when m(x)=m. Hence x(J) 
= ,(H) =x(L) when m(x) =m. For the remaining x € O(m), x(J) = x(Z) 
since J = Lmodx™. Hence L(exr*;7") =J(exr";2™). This is impossible 


since ex* ¢ J? mod 


Now let m=e+k with k>0. Let K be defined by (29). Using the 


| relations | | we see that | and 
so there is a character x with m(x) =m such that x(x)(K) Hence 
| y(L) =0 by (30). 


(iii) Now let w+ m be odd. First suppose that me. Then 
x(L) = x (er"a?) x (208) 
== 2ims x (ex%a?) 
== SSS x (er (a+ 


with 
2modo(m), Bmodo(m), amod 0(4(m—1—u)), bmodz, 


cmod 0($(m—1-+4u)). 


| But x¢m1) has maximal support zo and so 


x = (€b?) = (0) = 0. 
Hence x(L) =0. 
Now let m=e+k with k>0. Let K be defined by (29). Then 
> >| | and so xx)(K) =0. Hence x(L) =0 by (30). 
q.e. d. 


Now we can describe the zeros of (25). Let LZ be a w°-unitary lattice 


| with fundamental invariants [r“], v, and let m= 0 be a fixed rational integer. 


+ Then the zeros of x(Z) with m(x) =m are given by 


(31) msu => x(L)A0 
(82) with u+m even — ambiguous 
| (33) “u<mSv with u+m odd => x(L) =0 
(34) => x(L)—0 

2e—v sm < 2e—u with u+m odd => x(L) =0 


0 
| 
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(36) 2e—vlm < %e—u with u+meven => ambiguous | 

(37) 2e—us=m => x(L) £0, 

where x(L) =0 and x(L) #0 both have solutions in the ambiguous case. E 
‘ We prove these equations by referring to the two lemmas. The zero ‘ 

of x(Z) are unaltered by adjoining hyperbolic planes; hence assume that 5 | 


dinL=4. Neither the zeros nor the fundamental invariants are changel [7 
by adjoining any unit represented by .; hence assume dim even. Write [> 


0): 


1 
to L and we continue to call the enlarged 


As above, we can adjoin 
1 


lattice L. Using a determinantal argument we find 


Equations (31)-(37) now ‘ollow immediately from the two lemmas. 


Remark. In the 2-adic case this description of the Gauss sums agrees | 
with the results quoted by Minkowski on p. 57 of [6]. For a discussion of 
1-dimensional Gauss sums over number fields see the work of Hecke, especially 
pp. 218-249 of [4]; compare the results on p. 244 [4] with Lemma 1 of this 


’ paper. 


6. Unramified theory. We shall see later that it is easy to characteriz | ~ 

f lattices over local fields in which 2 is a unit and the fact that the Gauss sums 
never vanish over these fields is responsible for this. The unramified 2-adic 

theory is almost as easy. To be sure the Gauss sums can vanish, but the 

zeros take on a very simple form. Thus we apply (31)-(37) to a 7°-unitary 


lattice LZ and we find that 
13 
(38) x(ZL) =0 <> m(x) = 1 and N(L) =o. 


Now let us establish the invariants. 


TueoreM 3. Let ord2=1. If L and K are totally integral lattices of |7 
the same type such that x(L) = x(K) for all yED(3+8(t)), then L=K. VG 


Proof. First observe that if Z and K have canonical decompositions 3 
L=3L), K = 3K) in which L,=K,, then 


x(Z,+) =x(K,+) for x€ 0(3+s(t)). 


(39) 
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| 


ase, 


angel 


rite 


arged 


grees | : 
on of 
cially 
this 


INTEGRAL QUADRATIC FORMS. 699 


where L=L,@L,1, K=K,@K,t. For we can take s(1)—0. If 
y(Z:) we are through by Proposition 1. If x(Z,) 0, then x has 
) maximal support 20 by (38). But N(L,1) =N(K,1) C20. Hence x(L,+) 
—,(K,). So (39) holds. 

ZET0s 
> that 


Now proceed to the required result by induction to ¢. By the cancella- 
tion law established in Theorem 5.2 of [7], take dimZ,—dim K, odd, 
where L = Ly, K = K) are canonical decompositions of Z and K. Assume 
that s(1) =1. For ¢=—1 we are through by Theorem 2. Take ¢>1. It 
suffices to prove that 


L=L,@L=K,@K=K where L, 


again by Theorem 5.2 of [7]. Note that x(Z) = y(K) for all x € O(3 + s(t)). 
Using the decompositions (12)-(14) of [8] on the second components of ZL 
and K, it is easy to see that 
(0 2 

And similarly with Ky) @ K,. Cancefling all superfluous z'-hyperbolic planes, 
this allows us to assume that Z and K have 1-dimensional z'-components. 
Since L and K represent the same units modulo 8, we can write 


L=L/ K=K,' @ kK’, = [1]. 
Then by (39) we have y(L’) = y(K’) when y€ O(3+ s(t)). Again we get 
= L”, Kk’ =K," k”, =K," = [2], 


with y(L”) =y(K”) when x€ O(3-+s(t)). But L” and K” are of the 
same type. Hence by the inductive assumption L” =K”. Hence L=K. 


q.e. d. 


7. Characterization by Gauss sums. Let us consider two totally 
integral lattices L and K; suppose that these lattices are of the same type 
and that their Gauss sums are equal for all characters in O(2e + s(¢) +1). 
If L and K are unitary this implies that LT = K, and so their Gauss sums 
are equal for all y€. In general, the equivalence class of L cannot be 
determined by Gauss sums alone, but we shall show that all subsequent Gauss 
sums can be expressed in terms of the Gauss sums modulo 47°+1, Thus 
nothing is gained by considering those x ¢ O(2e+s(t) +1). Before proving 
this we shall need some preliminary results. 


4 
erize | 
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Consider a character with m(y) 22e+2. Contention: 
a mod 0(m) a mod 0(m-2) 
In virtue of Proposition 2 it suffices to prove 
a mod 0(m) a mod 0(m) 


and this amounts to proving 
(42) x(K)/x(L) = 2! 
where L = (—1) @ (1) and K = (—1) @ (z’). Now 


—1 1 


As in (26)-(28) this leads to x(ZL) =2”/*ef, Similarly we can prove that 
x(K) =2™fer?, Hence (42) holds and the contention is proved. 


Proposition 4. L is a totally integral lattice; x has maximal support 
o(m) C 40(s(t) +2). Then x(L) = (L). 


Proof. Write L in the canonical decomposition L—=L,@---@L,. 
Define the ¢-dimensional lattice with Then 
= 2'fy(2)(Z) in virtue of (40) and Proposition 2. Since J@WL has an 
orthogonal basis, it again follows that x(J @ L) =2™fy(2)(I @L). Since 
x(I) 40, we have x(L) (LZ). q.e.d. 


Corotutary 1. Jf K has the same type as L and x(L) = (XK) for 
all O(2e + s(t) +1), then x(L) = x(K) for all And L?=K’. 


Proof. The first part is an immediate consequence of the proposition. 
Now take a€Z?. Then a€ K*mod4ra since L(a;4ra) = K(a; 472). 
Hence K* by Hensel’s lemma. q.e. d. 

Let us consider two lattices ZL and K which are of the same type and 
have the same fundamental invariants a, v(A) for 1SASt. Let J be 


defined as 
ay ar8(2) 
Then 
(43) 


This can be verified quite easily by applying both the necessity and sufficiency 
of Theorem 2 of [8]. The proof is left to the reader. 
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Then 
(46) x(1) =0 =>x(J) =0 if m(x) >e. 


| For let us consider «mod o(m—1), Bmodz, ymodo(m). Then 


j G®(—10G)=I1@ vil . Hence by (37) and (46) we get x(J) =0. 
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Consider two lattices and which 


| are of the same type and have the same fundamental invariants a, v(A) 
for 2A also let s(2) —=1. We contend that 


(44) 0<m—=m(x) <2 +2—v(2) =>x(I) =x(J). 


' In order to prove this we assume that the given decompositions are big 
and supersaturated; there is no loss of generality in doing this. Clearly 
and so I, =J, mod for 2SASt. Hence x(Z) = x(J) 
' when o(m) > 0(v(2)). Now investigate the remaining m, i.e. 


(45) | | | | < | |. 


Then y(J2) = in virtue of (9). But has funda- 
mental invariants v(2)—1; while has maximal support 
 o(m—1); hence by (34) and (45) we have x(/J,) hence x(J) 
\ by Proposition 1. By symmetry, x(J) =0. This proves the contention. 


We shall also need the following. Let J and J be defined by 


OF 


== Qf (ama?) y 
27323 x(a(B + + 72) y) 


in virtue of the relation 


which is an immediate consequence of (2). Hence x(J) = 2fy(I) =0. 
In particular this proves that if 


ve) with v=v¢(1), |8|=1, 


1 
then for m(x) =2e—v and m(x) >e, 
(47) x(G) =0 => x(J) = 0. 


For it can easily be verified, for instance by Theorem 2 of [8], that 


| 
| 
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Two definitions. The ideal f;, 1=j7=t—1, is defined as in Section 3 
of [8]. The ideal g is defined as in equation (2) of [8]. 


THEOREM 4. L and K are totally integral lattices of the same type 
and L =XIy, K Ky are canonical decompositions. Then L and K are 
isometric tf and only tf for all appropriate d, 


(i) vp(A) = v(A) = v«(A), ay (L) =a,(K) mod 
(ii) - =1mod fy, 
(iii) x(L) = x(K) for all O(2e s(t) +1). 


Proof. The necessity follows from Theorem 2 of [8]. We shall now 
establish the sufficiency. 

Take a,(L) =a,—a(K). We proceed by induction on the length 
s(t)—s(1) of Z. We can assume that s(1) 0. The induction can be 
made to start since the theorem has already been proved for lattices of zero 
length in Theorem 2. By adjoining suitable hyperbolic planes to LZ and K, 
we can suppose that Z and K are big. If a, is a unit, the enlarged lattices 
(a,) @L and (a,) @K satisfy the conditions of the theorem and it suffices 
to prove the isometry of the enlarged lattices in virtue of Corollary 3 of [8]. 
In other words we can assume that L, and K, are of even dimension. 

Suppose that uw(1) =e. If u(2) =e, we can find new decompositions 
[L=SIy, K = Ky, in which LZ, and K, are orthogonal sums of hyperbolic 
planes. The complements of L,, K, in L, K then satisfy the conditions oi 
the theorem and so we are through. If u(2) 2e-+1, then f, C 470, hence 
d(L,) =d(K,) in the original decompositions, hence L, = K,. Induction 
again gets us through. We shall therefore assume that u(1) < e. 

The next step in the reduction of the problem is to show that we can 
take s(2) 1. Suppose s(2) >1. Define N, as the 12-dimensional lattice 
consisting of the orthogonal sum of six z'-hyperbolic planes. Define L* and 
k* by the canonical decompositions 

It suffices to prove that L*=K*. To this end we show that L* and K* 
which are still of length s(t) —s(1) also satisfy (i)-(iii). It follows 
immediately from their definition that a, and v(A) have the same values for 
L*, K* as for L, K when X=1,2,---,¢. If a, and v(*) describe Ly)* 
they also describe K,,)*. We know that 
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It is now clear that (i) and (iii) hold for L*, K*. (ii) is true when 


-,¢—1. Let we write f,*, fe, - fea for the Ps of L*, 


Then it is enough to prove 
(48> 


First consider u(2) =u(1) or u(2) =u(1) +1. Using (23)-(24) of [8] 
it is easily seen that 


If u(2)=u(1) we get (48) from the inequality v(*)=v(1) +2; if 
u(2) == u(1) +1 we get (48) from v(*) =u(1) +2, u(2) =v(1). Now 
consider u(2) =u(1) +2; then u(*) =u(1) +2, Sv(1) +2, and 
= But 


= [ (2)+u(2)q (a2), (t)+u(2) (u(t)+u(2)) | 


the quantities anpearing only when u(1) + (2) 
iseven. So clearly f, > and f,* f, since | r*@g(a,a2)| S| |. Thus 
(48) is generally true. We accordingly assume that the given L and K 
have s(2) = 1. 

If the decompositions of the given L, K are varied, conditions 
(i)-(iii) remain valid. Only (ii) needs to be verified and this follows from 
the necessity of the theorem. In particular, we can assume that 3) and 
SA) are supersaturated. 

A final step in the reduction. Call a canonical decomposition J = 3 J) 
simple if all J), are big and supersaturated, 2=ASt, while J, represents 


and 


u(1) 1 Or 
49 J, ( ) 
we do not insist that J, be big; note that 
(50) 1 a> if v(1) <e. 


We shall show that = Z), 3 K, can always be assumed simple. If u(2) =u(1) 
or u(2) =u(1) +1, using the “op” transformations in conjunction with 
Proposition 6 of [8], we can find simple decompositions for L and K. Now 
consider u(2) =u(1)+2. If v(2) v(1) we proceed as above to simple 
decompositions for L and K. So let v(2) >v(1). Then | f,| < | | 
So one of two things can happen. Hither 


| 
| 
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(51) d(L,) = (—1)”#@(1+ 
d(K:) = (—1)2@ (1 + 


(52) d(L,) = (—1)8@ (1 
d(K,) = (— (1 + ), 


where dim dim K,—n(1). In the first case 3K, are simple by 
(12). In the second case adjoin i “ to both LZ and K, and we see 


that the corresponding decompositions of the enlarged lattices satisfy (51) 
and are therefore simple. Moreover, the enlarged lattices satisfy the con- 
ditions of the theorem since their fundamental invariants are unchanged 
by the adjunction ; and it suffices to prove the isometry of the enlarged lattices 
in virtue of (43). In general therefore, we can assume that = ZL), & Ky are 
simple. Cancelling off hyperbolic planes allows us to take dim 1, dim Kk, 
= 

So much for the reduction of the problem. To sum up, assume that 
the sufficiency holds for lattices of length less than s(t) —s(1), and establish 
it for the simple decompositions L = % Ly), K =% K, which satisfy the con- 
ditions of the theorem and are such that 


(53) u(1)<e, s(1)=—0, s(2)=—1, dimZ,—dim K,=2. 


Case 1. u(2)=—u(1). By means of the “op” transformations we 
can write 


with L.’, K,’ supersaturated and 


(54) — ( 1 Ager v(1) 1 4 . 


Put L’=L,’ @L;@---@ LT; and similarly define K’. If u(1) + v(1) is 
even, then v(1) =e and we can assume that a—=f8=—0O in (54). Then 
L’, K’ satisfy (i)-(iii) and so L’=K’. From now on take u(1) + v(1) 
odd. If v(1) <e, then | | > |r? | |, and we can again 
assume that a= 8—0. Then (i)-(ii) are immediate for L’, K’. We must 
show that y(L’) = y(K’), for all O(2e+ s(t) +1). By (44) we can 
assume that m(x) = 2e+2—v(2); then m(x) 22e—v(1) and so x(1,’) 
~0; thus x(L’) = x(K’) by division, in virtue of Proposition 1. Hence 
L’ = K’ by the inductive assumption. 

To conclude this case we must consider u(1) + v(1) odd, v(1) =e. 
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If v(1) =v(2) =e the result is trivial since we can take a—B=0. So 
let v(2) =v(1) +1—e+1. If (1+4«) (1448) we are through. 
So suppose that (1+ 4a)/(1-+4+ 48) is a non-square. We shall prove this 
impossible. Define J=1=J. Then (x°oL) and J (x°oK) have 
the same Gauss sums modulo 47. But 


1@ = (1-+42) 5) 


And similarly with K. Hence(1-+ 4a) @ (2°oL’) represents 1+ 48. But 
(x°o L’) represents no number of even ordinal = 2e. So (1+ 4a) L’) 
cannot represent 1+ 4. This is a contradiction. Thus the first case is 


proved. 


Case 2. u(2)==u(1)+1. We have u(1) <e; thus v(2) =u(1) +2. 
Using the “op” transformations and Proposition 6 of [8] we can write 


OL, 


where L.’, K.’ are supersaturated and 


Ly =( 1 =( 1 5): 


Let L’, K’ denote the complements of L,’, K,’ in L, K respectively. Clearly 
L’, K’ continue to satisfy (i)-(ii); we must establish (iii). In virtue of 
(44) we need only consider m(y) 2=2e—u(1); thus x(L,’) 40; thus 
x(L’) = x(K’) by division. By the inductive assumption we again get 
L’=K’. This proves the second case. 


Case 3. u(2)—wu(1) +2. We can assume that a,€ L’; then a,€ K* 
by Corollary 1. We can assume that u(1) <e, dg=a,7*, v(2) 2v(1) 
=v(2) —2. Since J, and 3K) are simple we have 


(55) d(Ly) =— (14 ]), (Ky) — (1+ 


When w(1)-+ v(1) is odd. Now JZ represents a,, and Le, represents all 
numbers represented by Le@---@L;. So it is easily seen that we can 


write 
Le = Dy Le with Dy 1 


Where Z, is still a supersaturated component. Similarly define K, ® Ke 


17 


), 
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=K,@K,. If v(1) =v(2) or if u(1) + v(1) is even, we easily see that 
we can take 


(a ] [a 1 


While if v(2) > v(1) with u(1) + v(1) odd, we have | f, | < | r#@*e@ |, thus 
L,, K, satisfy (55), thus (56) is true for suitably chosen L,, K,. Write 


(57) L, & with 68 | =1. 


Since d(L,) =d(K,) mod r**"@), using Theorem 14.3 of [7] we can write 


Ay 


Using Proposition 6 of [8], we can find a decomposition K,’ @ Ky’ = Kk, @ &, 
in which K,’ is still supersaturated, and K,’=JZ,’. In other words, we have 
two simple decompositions = L)’, K = 3K)’ in which L,’ = Ky’ have the 
form of (57). If L’, KX’ are the complements of L,’, K,’ in L, K respectively, 
we must show that L’, K’ satisfy the conditions of the theorem. Once this 
is verified the isometry = K follows by the inductive assumption. (i) and 
(ii) are easily checked for L’, K’; we must establish (iii) for these lattices 

If m(y) < 2e+2—v(2), we have y(L’) = y(K’) by (44). Now let 
m(x) = 2e+2—v(2). Then m(y) 22e—v(1) and m(x) >e, since 
2+ 2v(2) and v(2)Se+1. If x(Li’) = x(Ki’) =0, we see that 
L.’ and K,’ each have a component of the form 


O 
and so x(L’) =0= y(K’) in virtue of (47). While if =x(K1’) 
then y(L’) = (K’) by division. Hence 1’ and K’ have the same Gauss sums. 
This proves the theorem. 


In general it is impossible to determine the integral equivalence of 
lattices by Gauss sums alone, and this point will be illustrated in the next 


section. All that can be said about lattices with the same Gauss sums 1s | 
that they are fractionally equivalent; obviously the converse does not hold. | 


TueorEM 5. L and K are totally integral lattices of the same type and | 


x(L) = x(K) for all y€ OD(2e+-s(t) +1). Then L and K are fractionally 


equivalent. 


Proof. In virtue of Witt’s cancellation theorem [11] we can adjoin as 
many 1-dimensional lattices to L and K as we please. So assume that we 
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have canonical decompositions L = L), K = 3K), in which each component 
is proper with s(A-+1) =s(A) +1. The fundamental invariants can then 
be chosen as 


== 79), v(A) =s(A) +1, 1, = 70, 


for both LZ and K. Hence L =K by Theorem 4. q.e. d. 


8. Remarks. By way of example we shall make some rough estimates 
of the Gauss sums. y will be a fixed character with maximal support o(m). 
We put 


if me, h == 2frer if mae. 


Refining the method used to derive (15) it is easy to see that x(H) =h for 
the unit hyperbolic plane H. Now consider the 7°-unitary lattices 


a 1 


Then y(Jo) =A whenever y(Jo) 60, since Jo @Jo = J, @H. Using this 


result in conjunction with the isometry 


1 B 1 B 1 


we get x(J) =o h whenever x(J) 40, where ws denotes some complex 4-th 
root of unity. So if J is a 1-dimensional 7°-unitary lattice, we have x(J) 
=o,h3, where o, is an 8-th root of unity. Thus for the n-dimensional 


r-unitary lattice L we have 
(58) x(L) =( or x(L) == 
where » is one of the complex 8-th roots of unity. 


Now three examples to show the part played by the various assumptions 
in Theorems 3 and 4. First consider the 2-adic forms 


L=1@02@62@—2 


Clearly these two forms are not of the same type. Nevertheless they have the 
same Gauss sums. 'To see this consider the character y with maximal support 
pC-ro. For 8o we have x(L) =x(K)=0. For p 160 it is easily 


verified that the two lattices 
2 i 1 2 
and 1@—4= 2 0 
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have the same Gauss sums when computed for the given y. So the assertion 
is proved. 

Now consider any ramified extension of the 2-adic numbers, with rami- 
fication index e=6. Define 


il wr il 
Then the lattices 


(1). 


and N=J@ 


do not satisfy condition (ii) of Theorem 4. We prove that their Gauss sums 
are equal. For p— we have x(M) y(N) =0. For pC we have 
x(M) = (NV) in virtue of the isometry 


(1) (—7) (14-7) = (1+7) © (—7z) @ (z’). 


There is another example which shows that the equality of the Gauss 
sums does not necessarily imply the equality of the fundamental invariants. 


Consider 
P=I@ (7°01) @ OT), Q=I1@ @ (x* OL). 


Then vp(2) ~ve(2). But x(P) = x(Q) =0 when p- And if pC 4r‘o 
we have x(P) ~ x(Q) in virtue of the relation 


1 1 —a 1 
9. At the odd primes. The discussion of the theory over fields in which 
2 is a unit is almost trivial. Thus, consider a local field / whose residue 
class field is a finite field containing p! elements, p > 2. Again we can define 
the character group ©. For any integral lattice, define the Gauss sums 
x(Z;2") and x(Z) as in Section 2. Propositions 1-3 are obviously valid. 


If IJ is a 1-dimensional 7°-unitary lattice, —I @TI is a hyperbolic plane H; 
it is easily seen that x(H) >0; hence x(I) £0. 


THEOREM 6. L and K are n-dimensional integral lattices over a ring 0 
in which 2 is a unit. Then K=L if and only if x(K) = x(ZL) for all 
x€ O(su(t) +1). 

Proof. Induction to n. Write L=I@I+ with N(L)=—N(I) and 
I=a,. Then a,€ K*modza,. Hence a,€ K? by Hensel’s lemma. But 
N(K) =N(L) =a since LZ and K represent the same numbers modulo 


= 
% 


[1] 


[10] 
[11] 
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o(s(t) +1). Hence there is a J=J such that K=J@Jd1. But 
y(JL) = x(I+) for all O(sz(t) +1), by division. Hence 
Hence K=L. q.e.d. 
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ON THE EXISTENCE OF AN ABSOLUTE CONSTANT 
CONCERNING “ FLAT ” OSCILLATORS.* 


By AvuREL WINTNER. 


For large positive ¢, let w(t) be a positive continuous function corre- 
sponding to which the differential equation (*) 2”-+?(t)z=0 has the 
following property: 2’(t)—>0, as t—>o, holds for the derivative of every 
solution «(t) of (*). Then (*) will be called flat (all of its solutions 
“flatten out”; still, they can be “wobbly” and “large,” as shown by the 
example w(t) =c/t, mentioned below for c>$). 

Since a(t) —o(t) is necessary for 2’(t) —o(1), the “frequency” 
w(t) >0 cannot be “too small” (for large ¢) if (*) is flat. In fact, (*) 
will have solutions satisfying «(¢)~t if the integral of tw?(¢) over 
const. <¢t <. is finite (Bécher) ; for instance, if w(t) —O(t**) for some 
«>0. Crucial proves to be the limiting case «0, since the issue then 
involves the numerical value of the constant absorbed by the O of the 
assumption w(t) =O(t*). Put therefore —limsuptw(t), and assume 
that [w] <0o.t 

Let a be the greatest universal constant having the property that (*) 
is non-oscillatory whenever [w] <a, and let B be the greatest universal 
constant (if any) having the property that (*) is flat whenever [w| < £. 
It is well-known that a=} (cf., e.g., pp. 231-233 Bieberbach’s Differential- 
gleichungen of 1956). If w(t) =c/t, where c > 4, then the solutions z(t) 
of (*) are superpositions of the real and imaginary parts of dexp(iC log f), 
where ( = C'(c) is positive (and tends to 0 as coo, and to asc>43-+0; 
if c—4, these solutions x(t) degenerate into ¢3 and f4logt, so that (*) 
ceases to be oscillatory). 

For this explicity integrable “slow oscillator,” 2’(t) is O(t#) =o0(1). 


* Received February 26, 1957. 

[w])<%, then #”(t) =o(t*)x(t), by (*), hence w#”(t) =o(t-) if 
a(t) =o(t). It follows therefore from a well-known inequality (which goes back to 
Hadamard; cf. p. 12 of Carleman’s Fonctions quasi analytiques, ‘Paris, 1926) that if 
[w] << ~, then a’(t) =0(1) whenever x(t) = o0(t). Accordingly, if [w] < then 
(*) is flat if and only if x(t) =o(t) holds for all solutions of (*). 
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hence (*) is flat; and every [w] >4 is allowed, since [w] = c, where 
}<c<o. Thus, in view of the definitions of a and B, one might expect 
that either B—a or B=oo. But a theorem of Boas, Boas and Levinson 
(Duke Math. Journ., vol. 8 (1942), p. 849) implies that (*) is flat when- 
ever [w] <1 (provided that (*) is oscillatory; otherwise they conclude 
from [w] <1 the existence of a finite limit x’(oo), which need not be 0). 
Hence B= 1, while and so Ba. Consequently, the expected alter- 
native reduces to B==oo. 

it turns out, however, that B=oo is false; in other words, that an 
oscillator (*) need not be flat if w(t) =O(t*'). In order to shorten the 
formulae, only B<oo will be proved; but the approach to be followed 
(patterned after my note in the Journ. of Appl. Physics, vol. 18 (1947), 
pp. 941-942, where a question in “high frequency” w(¢), rather than the 
finer question of the present “low frequency” w(t), is considered) is flexible 
enough to lead to B<1-+. for every « >0 and therefore, since B21, to 
1, 

Try to satisfy (*) by a(t) —rcos(Clogt), where C—const. > 0, 
1<t<o and r—r(t). Direct substitution leads to the following deter- 
mination of in terms of r(t): 


(1) w? == — /r + /r — Ct-*}tan + C?/t?, 


where the argument of tan (and, subsequently, of cos and sin) is Clog?, 
that of the cos in x(t). In order to keep w?(¢) continuous, the coefficient 
{ } of tan must be so chosen as to cancel the poles of tan. 

Such a choice is { }—¢cos, if ¢—¢(t) is continuous. Choose 
o(t) =6t-* cos. Then (1) reduces to 


(2) (t) = — tr” /r + 6 sin cos + 


and r=r(t) follows from { } —6¢-* cos? by a quadrature: 
. 
(3) r(t) exp 4s1(1 + cos?(C log s) ) ds. 


t 
Since the substitution u—Clogs shows that fs cos#(C log s) ds 


~jClogt as to, it is seen from (3) that log~(t) ~2logt, hence 
r(t)Ao(t). It follows therefore from «(t) —r(t) cos that x(t) ~o(t). 
Hence 2’(£) 4£0(1), which means that (*) cannot be flat. 

On the other hand, two differentiations of (3) show that 


(4) /r = (4 + cos?)? — (4 + 3C* cos?) — 6 sin cos. 


] 
| 
yi 
1S 
e 
e 
43 
1 | 


